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PH 317   MJM  Transmission through multiple layers using matrices     January 18, 2006

We will consider transmission through a series of layers. We will tackle light going through different regions at normal incidence, and the context is a multi-layer optical filter. But the same layout applies to a series of layers of acoustical material, or to a series of layers of semiconductors where the composition varies from layer to layer (some of these are called 'superlattices', of alternating layers of GaAs, or AlGaAs). Whether we apply electromagnetic boundary conditions, or acoustic boundary conditions, or quantum mechanical boundary conditions, the 1-D formalism is the same.

[image: image1.bmp]We'll just do normal incidence on a series of layers, first from n1  to n2 at x = 0, then from n2 to n3 at x=x1.
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All H vectors point out of the page.  We match E|| and H|| at x=0, keeping in mind that H = E/(v()

x = 0

E||

E1 - E1r = E2 - E2r






(1)



H||

(E1 + E1r)/(v1(1) = (E2 + E2r)/(v2(2)




(2)

Since all ('s are assumed to be (o, and v1/v2 = n2/n1, we clean up and add (1) and (2) to give


2 E1 = E2 (n2/n1 + 1) + E2r (n2/n1 - 1)






(3)

Subtracting (1) from (2) gives


2 E1r = E2 (n2/n1-1) + E2r (n2/n1 + 1)






(4)

Eqs (3) and (4) can be written in matrix notation as



E1


n2/n1 + 1             n2/n1 - 1
E2


 =   1/2


E1r


n2/n1 - 1
   n2/n1 + 1
E2r

So our matrix equation reads   
(1 = (12 (2   .

Then we match E|| and H|| at x = x1
x = x1: E||

E2exp(ik2x1) - E2r exp(-ik2x1)= E3 exp(ik3x1)- E3r exp(-ik3x1)

(5)

x = x1: H||

E2exp(ik2x1) + E2r exp(-ik2x1)= (n3/n2) (E3 exp(ik3x1)- E3r exp(-ik3x1))
(6)


Adding (5) and (6) and  using the notation f1 = exp(ik2x1), and g1 = exp(ik3x1) we get


2 E2 = 
(g1/f1) (n3/n2 + 1) E3 + 1/(g1f1)( (n3/n2 - 1) E3r




(7)

Susbtracting (5) from (6) gives an equation connecting E2r with E3 and E3r. Then (7) and the new equation can be written  (2 = (23 (3 , where (23 is





  (g1/f1) (n3/n2 + 1)
1/(g1f1) (n3/n2 - 1)


(23      = 1/2










(8)




  (g1f1) (n3/n2 - 1)
(f1/g1) (n3/n2 + 1)

If we had only two layers, we could combine the matrix equations to read


(1 =  ((12 (23 ) (3  = (13 (3







(9)

(13  is the product of the two matrices, one for each boundary. From  (9) we can write


E1 = ((13)11 E3 + ((13)12 E3r 







(10)

If there are only two boundaries, E3r = 0, since the waves keep on going, and from (10) we get



E1 = ((13)11 E3  ( only two boundaries ),  or




E3/E1 = 1/((13)11 
(only two boundaries)





(11)

The transmission coefficient is (only two boundaries)




T = (n3/n1)| E3/E1|2 = (n3/n1)| ((13)11 |2





(12)

The bottom line is that the transmission coefficient is given by the ratio of indices divided by the magnitude squared of the '11' element of the overall transmission matrix.

