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Using Energy Methods to Find Oscillation Frequencies

The mass-spring system is the prototype for simple harmonic motion. We all know that its KE is 

1/2 mxd2 and its PE is 1/2 k x2  and that the oscillation frequency is ( = ((k/m).

When looking for oscillation frequencies of various systems, we usually obtain the equation of motion and try to find a form like


d2x/dt2 + (k/m) x = 0,

which may be referred to as the 'oscillator equation'.  When we have found an equation like


d2y/dt2 + c y = 0,

we know it will undergo oscillations if c>0, and the angular oscillation frequency will be ( = (c.

There are numerous examples where it can be instructive to look for a form where


KE = 1/2 a (dt/dt)2

and 

PE = 1/2 b y2  + e,

where  a and b are positive constants, and e is a constant, not necessarily positive. Then it's easy to show (via Lagrange's equations or others) we get an oscillator equation and the oscillation frequency is


( = ((b/a)

Our first example is a physical pendulum, whose KE is given by


KE = 1/2 Icm (d(/dt)2 + 1/2 M Vcm2  ,

where Icm is the rotational inertia with respect to the body CM. If D is the distance from the pivot to the CM, then Vcm = D d(/dt  and 


KE = 1/2 (Icm + MD2) (d(/dt)2 .

The quantity in parentheses, from the parallel-axis theorem, is Ip, the rotational inertia about the pivot


Ip = Icm + MD2 .

The PE of the CM of the pendulum is    PE = -MgD(1- cos () .    At small angles this becomes


PE = 1/2 MgD (2 .

Now the KE and PE are in 'quadratic' form, and we conclude that the pendulum frequency at small angles is 



( = ((MgD/Ip) .

Our next example may be less familiar. The 'bifilar' pendulum 

is an object supported by two filaments of equal lengths

as shown in the sketch. The upper sketch shows a side view
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of the arrangement, and the lower sketch shows a top view
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when the pendulum is undergoing small torsional oscillations.

z is the distance from the support to the body CM, and 2r is the

distance between the support filaments. When the body is not 

rotating, z = H, the length of the support filaments.

The top view shows the body rotated slightly, through a small

angle (.  The distance either support point on the body has moved is 


2 r sin ((/2) , 


or at small angles ( approximately  r(.


r(

Since the length H of the support filament is

constant, when the body is rotated we have




Top view


H2 = z2 + (r()2 .

Solving this for z, and taking r( << H, we have, after a binomial expansion


z  ( H - 1/2 (r()2/H

Because the PE is -mgz, it now becomes


PE = -mgH + 1/2 (mgr2/H) (2 .

Having arrived at a proper quadratic form for the PE and knowing that KE = 1/2 Icm (d2, we conclude the oscillation frequency is 



( = ((mgr2/(Icm H)) .

This makes it convenient to determine Icm by measuring the other quantities.

Next, we find the small-oscillation frequency of a mass M in a one-dimensional potential U(x), close xmin , where U(x) is a minimum. We expand U(x) in a taylor series about xmin:


U(xmin+x)) = U(xmin) + x dU/dx|xmin +1/2 x2 d2U/dx2|xmin + ...

The second term in this series vanishes, and with x<<1, terms after the third term ( x3 and higher) will be small enough to be neglected. Then we have


U(xmin+x)) ( U(xmin) +1/2 x2 U''|xmin 

In this approximation, we see U is in the form of  C + 1/2 kx2, with the role of k played by U''|xmin.

Then the oscillation frequency can be written down by analogy:


( = (('k'/M) = ((U''|xmin / M).

And the final example will be determining the stability of small oscillations about circular motion for some given central force. The angular momentum L is conserved, and we have an 'effective' potential energy of


V = L2/(2(r2) + U(r) .

( is the 'reduced mass' of one object orbiting about a second, and U(r) is the central attractive force between the two. The 'kinetic energy' here is nominally T =  1/2 ( (dr/dt)2 . (The angular part of the kinetic energy has been folded into the effective potential energy through the angular momentum.)

We must set dV/dr = 0, so as to find a max or a min in V,  at r = ro. Then to see if V is concave upward around ro we evaluate d2V/dr2 at ro.  In order for motion to be stable, V''|ro must be positive. (V must be a minimum, and not a maximum at ro).

If  V''|ro is positive, then we can write by analogy to what was done earlier 


( = ( ( V''|ro /( )

These are all examples in which we elected to look for the potential energy in the form


U  = C + 1/2 kx2,

with the kinetic energy in the form T = 1/2 m (dx/dt)2 ,

and then write the frequency as


( = ((k/m) .

It is always possible to write torque = I ( or F = ma, and obtain equations from which we can find the oscillation frequency, but the energy method is also quite useful, and maybe in some cases preferable.

