ON THE FONTAINE-MAZUR CONJECTURE FOR NUMBER FIELDS
AND AN ANALOGUE FOR FUNCTION FIELDS

JOSHUA BRANDON HOLDEN

ABSTRACT. The Fontaine-Mazur Conjecture for number fields predicts that infinite ¢-adic
analytic groups cannot occur as the Galois groups of unramified f-extensions of number
fields. We investigate the analogous question for function fields of one variable over finite
fields, and then prove some special cases of both the number field and function field questions
using ideas from class field theory, ¢-adic analytic groups, Lie algebras, arithmetic algebraic
geometry, and Iwasawa theory.

1. INTRODUCTION

A conjecture of Fontaine and Mazur, in [11], says:

Conjecture 1 (Fontaine-Mazur). Let k be a number field and ¢ any prime. If M is an
unramified ¢-adic analytic (-extension of k, then M 1is a finite extension of k.

(See below for definitions.) It seems reasonable and straightforward to pose the same
conjecture in the function field case. We immediately see that the naive version must be
false, because the extension of a function field k over a finite field F given by constant field
l-extensions of F is already infinite and (-adic analytic. The next logical question to ask
would be something like the following:

Question 1. Let k be a function field over a finite field ¥ of characteristic p and order q,
and ¢ a prime not equal to p. Let K = kFy~ be obtained from k by taking the maximal
(-extension of the constant field. If M is an unramified (-adic analytic (-extension of k, and
M does not contain K, must M be a finite extension of k?

The answer is no; in fact Thara has constructed examples (for example, see [18]) of function
fields k& which have, for all but finitely many ¢ not equal to p, a Galois extension M with no
extension of the constant field, and with Gal(M/k) isomorphic to PSLy(Z,). Frey, Kani, and
Volklein, using another construction based on the one described in [12], have also achieved
similar results.

Nevertheless, it is possible to prove that the answer is yes in some special cases. These
cases are of interest not only independently, but also because the methods used to address
them, which involve basic facts about abelian varieties over finite fields, can be adapted to
number fields through the use of Iwasawa Z,-extensions and f-adic L-functions, as we will
show. (It is likely that they can also be used to address some cases of a conjecture recently
made by de Jong, in [8], about unramified extensions of function fields. A future paper will
address this issue.) These methods, which stem from work of Boston ([3, 4]) using group
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automorphisms, also introduce f-adic Lie algebras in a crucial way, relating them to standard
constructions of arithmetic algebraic geometry, such as the Tate module.

Conjecture 1 comes from two sources; one is a broad conjecture of Fontaine and Mazur
about irreducible ¢-adic representations of absolute Galois groups, positing necessary and
sufficient local conditions for the representation to “come from algebraic geometry” in a
certain specific sense. When combined with the Tate Conjecture about the subspace of étale
cohomology generated by algebraic cycles, this broader conjecture yields the more narrow
Conjecture 1. The other source is the Golod-Shafarevich proof that infinite class field towers
exist; these give infinite unramified f-extensions and the above conjecture says that such
extensions cannot be analytic. (See [14] for more on the link with Golod-Shafarevich.)

For another formulation of Conjecture 1, consider the following definitions from [10]:

Definition 1.1. Let G be a pro-¢ group. G is powerful if ¢ is odd and G/@ is abelian, or
if ¢ = 2 and G/G* is abelian. (G" is the subgroup of G' generated by the n-th powers of
elements in G, and G™ is its closure.)
Definition 1.2. A pro-¢ group is uniformly powerful, or just uniform, if (i) G is finitely
generated, (ii) G is powerful, and (iii) for all i, [@ : W} = [G : @].

(and for completeness)

Definition 1.3. Let G be a topological group. We call G an (-adic analytic group (or {-
adic Lie group) if G has the structure of a f-adic analytic manifold such that the function
g: G x G — G defined by (x,y) — zy~! is analytic.

(This is the same as the definition of a real Lie group over the real numbers. Such groups
enter into the Fontaine-Mazur program as groups of f-adic representations, so it may be
convenient to think of such examples as SL,(Z,) and its subgroups.)

And the following important theorems:

Theorem 1.4 (4.8 of [10]). A powerful finitely generated pro-¢ group is uniform if and only
if it is torsion-free.

(All of the Galois groups we will be considering are, in fact, finitely generated.)
Theorem 1.5 (9.34 of [10]; Lazard, 1965). Let G be a topological group. Then G has the
structure of an (-adic analytic group if and only if G contains an open subgroup which is a
uniformly powerful pro-€ group.

Using these, we see that the Conjecture 1 is equivalent to:

Conjecture 2. Let k, { be as in Conjecture 1. If M 1is a uniformly powerful unramified
(-extension of k, then M = k.

(Note that a finite uniformly powerful group must be trivial, by Theorem 1.4.)

Similarly, using the above and the fact that K /k is a Z-extension, Question 1 is equivalent
to:
Question 2. Let k, F, p, q, £ be as in Question 1. If M is a uniformly powerful unramified
(-extension of k with no constant field extension, must we have M = k¥

As special cases where the answer to Question 2 is yes, we have the following theorems.
The first was originally proved by Boston for number fields in [4]; the same proof applies for
function fields.

Theorem 1. If a function field k has a subfield ko such that k/ky is cyclic of degree prime
to £ and such that ¢ does not divide the class number h(kg), then any everywhere unramified
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powerful (a fortiori uniform) pro-f extension of k, Galois over ko, with no constant field
extension, is finite.

(This is true even if ¢ = p, unlike the following theorems.)
The following two theorems will be proved in Sections 2 and 4, respectively.

Theorem 2. Let kg be a function field over a finite field of characteristic p, and let k be
a constant field extension. Let £ be a prime not equal to p. If £ does not divide the class
number of ko, then any everywhere unramified powerful (a fortiori uniform) pro-€ extension
of k, Galois over kg, with no constant field extension, is finite.

(We will show how to prove Theorem 2 both independently and as a special case of
Theorem 1.)

Theorem 3. Let ky be a function field over a finite field ¥y, such that the Jacobian of its
corresponding curve has a commutative endomorphism ring. For all but finitely many primes
¢, given any constant field extension k = koF, any everywhere unramified powerful (a fortiori
uniform) pro-C extension of k, Galois over ky, with no constant field extension, is finite.

Remark 1.6. (a) The set of ¢ which need to be excluded can be calculated, and does
not depend on the class number of k.
(b) This theorem is extendable to the case where the abelian variety has an endomorphism

ring which is not quite abelian, with a slight enlargement of the set of excluded /.
(See Theorem 4.9 of Section 4.)

Furthermore, the idea behind Theorem 2 can be applied to number fields as well, using
the Main Conjecture of Iwasawa theory as proved by Wiles. Let ky now be a totally real
number field, and ¢ be an odd prime. Let k, = ko((sn) for n > 1 be a non-trivial extension
of k1 = ko({;), where (y» will denote a primitive ¢"-th root of unity. Let K = (Jk,. Let
A = Gal(ky/ko), and let § = |A|. Let £° be the largest power of ¢ such that (e € ko((r).

We need first a new definition.

Definition 1.7. Let (j, be the zeta function for ky. We say that ¢ is ky-regular if ¢ is
relatively prime to (, (1 —m) for all even m such that 2 < m < § — 2 and also ¢ is relatively
prime to £k, (1 — 9).
(It is known that these numbers are rational; we will prove that they are ¢-integral also.)
Then in Section 6 we will prove, as a special case of Conjecture 2:

Theorem 4. Suppose ( is ky-reqular. Then there are no unramified infinite powerful pro-¢
extensions M of k,, Galois over kg, such that KNM = k,, and Gal(M/k,) = Gal(My/k,)~
according to the action of A, where M, is the maximal elementary abelian subextension of
M/k,.

A short outline of the paper is perhaps in order. Theorem 1 and Theorem 2 are discussed
in Section 2, with some brief notes on how they may be proved. Section 3 describes a Lie
algebra which we can associate to our uniform groups and some aspects of the relationship
between this Lie algebra and the original group, and then Section 4 uses this Lie algebra to
treat a situation which is related to those of Section 2, but which does not quite follow the the
same plan of attack. We prove a lemma relating eigenspaces and ideals of Lie algebras, and
then prove Theorem 3 and an extension thereof. Examples of fields to which the theorems
discussed so far can be applied are given in Section 5.

After that, we turn back to number fields. Section 6 introduces the Main Conjecture and
uses it to prove Theorem 4. Section 7 presents a theorem of Greenberg which also involves
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ko-regular primes and explores its connection to Theorem 4. Finally, we close with some
numerical data on kg-regular primes in Section 8.

2. BOSTON’S THEOREM AND SOME CLOSE RELATIVES

The following theorem is from Boston [4]:
Theorem 2.1 (Boston, 1994). If a number field k has a (proper) subfield ko such that k/kg

is cyclic of degree prime to ¢ and such that ¢ does not divide the class number h(kg), then
any everywhere unramified powerful pro-¢ extension of k, Galois over kg, is finite.

Theorem 2.1 is proved by using the Schur-Zassenhaus lemma to get a regular automor-
phism (i.e. one with no non-trivial fixed points) on the Galois group, and then using Shalev’s
theorem from [28] on the derived length of a group with few fixed points.

We have also an equivalent theorem for function fields, proved the same way:

Theorem 2.2. If a function field k has a (proper) subfield ko such that k/ko is cyclic of
degree prime to € and such that € does not divide the class number h(ky), then any everywhere
unramified powerful pro-¢ extension of k, Galois over kg, with no constant field extension is
finite.

Remark 2.3. This holds also for ¢ = p.

We now address the case where k is a non-trivial extension of some field ky, such that &
is obtained from ko by constant field extension. Let kg be a function field over a finite field
Fq of characteristic p and order ¢qq, and let k,, = koF,, where F,, is the extension of Fy with
degree n > 1 and order g = (go)".

Theorem 2.4. If { does not divide the class number of ko, then there are mo unramified
infinite powerful pro-¢ extensions of k,, Galois over ko, with no constant field extension.

This theorem can be proved in much the same way as the previous ones. The important
difference is that the regular automorphism now comes from a Frobenius action, rather than
from the Schur-Zassenhaus lemma as in Boston’s result.

Remark 2.5. Instead of proving Theorem 2.4 directly, we could also prove it using Theo-
rem 2.2 as follows: Let ¢™n’ be the degree of k,/ko, where n' is prime to ¢. Let k{ be the
constant field extension of ky of degree ¢; then k, is a constant field extension of kj of
degree n’, and thus a cyclic extension of degree prime to £. If ¢ does not divide the class
number of kg, then it can be proved that ¢ does not divide the class number of the constant
field extension k{, so we may apply Theorem 2.2 to the extension k,/kj. Then there are
no unramified infinite powerful pro-¢ extensions of k,, Galois over k{,, with no constant field
extension, and a forterior: none Galois over k.

We will come back to this idea in Section 7 and compare it to the corresponding situation
for number fields.

3. THE LIE ALGEBRA ASSOCIATED TO A UNIFORM GROUP

In this section we state some facts and theorems about finitely generated powerful groups
and uniform groups. Many of these are taken from [10], perhaps the most definitive work
on powerful and /¢-adic analytic pro-¢ groups to date. (My thanks to Dan Segal for sharing
material from the upcoming second edition of [10].) Another vitally important source is
Lazard’s paper, [23], which laid the groundwork for the whole subject. Section 3.4 treats a
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somewhat anomalous situation which we will encounter; this material has not, as far as I
know, appeared elsewhere.

3.1. Definitions. In addition to the definitions and theorems from the introduction, we also
have a related definition from [10] which will be useful:

Definition 3.1. If GG is a pro-¢ group and N is an closed subgroup of G, we say N is
powerfully embedded in G (also written N p.e. G) if ell is odd and [N, G] < N¥, or £ = 2 and
[N,G] < N4,

Remark 3.2. Note that in particular such an N is a powerful group, and a normal subgroup
of G.

We can also define analogous properties for Lie algebras. In the rest of this section a
“Z,-Lie algebra”, or simply a “Lie algebra”, refers to a module over Z, with a Lie bracket. A
“Z-Lie ideal” or “Lie ideal” refers to a Z,-subalgebra of a Lie algebra which is closed under
bracket operations with elements of the algebra.

Definition 3.3. We say that a Z-Lie algebra L is powerful if £ is odd and (L, L) C (L, or

¢ =2and (L,L) C 4L. It is uniform if it is powerful, finitely generated, and torsion-free.

(In this case clearly /L = (L, and so on.) We say that an closed Z,-Lie ideal I is powerfully

embedded in L if ¢ is odd and (I, L) C I, or { =2 and (I,L) C 41I.

Remark 3.4. (a) Note that if I is powerfully embedded as a Lie ideal, then it is powerful
as a Lie algebra.

(b) Note that if L is any finitely generated Lie algebra, then it contains a characteristic

open uniform Lie algebra. This is perhaps analogous to the fact that any pro-¢ group
of finite rank contains a uniform group as a characteristic open subgroup.

In the discussions that follow, I will assume ¢ is odd; unless otherwise noted everything is
the same for ¢ = 2 except where ¢ should be replaced by 4.

3.2. The equivalence of categories. Let GG be a uniform pro-¢ group.

The properties of uniform groups show that each element = of G*" has a unique ¢"-th root
in G, which we denote 2* ", following [10]. Then we can define a new group structure on G
by transferring the group structures from successive G*'’s, and take the limit.

Definition 3.5 (and Proposition). For z,y € G, define
vty = (a"y") "

(Note that x*"¢*" is an £"-th power with a unique ¢"-th root.) Then the limit
r+y= 7112{)10 T+ny

exists.

It may be verified that this gives G the structure of an abelian group, with the same identity
element and inverses as before. It can also be shown that if xy = yx, then z+y = zy, so that
powers of an element are also the same as before. This structure will be the group structure
for our Lie algebra. We also need a Lie bracket, which will be defined similarly, as follows.

Definition 3.6 (and Proposition). For z,y € G, define

m mqp—22n
(2, 9)n = [=" 9"
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(The brackets indicate commutators; note that [G*", G*"] < G" from properties of powerful
groups. See, e.g., Propositions 1.16 and 3.6 of [10].) Then the limit

exists.

Thus the Lie bracket is derived from the commutators; it may be verified that these
operations make the elements of G into a Lie algebra over Z,, which we will in the future
denote L(G).

It is also possible to define a group structure on the elements of a uniform Lie algebra.
Section 10.5 of [10] and Section 4 of [19] give the essential ingredients. Let L be a uniform
Lie algebra.

Definition 3.7. For z,y € L, we define the group operation zy by

1
xy:é(fc,y)=x+y+§(x,y)+~-,

for ®(X,Y) the Campbell-Hausdorff series in two non-commuting indeterminates (dis-
cussed in Chapter 7 of [10], and also in [22]).

A priori, this series only converges in L ® Q, if at all. However, [10] shows that in fact
the series converges, with sum in L. This map does give a group structure; the proof is
essentially that of Lemma 10.13 of [10].

Now let G = G(L) denote L with the group structure we have just defined. Since L is
torsion free and finitely generated, it follows that G is, also.

Proposition 3.8 (see Lemma 4.1 of [19]).  (a) If G is a uniform group, then L(G) is a
uniform Lie algebra.

(b) If L is a uniform Lie algebra, then G(L) is a uniform group.

Finally, we should note that these operations define an equivalence of categories from
the category of uniform groups with group homomorphisms to the category of uniform Lie
algebras with Lie algebra homomorphisms. (See, for example, Section IV.3.2 of [23].) In
particular, we will use the fact that a group automorphism of G induces a Lie algebra
automorphism of L(G).

3.3. Substructures. Let G be a uniform group and L be the uniform Lie algebra L(G).
Proposition 3.9 (see Lemma 4.1 of [19]). (a) If B is a powerful Z,-subalgebra of L, then
the elements of B form a subgroup of G.
(b) If I is a powerfully embedded Z,-Lie ideal of L, then the elements of I form a normal
subgroup of G.
Remark 3.10. It will be useful in the future to note that if (B® Q)N L = B (i.e. Bis
“isolated” ), then B is powerful: suppose (B ® Q) N L = B, and let = be in (B, B). Clearly,
x € (L,L), and by Proposition 3.8 we have (L,L) C (L. So x € (L, implying {~'z € L.
However, (~'z € B ® Q, also, so it is in B. Thus x € ¢B, as desired. Similarly, if I is an
isolated ideal then I is powerfully embedded.
Conversely, we have:

Proposition 3.11 (see Lemma 4.1 of [19]).  (a) If H is a powerful closed subgroup of G,
then the elements of H form a Lie subalgebra of L.
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(b) If N is a powerfully embedded subgroup of G, then the elements of N form a Lie ideal
of L.

Although we will not use it in this paper, the reader may also be interested to note the
fact that the equivalence of categories takes commutators of powerfully embedded subgroups
to Lie brackets of powerfully embedded ideals, and vice versa. It thus preserves the derived
series and the lower central series, and thus the properties of solvability and nilpotency.

3.4. Quotients. The quotient of uniform structures may have torsion, and so may not be
uniform. Thus it is necessary to treat quotients of uniform structures as special objects in
some cases.

Proposition 3.12. Let I be a Zy-ideal of L which is also a normal subgroup of G, e.g. I
is powerfully embedded. Then G/I has the same number of generators as L/I, and G/I is
torsion free if and only if L/1 is.

Proof. The number of generators of G/I is the dimension of (G/I)/Frat(G/I) as a vector
space over Z/(Z, where Frat(H) is the Frattini subgroup of H, namely H‘[H, H]. Now
(G/I)/ Frat(G/I) is isomorphic to
G/r . G G/Frat(G)
Frat(G)I/I — Frat(G)I — Frat(G)I/Frat(G)’
since Frat(H/N) = Frat(H)N/N for normal subgroups N of H. But modulo Frat(G) (which

equals /L since GG is uniform), the structures of G and L are exactly the same, so this is
isomorphic to

Ly Lo L/ L/I
L+ D)L ¢L+1  ((L+1)/1 L))
the dimension of which is the number of generators of L/I.

Powers in G are the same as powers in L, so z* =1 € G/I if and only if 2* € I < G if
and only if Az € I < L if and only if Az =1 € L/I. So torsion is the same. OJ

Remark 3.13. If I is a Zs-ideal of L such that L/I is torsion free, then I is isolated in
the sense of Remark 3.10: suppose x ® ¢ =y ® 1 for x € I, ¢ € Qy, and y € L. Then by
clearing the denominator of ¢, we get re ® 1 = sy ® 1 for r, s € Zy, and thus rz = sy. Now
sy € I, and L/I is torsion-free, so y € I. Thus (I ® Q,) N L = I. Then by Remark 3.10 I is
powerfully embedded, so I is a normal subgroup of G.

As a corollary of the proposition and the remark, we get:
Proposition 3.14. If I is a Z-ideal of L such that L/I = Zy, then I is a normal subgroup
of G and G/1 = Z,.
Proposition 3.15. Suppose ¢ is an automorphism of G, and thus also of L. Further suppose

I is a Zy-ideal of L preserved by v, such that ¢ acts trivially on L/I. If I is also a normal
subgroup of G, then ¢ also acts trivially on G/I.

Proof. We know that the elements of [ form a normal subgroup of G preserved by ¢, so ¢
acts on G/I. Suppose there exists z € G such that p(x) # z modulo I, i.e. p(z)z~! ¢ I.
We can invoke our equivalence of categories, which implies:
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But (¢(z),¢(x))r = (z,2), =0, and
(p(2), =) = (p(2), p(2) = )1 + (p(2), —p(2))L.

The first term of this is in the ideal I because p(z) — x € I, since ¢ acts trivially on L/
by hypothesis. The second term is 0, so (p(z), —x), € I. The other Lie bracket terms
of p(z) - 27! are also in I, since they are Lie brackets of things with (¢(z), —z)r. Also
o(x) + (—x) is in I, but this contradicts p(x)z~! € I. So ¢ must act trivially on G/I. [

4. AN ORDINARY THEOREM

The proof of the following theorem is somewhat different from the others in this paper, as
it does not use Shalev’s theorem. Instead, we allow a small space of fixed points on the Lie
algebra, and use them to establish a Z, extension of some function field, which we know is
impossible.

First, however, we need a lemma about Lie algebras.

Lemma 4.1. Suppose ¢ is an automorphism of a Lie algebra L, acting diagonalizably on
the underlying vector space. Let A1, ..., \, be the distinct eigenvalues of p, and suppose for
alli # 3, \iX\; # 1. Suppose further that if any \; = —1, the eigenspace corresponding to \;
has dimension 1.

Let Ly be the subalgebra of L consisting of the fized points of p. Then there is an ideal Ly
preserved by ¢ such that Lo @ Ly = L.

Proof. If 1 is not an eigenvalue then there are no fixed points, so we are done. Otherwise,
let Ay = 1, and let v;, be the eigenvectors in L corresponding to eigenvalue \;. Let L; be
spanned by {v,,i # 1}. Clearly L = Lo+ L.

Consider the Lie bracket of v;, with v;5. We have

o ([via, vjg]) = [0 (via), 0(vjp)] = [Aivia, Ajvjs] = Aid;[via; vjs]-
Thus [via, v;5] is an eigenvector (possibly 0), corresponding to the eigenvalue A\;\;. But A\,
is not 1 unless i = j =1 or i = j and \; = —1. If the latter, then [v;, vjs] = [Via, Via] = 0,
since the eigenspace corresponding to A; has dimension 1. Therefore, either [v;n,v;3] = 0, or
[Via, v;8] is some eigenvector in L; unless i = j = 1.
Let a =) GinVia € L and b = 2#1 bjsvjs € Ly. Then

[@,8] = D tiavia, Y bigvig] = > iabjs[via, vjg]
j#1 j#1
which is in Ly by the above. Thus L; is an ideal. Finally, L, is generated by eigenvectors,
so it is preserved by (. 0

Corollary 4.1.1. Suppose ¢ is an automorphism of a Zy-Lie algebra L, acting semi-simply
on the underlying vector space of L @ Qq. Let Ai,..., A\, be the distinct roots in Q, of the
characteristic polynomial of ¢, and suppose for all i # j, \iA\; # 1. Suppose further that if
any \; = —1, \; is only a simple root of the characteristic polynomial.

Then the conclusions of the lemma hold, i.e.: let Ly be the subalgebra of L consisting of
the fized points of . Then there is an ideal Ly preserved by ¢ such that Lo & Ly = L.

Proof. Let L' = L ®z, E, where E = Q(\1,...,\,), so that ¢ acts diagonalizably on L',
by extension of base ring. Then the A\ are the eigenvalues for the action, and satisfy the
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hypotheses of the lemma, so we have L' = L @ L. By extension of base ring, Lo = Ly N L,
and if we let L1 = L} N L then L is an ideal satisfying the desired properties. ([l

Let ko be a function field over a finite field F( of characteristic p and order ¢, and let
k, = koF, where F, is the extension of Fy with degree n > 1 and order g = (qo)". The
fields k, and ko have the same genus g, and correspond to some abelian variety A. Let £
be a prime not equal to p. Let K = kyF, and let K*"® be the maximal abelian unramified
l-extension of K. We know that Gal(K/kg) is generated by the Frobenius element ¢, and
we know Gal(K"/K) = T,(A) = (Z,;)*. The Frobenius element has a semi-simple action
on Ty(A) = (Z,)?9 with characteristic polynomial P(x) and minimal polynomial m(z), each
with integer coefficients. This P(x) and this m(z) are independent of ¢. The discriminant
of m(z) is not zero because ¢ is semi-simple, so m(z) is a product of distinct irreducibles.

Theorem 4.2. Suppose that the roots of m(x) modulo ¢ (possibly in some extension of Z/VZ)
are all distinct, and consist of Ao, M1, ..., A\, such that for alli # j, \i\; # 1. If the variety A
has a commutative endomorphism ring, then there are no unramified infinite powerful pro-£
extensions of ky,, Galois over ko, with no constant field extension.

The proof begins with a reduction step, which we isolate as a lemma so that we can use
it in subsequent proofs.

Lemma 4.3 (see [4]). Let M be an everywhere unramified pro-{ extension of k that is infinite
and powerful. Then M contains a subextension N of k which is infinite and uniform. If k/kq
1s a Galois extension of fields, and M 1is Galois over kg, then so is N.

Proof. Let T denote the set of torsion elements of Gal(M/k). By Theorem 4.20 of [10],
T is a finite characteristic subgroup, such that Gal(M/k)/T is uniform. Let N be the
corresponding intermediate field. Then N is an infinite uniform unramified pro-¢ extension.

Finally, N is Galois over ky since 7' is a characteristic subgroup of Gal(M /k), which is normal
in Gal(M ko). O

Proof of Theorem. If 1 is not a root of m(x) then ¢ does not divide m(1), which divides P(1),
so we may use Theorem 2.4. Thus we may assume A\ = 1.

Let M be an unramified infinite powerful pro-¢ extensions of k,, Galois over kg, with no
constant field extension. By Lemma 4.3 we may assume M is a uniform extension of k,,. Let
G = Gal(M/k,), and let d be the dimension of G. Since M is Galois over kg, ¢ acts on G.

Let K" be the maximal elementary abelian subextension of K /K and let M,; be the
maximal elementary abelian subextension of M /k,. (See Figure 1.)

Since M has no constant field extension, M N K = k,. Let Frat(G) = [G,G|G* be the
Frattini subgroup of G, which is equal to G* since G is powerful and finitely generated. Then
G/ Frat(G) = G/G* = Gal(M /k,) = Gal(M,K/K), which is a quotient of Gal( K/ K) =
(Z/0)* and is thus a vector space of dimension d over Z/{Z. Let R be the semi-simple 2g
by 2g matrix, with Z-coefficients, representing the action of ¢ on Gal(K**/K).

Since G is uniform, we have a Z,-Lie ring structure on G; let L denote G with this
structure. By the equivalence of categories in Section 3.2, an automorphism of G induces
an automorphism of L, so the action of ¢ on G gives an action on L also. The fact that A
has a commutative endomorphism ring means that the degree of m(z) is equal to 2g, and
thus it is also equal to the characteristic polynomial. Now ¢ acts on Gal(M/k,) = L/{L
according to some factor representation R’ of the reduction of R modulo ¢, and this action
has characteristic polynomial equal to a factor of m(x) modulo ¢. The action of ¢ on L is
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FI1GURE 1. The relationships between the subfields of M and K in the function
field case.

Kurab

also represented by a matrix whose reduction modulo £ is equal to R’. Then our conditions
on the roots of m(z) modulo ¢ imply that the action of ¢ on L is as in the corollary (note all
of the roots are simple, since the characteristic polynomial equals the minimal polynomial),
so L = Lo @® Ly for L; an ideal as in the lemma. But all of the eigenvalues have multiplicity
1, so Ly, the eigenspace of L corresponding to eigenvalue 1, is one-dimensional. So L; is an
ideal of codimension 1, and by the correspondence of G with L, specifically Proposition 3.14,
we have a normal subgroup N = L; of G such that G/N = Z,. But this means there
is an unramified infinite abelian extension of k, with no constant field extension, which is
impossible. 0

Here is another way of looking at this result:

Theorem 4.4. Let ky be a function field over a finite field ¥y, such that its corresponding
abelian variety has a commutative endomorphism ring. For all but finitely many primes ¢,
giwen any constant field extension k, = koF,, k has no unramified infinite powerful pro-¢
extensions, Galois over kg, with no constant field extension.

Proof. As in the previous proof, the minimal polynomial m(z) and the characteristic poly-
nomial P(z) are the same, and independent of /. The discriminant A of m(x) is not zero in
Z, so the roots are all distinct. Let \; be the roots, and set 7 = [,_;(AiA; — 1). We know
for all 4, |\;| = \/qo, so T is not zero. However, 7 € Z for the same reason A is.

Now we can say that the primes ¢ that need to be excluded are £ = p (of course), the
primes dividing A, and the primes dividing 7. For every other ¢, the hypotheses of the
previous theorem are satisfied. O

Remark 4.5. A has a commutative endomorphism ring if, for example, it is the product of
nonisogenous elementary abelian varieties which are ordinary.

In fact, Theorem 4.2 can be improved, using the following result about uniform groups.
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Proposition 4.6 (Exercise 4.11.(i) of [10]). Let G be a uniformly powerful pro-p group with
2 (topological) generators. Then G contains a unique normal procyclic subgroup H such that
G/H is procyclic, and H has a complement in G.

Theorem 4.7. Suppose that the roots of m(z) modulo ¢ (possibly in some extension of Z/(Z)
are all distinct, and consist of Ao, A1,..., A\, such that for all i # j, \A; # 1. Further,
suppose that A\; # —1 for alli. If the characteristic polynomial P(x) associated to the variety
A has only roots of multiplicity 2 or less, then there are no unramified infinite powerful pro-f
extensions of k,, Galois over ky, with no constant field extension.

Remark 4.8. Let A be isogenous to Hle A" with the A; nonisogenous elementary abelian
varieties, as in the Poincaré-Weil Theorem. (See, for example, Part I of [32] for a summary
of the classification of abelian varieties up to isogeny. We use a number of facts from
that summary in this remark, especially from Sections 1 and 6.) Then the characteristic
polynomial is P(z) = []._, fi(z)%™ for some e;, with f;(z) irreducible. Clearly the minimal
polynomial is m(z) = [] fi(x). The codimension of the center of the endomorphism ring
of A" is e?m?, so if each A" has an endomorphism ring with center of codimension less
than or equal to 4, the condition on the characteristic polynomial is true. More globally,
the codimension of the center of the endomorphism ring of A is > e?m?, so if A has an
endomorphism ring with center of codimension less than or equal to 4 then the condition is
true.

Proof (of Theorem). We keep the notation of the previous proofs. As before, we may assume
Ao = 1.

As in the proof of Theorem 4.2, the action of ¢ on L has characteristic polynomial equal
to a factor of P(x) modulo ¢. Then our conditions on the roots of P(x) modulo ¢ imply
that the action of ¢ on L is as in Corollary 4.1.1, so L = Lo & L; for L; an ideal as in
the lemma. But all of the eigenvalues have multiplicity 1 or 2, so Ly, the eigenspace of L
corresponding to eigenvalue 1, is one-dimensional or two-dimensional, and L; is an ideal of
codimension 1 or 2. If the codimension is 1 then we conclude as in the proof of Theorem 4.2.
If the codimension is 2, then by Proposition 3.12, we have a normal subgroup N = L; of
G such that G/N is a torsion-free (and thus uniform) powerful group with 2 generators.
Then Proposition 4.6 shows that G/N has a quotient group isomorphic to Z,. But again,
this means there is an unramified infinite abelian extension of k, with no constant field
extension, which is impossible. 0

Again, we can look at this result in terms of which ¢ it can be applied to:

Theorem 4.9. Let ky be a function field over a finite field ¥, such that its corresponding
abelian variety is as described in the previous theorem. For all but finitely many primes £,
giwen any constant field extension k, = koF.,, k has no unramified infinite powerful pro-£
extensions, Galois over kg, with no constant field extension.

Proof. This time, the primes ¢ that need to be excluded are ¢ = p (of course), the primes
dividing the discriminant A of the minimal polynomial, the primes dividing 7 (also for the
minimal polynomial), and the primes dividing P(—1). [l

Remark 4.10. In fact, we can squeeze even more out of Corollary 4.1.1 along these lines. For
instance, only the multiplicities of the roots of P(z) which are 1 or —1 modulo ¢ are relevant,
so in a specific example we can look at only the irreducible factors of P(z) containing these
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roots. If the total multiplicity of the roots which are 1 modulo ¢ is no more than 2, and
the total multiplicity of the roots which are —1 modulo ¢ is no more than than 1, then
there can be no extensions of the sort described. Also, only the discriminant of the minimal
polynomial for the action modulo ¢ is relevant, and this may be smaller than the reduction
modulo ¢ of m(z). (It is the largest square-free polynomial over Z /¢Z dividing the reduction
of P(z) modulo ¢.) Determining whether these looser conditions are satisfied, however, can
be done only one ¢ at a time, and only if the polynomial P(x) is known fairly explicitly.

5. EXAMPLES [
For varieties over finite fields given by equations of the form
a1z + ary? + - 4 a,x =c

(a;,c # 0), there is a relatively easy way to calculate the zeta function associated with the
variety, as explained in Chapters 8 and 11 of [20]. In particular, we will use this method for
curves of the form
azx® + by™ = c.

These correspond to quadratic extensions k of the function field F(¢), and we will use their
zeta functions to try to find examples of our theorems.

Define the zeta function for k, (j(s), in the usual way, and let Z(T") be the function such
that (x(s) = Zx(q~*), where ¢ is the number of elements of F. Now if C'//F is the curve
associated to k, then we have an alternative expression

Z4(T) = Z(C/F,T) = exp (Z C(F,)| T;) ,

n=1
where F» is the finite field with ¢" elements, and points are counted on a non-singular model

of C/F.
Let Z(V/F,T) be the zeta function of a variety V', defined analogously to that of a curve.

Proposition 5.1. The zeta function Z(V/F,T) is equal to
[L(1—oT)
Hj(l - 6J'T)

if and only if there exist complex numbers {o;} and {B3;} such that for alln > 1,
V(E@) =) 67— ar
j i

This is Proposition 11.1.1 of [20], and is proved by logarithmic differentiation.
We specialize to the curve C/F,, ¢ odd, given by

az? +by™ = ¢,
where m > 2 divides ¢ — 1. (Since ¢ is odd, 2 also divides ¢ — 1.) Then it turns out that

m—1
i —1\ i INK
[CEa)=q"+1+ D (D" (o (@pla ' (07T (p. X))
i#m/2, i=1
where p is the quadratic character on F,, x is a generator of the cyclic group of characters
of order dividing m on F,, and J(p, x*) is their Jacobi sum. (See Chapter 8 of [20], for how
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to count the affine points, and Example 11.2.5.1 and Exercise 2.14 of [30] for the projective
points.)
Applying Proposition 5.1, we obtain a formula for the zeta function, namely:

m—1

[T (= @pla 0o X))

i#£m/2, i=1

(1=T)(1 —qT)

Finally, this gives us the polynomial P(7") which we have been using in our theorems,
namely

m—1

PM) = [ (T-pex'(©pa)x'b)I(p.x"))-

i#m/2, i=1
The following examples were calculated using the program PARI. (See [2].)
Example 5.2. C = {z#? +3° = 1}; F = F;;. Then in terms of our theorems, ky =
Foi(t, /1= ).
P(T) = T* — 4T? + 6T — 44T + 121,

P(1)=2%5 A=2'2.53.11% and 7 = 2'%2.55.211% For every £ # p except 2 and 5, we can
apply Theorem 2.4. For every ¢ # p except 2, 5, and 211, we can also apply Theorem 4.2.
Example 5.3. C' = {22 + 3" = 1}; F = Fyy. Then ko = Foy(t, /1 — 17).

P(T) =T% — 6T° — 13T* 4 316T* — 377T° — 5046T + 24389,

P(1)=26-7-43, A= —1-2%.75.29% and 7 = 2% . 719.659% . 2143% - 1405153%. For every
¢ # p except 2, 7, and 43, we can apply Theorem 2.4. However, for ¢/ = 43, we can instead
apply Theorem 4.2.

Example 5.4. C = {22 + ¢y = 1}; F = Fyg. Then ko = Fyo(t, V1I—19).
P(T) = (T® + 9T* + 64T° + 171T* + 6859)(T* — 8T + 19),

P(1)=28%.3%.37, A = 256.311.172. 1912 and 7 = 25¢.3%8.19%.163?-1812- 3792 - 6132 - 13627%.
For every ¢ # p except 2, 3, and 37, we can apply Theorem 2.4. However, for ¢ = 37, we can
instead apply Theorem 4.2.

There are many similar examples where Theorem 4.2 proves useful. Here is one where
instead we can apply Theorem 4.7.
Example 5.5. C = {z? + (a + 2)y® = 1}, where o + 3a +3 = 0; F = Fy;. Then
k?() = F25(t, 1— (Oé + 2)t6>

P(T) = (T* — 5T + 25)?,

P(1)=441=3%-7% P(-1) =961 =31, A= -75=—1-3-5% and 7 = 576 = 2° - 32. (A
and 7 are taken for the minimal polynomial.) Thus for ¢ = 7, Theorem 4.7 may be applied,
even though Theorem 2.4 cannot.
Remark 5.6. Note that for m = 3 and m = 4, C' is an elliptic curve, i.e. has genus 1. Then
by Abhyankar’s Conjecture, proved by Harbater, Gal(K""/K) is a free pro-£ group with two
generators. (See [15]). In this case, one of Theorem 2.4, Theorem 4.2, or Theorem 4.7 can
always be applied, for all ¢ # p.
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6. IWASAWA THEORY AND CYCLOTOMIC EXTENSIONS

We now turn to number fields. Let ¢ be an odd prime, and let k, be an extension of
some totally real number field kg, given by k, = ko((m) for n > 1, where (;» will denote a
primitive ¢"-th root of unity. Let k; = ko((s) be the subextension of degree prime to ¢. Let
K = ko(C=) = Uy ko(Cpa) and let K*7 be the maximal abelian unramified (-extension of K.
Then Gal(K/kg) = AxT', where A = Gal(k/ko) is a finite abelian group of order prime to ¢,
and I' = Gal(K/k;) is isomorphic to Z, and is generated by some . Let X = Gal(K“%/K),
as in Chapter 13 of [31].

Then A x I' acts on X by conjugation, so A does. Since ¢ does not divide the order of A
(which divides £ —1), and the values of the (one-dimensional) characters x on A — (Z/(Z)*
lie in Z, (and not an extension), then as explained in Section 13.4 of [31], we can decompose

X as
X=Pex
X
according to the orthogonal idempotents €, of the group ring Z,[A], where

1 1
& =—— % x(o)o .
S
We can also decompose
X=XT0X =, X®e X

using the elements e, = (1 &+ J)/2, where J € A is complex conjugation. Then, we have

J 1-J
A=Y e ad =3

X even x odd
SO
Xt = @EXX and X_:@EXX.
X even x odd

(See Section 6.3 of [31] for more details.)
Now, since k; is a CM field, by Proposition 13.28 of [31], X~ contains no finite A-
submodules, where A = Z,[[T]] and T corresponds to v — 1 € Z,[I']. Thus we have

X~ = @A/(ﬁ"“) ® EBA/(gj(T))

with finite cokernel, and likewise

X = /(") & DA/ (D)

with finite cokernel for all odd characters x on A. (The polynomials ¢g are distinguished
polynomials in Z,[T'], meaning that g¥(T') = T" + a, 1 T" "' + - - - 4 ao with £ dividing a; for
0 <i<mn-—1. As we have written the decomposition, they are not necessarily irreducible.)
For all such x, let p, = > my, A\, = > deggy, and let

g{(T) = e~ [T g5(D).
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(This g* is not necessarily a distinguished polynomial, but [] g;(T) is.) Let

M_:Zﬂxv /\_:Z)\X‘

x odd x odd

Barsky [1], Cassou-Nogues [5], and Deligne and Ribet [9] have each shown that one can
construct an f-adic L-function L(s,p) for even characters p over a totally real field k.
Furthermore, Ly(s, p) is Iwasawa analytic if p is a non-trivial character on A, i.e. Ly(s, p)
can be expressed as a power series in u® — 1, where « is an element of the principal units of
Z,, defined by y(m = (jn for n > 1. (For more information on Iwasawa analytic functions,
see Section 4 of [27].) Let

w:A= Gal(k‘l/k’o) — <Cg_1> g Z;

be the (-adic Teichmiiller character (which is odd), and let x be an odd character on A.
Then, more explicitly, it can be proved that there exists a power series f, € A such that

Ly(1 = s,wx ") = fylu® = 1) /Iy (u” = 1)

for s € Zy, where h,(T') =T if y =w and h,(T') = 1 otherwise.

(This simple characterization of h, comes about because all of the characters ¢ we consider
are one-dimensional and of what Greenberg calls type S, i.e. ky N kyBoo = ko, where ky, is
this extension of ky attached to ¢ and B, is the cyclotomic Z,-extension of Q. For more
general (-valued Artin characters, we have h,(T) = wx ' (7)(1 +T) — 1 if wy ! is of what
Greenberg calls type W, i.e. ky C kgBoo, and h,(T") = 1 otherwise.)

In order to relate these power series to X ~, we use the Main Conjecture of Iwasawa theory,
which was proved by Mazur and Wiles for abelian extensions of Q in [24] and by Wiles for
arbitrary totally real fields in [33]. Using notation from [33] and [31], the theorem says:

Theorem 6.1 (The Main Conjecture). For x an odd character on A,
Flu(L+T)71 = 1) = g (T)U(T),
with Uy (T') a unit in A.

(This is a combination of Theorems 1.2 and 1.4 of [33]. See also Section 13.6 of [31], or
Section 5 of [6] for more on the Main Conjecture.)
Let § = [k1 : ko] = |A|, and let £¢ be the largest power of ¢ such that (e € ko((p).

Definition 6.2. Let L(s, x) be the L-function for characters associated to kg. We say that
0 is ko-regular if ¢ is relatively prime to L(1 —m,1) = (4, (1 — m) for all even m such that
2 <m <6 —2 and also / is relatively prime to (¢L(1 — 9,1) = ¢¢(y, (1 — 9).

Remark 6.3. This new definition is analogous to ¢ being regular, since if ky = Q we have
6 =4(¢—-1, L(1 —m,1) = —B,,/m for B, the m-th Bernoulli number, 2 < m < ¢ — 3,
and ¢ never divides (°L(2 — ¢,1) = —(B,_1/(¢{ — 1) by Von Staudt-Claussen’s Theorem
(Theorem 5.10 of [31]) or by the argument given in Section 2 of [26]. Also, ky-regularity seems
to share at least some of the properties of regularity. For example, by a proof analogous to
one for the case over Q, I have shown that there are infinitely many kg-irregular primes for
any given ko. (See, e.g., Theorem 5.17 and Exercise 4.3.(a) of [31].)

Remark 6.4. We will show below that the numbers in these conditions are (-integral. (It
is well-known that they are rational numbers; see, e.g., [25].)



16 JOSHUA BRANDON HOLDEN

Theorem 6.5. Suppose { is ky-reqular. Then there are no unramified infinite powerful pro-¢
extensions M of k,, Galois over kg, such that KNM = k,, and Gal(M/k,) = Gal(My/k,)~
according to the action of A, where M, is the maximal elementary abelian subextension of

M/k,.

Remark 6.6. The condition K N M = k, is equivalent to saying that k, contains all the
(-th power roots of unity in M. Note that for sufficiently large n, K/k, is totally ramified
(see Lemma 13.3 of [31], e.g.). However, M/k, is unramified by hypothesis, so for these n,
KNM =k, always.

Remark 6.7. The action of A on Gal(M,;/k,) comes from the action of Gal(k,/k¢), which
is by conjugation in Gal(M,/ko) by some representative. (Note that M, /kq is Galois,
because Gal(M/M,;) is a characteristic subgroup of a normal subgroup of Gal(M/ky), and
the last extension is Galois by hypothesis. Furthermore, Gal(M,;/k,) is a normal subgroup
of Gal(M/ko), so the action above is defined.) The action is independent of the choice of
representative, since Gal(M,;/k,) is abelian.

Proof (of Theorem). Let M be such an extension of k,. As in previous theorems, we may
assume by Lemma 4.3 that M is a uniform extension of k,. Let G = Gal(M/k,), and let d
be the dimension of G. Since M is Galois over kg, v acts on G by conjugation in Gal(M k)
(equivalently in Gal(M/k1)) by some representative.

Let K" be the maximal elementary abelian subextension of K% /K and let M,; be the
maximal elementary abelian subextension of M/k,. Since A acts on X, and Gal(My/k,) =
Gal(M,;/k,)~, we can consider M, as a subextension of (K" %)~ and (K“)~. (See Fig-
ure 2.)

By hypothesis, M N K = k,. Let Frat(G) = [G,G]G* be the Frattini subgroup of G,
which is equal to G* since G is powerful and finitely generated. Then G/ Frat(G) = G/G* =
Gal(M,/k,) = Gal(M,K/K), which is a quotient of Gal((K“)~/K).

Since
X" =P ex,
x odd

we can write

X =@ (éA/w% ® éA/@(T)))

x odd \ i=1
with finite cokernel. We want to know whether + has any fixed points as an automorphism
of Gal((K%e)~/K) =~ X~ /{X~.
So far we can deduce that X~ /(X~ 2 (Z/0)* @& (A/0)*", where s~ = Y s,. We will next
show that for all odd x, s, = 0 in the decomposition of X, so that in fact only the second
group of terms exists, and X~ /(X ~ = (Z/0)*".

Claim 6.7.1. Under the hypotheses of the theorem, { is relatively prime to f,(u— 1) for all
odd .

(We will defer the proof of this until later.)
By the Main Conjecture, f,(u—1) = f (u(l14+0)"! = 1) = ¢¥(0)U,(0). U,(T) is a unit
power series, so it is well-known that U, (0) must be a unit in Z,. Thus if ¢ is relatively prime
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FI1GURE 2. The relationships between the subfields of M and K in the number

field case.
Kurab
(ZZ Kurel
" M
K
(Z/0)?
><’Y£n Y o
7/t —_—
o=r| by, — 20" ap, M

to fy(u — 1) then it is also relatively prime to g*(0) in Z,. But ¢*(0) = £*x [T g;(0), so we
must have 0 = p,, = > mY, so s, = 0. Thus

X o @ @M

x odd j=1

with finite cokernel.

Now let R be the A~ by A~ matrix, with Z,-coefficients, representing the action of v on
X, which is isomorphic to Z) . Then 7 acts on X~ /fX~ according to the reduction of
R modulo ¢. If 1 is not an eigenvalue of R modulo ¢, then this action has no non-trivial

fixed points, i.e. is regular. Since X~ ® Q; = (@X odd D; A/(gf(T))) ® Qq, as Q[[T]]-
modules, their characteristic polynomials for v are the same. Since T corresponds to v — 1,
the characteristic polynomial of the right-hand side is [ ], ,4q 9¥(z—1) =[] aa [[; 9} (z—1),
so this is the characteristic polynomial of R also.

Now the eigenvalues of R modulo ¢ are the roots of the various gX(z — 1) modulo ¢, so 1 is
such an eigenvalue if and only if ¢X(0) = 0 modulo ¢ for some x. Again, the Main Conjecture
says this is only if f,(u — 1) = 0 modulo ¢, and we know from the claim that this does not
happen. So 1 is not an eigenvalue for gX for any Y.

Thus, given the claim, the action of ¢ on Gal((K*®)~/K) = X~ /(X is regular. We will
now prove the claim.
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Proof (of Claim). By the definition of f,, we have

Felu=1) = fiu' = 1) = Ly(0,wx ) hy(u—1). (1)
Further, as in [33], we have by definition, for n > 1:
L€<1 - n, p) = LS(l - n’pw—'n)’ (2)
where
Ls(L =n,pw™) = L(L =1, pw™") [ [(1 = (L k1 ko)) (N 1), (3)
l€s

S is the set of primes of kg lying over ¢, L is the complex Dirichlet L-function, /N is the norm,
and (I, k1 /ko) is the Artin reciprocity symbol. (We use the convention that the product of
characters is always primitive. This formula is a generalization of Theorem 5.11 of [31]; see
also Section 4.1 of [6].) Furthermore, L,(1 — s, p)h, (u® — 1) is a power series in u® — 1 (i.e.
Iwasawa analytic) so since u® — 1 = 0 modulo ¢Z, for all s € Z,, we have that the expression

Le(1 = 5, p)hy (" = 1) (4)
has the same value modulo ¢Z, for any s € Z,.

We are looking at f,(u — 1) = L,(0,wx ')h,(u — 1), where x is an odd character on the
Galois group A, and thus equal to w™ for some odd m, 1 <m < § — 1. Since f, € A and
u € Zy, we have f,(u— 1) € Z,. Note that § +1—m =1 —m modulo 4, so w' ™™ = WO+1=m
and 2<§+1—m < 4. Then we have

Sxlu—=1)
= Lo(0,wx hy(u—1) from (1)
Le(0,0" 7™k (u—1)
= Li(1—(6+1—m),™™ ™h (™™ —1) (mod ¢) from (4)
= Lg(1—(5+1—m),® " ™h,(u™™ 1) from (2)
_ L(l . (5 +1— m)’wéJrlfmwf(éJrlfm))

| (Hu oG kl/ko))(N[)5m>> w1~ 1)

€S
from (3)

= L(1—(0+1—-m),1) (H(l - (N[)5—m)> hy (W™ - 1)

les

Now (NT)°~™ is a power of £, since m < §. So this is congruent to
L(1— (6 4+1—m),1)h,(u®™~™ 1) modulo ¢.

For x # w, we have h,(T") = 1, and so this equals L(1 — (§ + 1 —m), 1), which is thus (-
integral since f, (u—1) is. Also, x # w impliesm > 1, so we actually have 2 < §+1—m < §—2.
If ¢ is ko-regular then ¢ is relatively prime to L(1 — (§ +1 —m), 1) for all of these 6 +1 —m
so fy(u — 1) is relatively prime to ¢ for any x # w. If x = w then h,(T") = T so we have

folu—1) = LI —((+1—m),)@™™ —1) (mod /)
L(1—6,1)(u’ — 1),
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since m must equal 1. Writing u = 1+ t£¢ for ¢ a unit in Z, and using the binomial theorem,
we can see that (u® — 1)//¢ is a unit in Zj, in fact congruent to 6t = 6(u — 1)/£° modulo /.
In particular, since f,(u — 1) is in Z,, we must have (°L(1 — ¢, 1) in Zg, since they differ by
a unit in Z,. Further, ¢ divides (¢L(1 — §, 1) if and only if it divides

fulu=1)= L1 = 6.1)(’ 1) = €°L(1 - 6.1) <U6€: )

If ¢ is ko-regular, then ¢ is relatively prime to ¢¢L(1 — §,1), and thus to f,(u — 1). O

Now we know that the action of ¢ on Gal((K“ )~ /K), which can be regarded as a vector
space over Z/lZ, is regular. We also know that ¢ acts on G, which induces an action on
G/G* = Gal(MyK/K), since G* is characteristic. We can also regard G/G*¢ as a vector
space over Z/(¢Z, and then the action of ¢ is a quotient of the action on Gal((K*“)~/K).
Thus this action is regular, so the action on G can have no fixed points outside GY.

The rest of the proof follows as in [4].

U

7. GREENBERG’S CRITERION

The concept of kg-regularity, though not the definition itself, has appeared earlier in work
of Greenberg on a generalization of Kummer’s criterion for the class number of k; to be
divisible by £. Greenberg’s work ties into my own in a number of ways. The first is through
ko-regular primes. Another is that it allows us, in some cases, to restate Theorem 6.5 in a
form rather more parallel to Theorem 2.4. This statement appears as Corollary 7.5.1 below.
Furthermore, the techniques used in the previous section allow us to simplify the proofs and
weaken the hypotheses in Greenberg’s theorems, and we will explore some ways that this
can be done. Finally, in some limited situations a proof of Corollary 7.5.1 can be given that
parallels that of Remark 2.5, using the ideas of this section.

We keep the notation of the previous section, and also let k" denote the maximal real
subfield of ki, which is equal to ko(¢; + ¢, '). Let h(k;) denote the class number of k; and
h*(k;) denote the class number of k;". By part (a) of Theorem 7.8 below, h™(k;) | h(k;); we
let the relative class number h~ (k1) be the quotient.

In [13], Greenberg gave the following generalizations of Kummer’s criterion:

Theorem 7.1 (Greenberg, 1973). Assume that £ 1 [ko : Q] and that no prime of the field ki
lying over € splits in ky. Then { divides the class number of ky if and only if ¢ divides the
numerator of

e I G-,

i even,i=2

Theorem 7.2 (Greenberg, 1973). Assume that £ 1 [k : Q] and that no prime of the field ki
lying over € splits in k1. Further, assume that ko is abelian over Q. Then £ divides the class
number of ky if and only if £ is not kq-regqular.

Remark 7.3. Note that Greenberg uses ¢ in his definitions and theorems where we use ¢¢;
his hypothesis that ¢ 1 [ko : Q] implies that e must be equal to 1.
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Greenberg also made a stronger conjecture. Let R and Rt denote the regulators of k; and
ki respectively, let w denote the number of roots of unity in ki, and let

o Tles(d— (N0
A= T (- (Vo)

Then Greenberg conjectured that

Ah™ (k) = (R/R+- H Cro(1—14)  (mod 0),

i even,i=1

which implies Theorem 7.1.

Kudo, in [21], proved this conjecture in the case where kq is abelian over a real quadratic
field with no restriction on the degree of kg, using the f-adic L-function constructed for
these fields by Coates and Sinnott in [7]. Using the same construction, Kudo also proved
Theorem 7.2 in the case where ky is abelian over a real quadratic field and ¢ 1 [ko : Q].

The general construction of the f-adic L-function over any totally real number field and
the congruences derived in the proof of the Claim from Theorem 6.5 allow us to prove this
statement for any totally real ky whatsoever. This gives the following theorem:

Theorem 7.4. Assume that no prime of the field ki lying over £ splits in ky. Then { divides
h= (k1) if and only if € is not ko-regular.

Remark 7.5. Note that we no longer require a condition on the degree of kq; this would only
be necessary in order to replace the condition on h~(k;) by one on h(ky) such as Greenberg
used. (See Theorem 7.9 below.) Furthermore, as we observed earlier, the construction of the
(-adic L-function tells us that the numbers in the definition of ky-regular are all ¢-integral,
allowing us to remove the distinction between Theorems 7.1 and 7.2.

As a corollary of Theorems 6.5 and 7.4, we get:

Corollary 7.5.1. Assume that no prime of the field ki lying over ¢ splits in ky, and that ¢
does not divide h™=(k1). Then there are no unramified infinite powerful pro-{ extensions M
of kn, Galois over kg, such that KN M =k, and Gal(My/k,) = Gal(My/ky,)~.

Remark 7.6. Note that if there are primes of k" which split in k;, then ¢ divides A and so
¢ is never ko-regular. Thus Theorem 6.5 can never be applied if this is true. Furthermore,
Theorem 7.4 cannot be used to show ¢ divides h™(k;) in this case. (See Greenberg’s paper
for more on this.)

Remark 7.7. If ¢ does not divide h~(k), then there are no unramified abelian (-extensions
M of k such that Gal(M./k) = Gal(M/k)~ and thus trivially no powerful extensions.
Remark 2.5 uses the corresponding idea to give a quick proof of Theorem 2.4; in certain
circumstances we can do the same here.

Consider the following theorems on class groups (see, e.g., Chapter 10 of [31]):

Theorem 7.8. (a) Suppose the extension of number fields F'/F, contains no nontrivial
unramified abelian subextensions. (This is true, e.g., if some prime is totally rami-
fied.) Then h(Fy) divides h(F).
(b) Suppose the extension of number fields F/Fy is an { extension with at most one
ramified prime. If ¢ divides h(F) then { divides h(F}).

And finally, Greenberg in [13] gives the theorem (attributed to Leopoldt):
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Theorem 7.9 (Leopoldt). Let ko be a totally real finite extension of Q such that €1 [kq : Q).
If (|t (ky) then £lh~ (k).

Now let ky be such an extension, and suppose as above that ¢ does not divide h~(ky).
Thus ¢ 1 ht (k) also, so £t h(k;). Now if at most one prime of k; ramifies in k then ¢ cannot
divide h(k), by part (b) of Theorem 7.8. Thus ¢ certainly doesn’t divide h~(k), so as we said
there are trivially no powerful extensions. This gives us a trivial proof of Corollary 7.5.1
under the conditions supposed, but there is no reason to think that a similar proof will work

outside these conditions. It is interesting to compare this to the cyclotomic case described
in Remark 2.5.

Remark 7.10. Kudo also discusses some congruences modulo higher powers of ¢ which are
similar to the one conjectured by Greenberg. It seems likely that under the proper conditions,
these congruences would allow us to prove theorems in the number field case analogous to
those proved for the function field case in Section 4.

8. ExaMPLES 11

Having defined ky-regular primes, it seems in order to give some analysis of how likely
the situation is to occur for totally real fields kq. I have therefore computed the numbers
Cro(—1), oo (=3), ..., Gy (3—6) and £, (1 — 0) for various real quadratic fields ky = Q(v/D).
(For more about zeta functions for real quadratic fields, see [16].)

In the following tables, the discriminant D goes down the side and the prime ¢ goes across
the top. The values shown are “numbers of irregularity” m such that ¢ divides (g, (1 — m)
or, if m =9, €¢, (1 —9).

The tables were calculated using the program PARI (see [2]) using a formula of Siegel
(see [29]). The algorithm is discussed further by the author in [17], which also includes some
analysis of this raw data.

Table I covers 2 < D < 100 and 3 < ¢ < 50, and Table II covers 2 < D < 100 and
51 < ¢ < 100.
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