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PH 317 Worksheet on Magnetized materials and Laplace's equation   November 30, 2006  
rev 1

When there are no free currents or free charges (as in permanently magnetized material) we have

div D = 0
curl E = 0
(o E = D - P
     { no free charges }   and

div B = 0
curl H = 0
(o H = B - (o M  { no free currents }
[ see prob 6.23, p  283 ]

We want to be able to map a solution from E, D, P, and (o into one for B, H, M, and (o.


D ( B   and E (H will start us off, but will not finish the job.  The 3rd equation on top will become

(o E  = D - P  

(
(o H = B - P.


To finish the job we need  (o ( (o    and P ( (o M,   so we wind up with       (o H = B - (o M.

With this as backdrop, we are going back and solve for the electric field in and out of a sphere of uniform polarization P. { To do this we will use a series solution of laplace's equation in spherical coordinates, something we skipped in PH 316. }  Then we will map the results back to a solution of a uniformly magnetized sphere, and find the B field inside and outside of the sphere.

Laplace's equation in spherical coordinates is tackled on p. 137 ff, and we find a series solution with azimuthal symmetry (no ( dependence) to be


V(r,() = (n  (An rn + Bn/rn+1) Pn(cos () 


Eq. 3.65

The Pn(cos (), are Legendre polynomials;  Po = 1,   P1 = cos (, etc.


These polynomials are orthogonal in the sense that    


0(( Pm( cos () Pn (cos () sin ( d( = 0 

if m ( n

When n = m we have 


0(( Pn( cos () Pn (cos () sin ( d( = 2/(2n+ 1)    (m = n).

For a sphere with uniform polarization P, the bound surface charge density (p. 168) is (b = P cos (  

We will write down one version of the series for V inside the sphere (r<R) and another series for outside the sphere (r>R).

The values of V will have to match at r = R, and this will give us one condition on the coefficients in the series.  Since this is an electrostatics problem, the parallel component of E will have to match at the boundary. {You will see that this condition gives the same constraint on the coefficients as the continuity of V at the boundary.}  And because there is no free charge, the perpendicular components of D will have to match at the boundary.
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In region I we can write     VI (r,()  = (n  An rn  Pn(cos ()

Briefly explain why this is the correct form inside the sphere. { Why would the Bn be a bad idea? }

In region II we can write VII(r,() = (n  Bn/rn+1 Pn(cos ()

Explain why we have excluded the An in region II, where r > R.

Now match the V's at r = R.  


Use the orthogonality condition to show that  An R2n+1 = Bn  for all n.  { See pp. 139 -141 }

( Optional )  Next match E|| at r = R.  (The ( - component of E, right?)


( Optional ) Show that this leads to the same constraint as before : An R2n+1 = Bn .

(more on next page)

Now match the perpendicular components of D at r = R .   

[ D( = (o E( + P( ;      inside, P( = P cos (, outside P = 0 ]


Show that this leads to the condition     n An R2n+1 = -(n+1) Bn  for all n (1 ,

and 




   A1 R3 = -2 B1 +  PR3/(o  for n = 1 .

From this and the previous condition, show that 


VI(r,() = (P/(3(o)) r cos ( = (P/(3(o)) z,  and that EI = -z^ P/(3(o) .

Now find B inside a uniformly magnetized sphere by carrying out the mapping  



E ( H

D ( B

P ( (o M 
and
(o ( (o.

(Check on p. 265 to see if your answer came out right.)

If this all seems tedious to you. check out the integral for B in what is effectively a magnetized sphere on pp. 236, 237

