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Rotation Matrices and the Similarity Transformation  11/1/03
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The sketch

shows a vector V
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              x’

with components 

Vx and Vy in





        Vy
the x,y system.

But in a system x’, y’



                     (
rotated by an angle

( the components






(



are Vx’ and Vy’.
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The rotation matrix (   relates the two vectors:     


V’ = (   V

By projecting Vx and Vy on the x’ axis we find (as shown in the sketch)

Vx’ = Vx cos ( + Vy sin (. 

When we project Vx and Vy on the y’ axis (not shown in the sketch) we get


Vy’ = -Vx sin ( + Vy cos ( .

In matrix notation we have    


Vx’      =    cos (     sin (     Vx
Vy’           -sin (     cos (     Vy
Or                     V’ = (   V

A rotation of  +( about the z-axis in 3-D would be (since Vz’ = Vz )



       cos (     sin (     0

( (()  =     -sin (     cos (    0



       0            0         1

Likewise we can write rotation matrices for rotations about any of the three axes. We should note that the inverse of  ( (()  is 

(-1(()  = ( (-(), 

since this restores the original vector components.

L = I (,  where I is the inertia tensor.  In general, the inertia tensor is not diagonal, but for every rigid body, one can always locate a set of  'principal axes' along which I is diagonal.  This can be accomplished by a suitable rotation (, such that we wind up with


L' = ( L ;
and 
(' = ( (  , and a new diagonal inertia tensor I'.
When we let ( operate from the left on both sides of the equation L = I (,  we get

( L = ( I (.

Since
The identity matrix 1 is the product of a matrix and its inverse,   1 = (-1 ( , we can insert it in the previous equation :


(( L) = ( I 1 (  = ( I (-1 ( (  = (( I (-1) (( () .
This new equation reads 


 L' = I' (',  

where I' is the diagonal inertia tensor in the rotated coordinate system.  The relation


I' = (( I (-1)

is said to be a 'similarity transformation'.  The inertia tensor is a real symmetric matrix. For this type of matrix, the inverse matrix is simply the 'transpose' (where rows and columns are interchanged).

For homework you will be asked to calculate the inertia tensor for the water molecule, then apply a similarity transformation to diagonalize it.
