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Acceleration where there is rolling without slipping.
 [ See Knight, pp. 393-396]     rev 8/01/06


If we have an object sliding down a perfectly smooth 



    radius  = R

incline, its speed at the bottom will be greater than if 

the object (or maybe just its wheels) is rolling without 

slipping down the incline.












       (
Our first example will be a circular object, a solid 

cylinder, or wheel, or a hollow cylinder.

Imagine the object starts from rest and travels a distance S along the incline, or a distance S sin ( vertically.   From conservation of energy we know that 


Ki + Ui = Kf + Uf.  

Initial K is zero and 

Ui - Uf = mg y = mg S sin (. 

Then Kf = mg S sin (
If the object is slipping, Kf = 1/2 mvf2, but if it is rolling without slipping it has a final angular velocity (f in addition to the velocity vf of its center of mass.  In rolling without slipping the the point in contact with the plane has zero velocity


vcontact = vcm   + ( x R = 0 .


This means  (f R = vf .  The kinetic energy of any moving rigid body can be expressed as the KE of its cm, plus the kinetic energy of rotation about the cm :


K rigid body = K of cm + K about cm

K rigid body = 1/2 mv2  + 1/2 Icm (2 .

Now we can write the final K of the body moving without slipping


Kf = 1/2 mvf2 + 1/2 Icm (f2 

 
Kf = 1/2 mvf2 + 1/2 Icm (vf/R)2   = 1/2 mvf2 [1 + Icm/(mR2) ]


Kf = 1/2 mvf2 (1+c).








(1)

Objects racing the same distance on an incline have the same Kf, but the object with the largest Icm/(mR2)  is the slowest, having the smallest vcm final .

Exercise 1:  Find the ratio of final cm velocities for a solid cylinder sliding  a distance S down a smooth incline and the same disc rolling without slipping the same distance down a rough incline, the same distance and at the same angle of incline. (Answer: 1.22 : 1 )

Now we want to get at the acceleration down the incline, without going through torque = I (. To do this, we recall the formula for constant acceleration


vf2 = vi2 + 2 a (xf  - xi)

Multiplying by m/2 we get 


1/2 mvf2 = K f,cm  = K i,cm + ma (xf  - xi).

Starting from rest, Ki = 0. Then, putting this result into (1), we get


Kf = ma (xf - xi)(1+c).


Since we have (0), we find


Kf = mg S sin ( = ma (xf - xi)(1+c).

For an incline xf - xc = S, so we wind up with a formula for a body rolling without slipping down an incline


aincline = g sin ( /(1+c),

where c = Icm/(mR2) .

This formula applies to an object all of which is rotating while it rolls without slipping down an incline.

Exercise 2. Find the acceleration of a solid cylinder of mass m and radius R rolling without slipping down an incline whose inclination angle is (.  (Ans: 2/3 g sin ().

Exercise 3. A 'wagon' travels down an incline. It is made up of a body of mass M and two wheels each of mass M and radius R which roll without slipping on the incline of inclination angle (. Determine the acceleration of this 'wagon' down the incline. (Ans: 1/4 g sin () 

