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Abstract

The on-axis image irradiance obtained from a radially symmetric optical system under broadband illumination is

analysed in the phase-space domain of the Wigner distribution function associated with a modified one-dimensional

pupil aperture. To this end, a coordinate transformation is employed in such a way that the varying on-axis irradiance

can be derived from different slices of a two-dimensional Wigner distribution function, which involve both the defocus

distance and the dispersion properties of the optical system. The method is illustrated by comparing the imaging

performance of four different pupil apertures, when the system is illuminated with a light beam having a gaussian

spectral content. � 2002 Published by Elsevier Science B.V.
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1. Introduction

The analysis of the imaging performance of
optical systems under monochromatic illumina-
tion using phase-space signal representations, like
the Wigner distribution function (WDF) or the
ambiguity function, has been proved to be a useful
tool for different applications [1–14]. Image quality
parameters defined either in the image space, such
as the normalised irradiance or Strehl ratio, or in

the spatial frequency domain, such as the optical
transfer function, can be conveniently treated in
the phase-space domain. The properties of differ-
ent pupil transmittance functions, suffering aber-
rations and/or defocusing, can be investigated
through a two-dimensional WDF associated with
a modified pupil function derived from the original
one by performing a coordinate change that takes
into account the pupil symmetry [13].
In this paper we extend the WDF treatment of

optical imaging systems to take into account poly-
chromatic or broadband illumination. In this way,
the Kirchhoff–Fresnel solution to the wave equa-
tion should include the dispersion phase terms that
appear due to the wavenumber frequency
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dependence. From this expression, the on-axis im-
age irradiance is obtained for the particular case of
radially symmetric pupil functions.A relationship is
derivedwhich links this irradiance with phase-space
projections along vertical slices of the two-dimen-
sional WDF associated with the modified pupil
function. Thus, the combined spatial/spectral be-
haviour of the optical system can be visualised in the
phase-space, as e.g., thewell-knownchromatic focal
shift that takes place with broadband illumination.
Finally, the approach is illustrated by comparing
the imaging performance of four pupil functions:
the circular uniform aperture, the annular aperture,
the hyper-gaussian amplitude transmission func-
tion and a quartic phase pupil mask. It is found that
a better performance to defocusing is exhibited by
the two latter apertures, for the case of a illumina-
tion beam having a gaussian spectral content.

2. Basic theory

For analysing the spatial and temporal prop-
erties of the light field amplitude in the neigh-
bourhood of the focal and/or image planes, it
should be solved the Helmholtz equation in the
frequency domain, i.e.,

½r2 þ k2ðxÞ�Uð~rr;xÞ ¼ 0; ð1Þ
where r2 is the Laplacian operator, kðxÞ is the
wavenumber which depends on the temporal fre-
quency x, and U is the scalar field amplitude. If we
consider a plane wave as the incident light beam of
the optical imaging system (see Fig. 1), the solution
of Eq. (1) for the image space, in the framework of
the Fresnel–Kirchhoff theory, can be written as
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where K is a complex constant; AðDxÞ is the
spectral distribution content of the illuminating
beam, centred at x ¼ x0, as a function of the
difference variable Dx ¼ x 
 x0; e is the thickness
of the lens along the optical axis; k0 ¼ x0=c and
n0 ¼ nðx0Þ are the wavenumber in air and the re-
fractive index of the lens material, respectively,
both calculated for x ¼ x0. In Eq. (2), the field
amplitude is expressed in polar coordinates ðr; hÞ,
being z the axial distance taken from the focal
point z ¼ 0. Besides, P0ðq;/Þ and Uðq;/Þ are the
amplitude transmittance and the phase distribu-
tion associated with the pupil function P, ex-
pressed in polar coordinates ðq;/Þ: The remainder
parameters involved in Eq. (2), which take into
account the material dispersion up to the second
order, are
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Next, we restrict the analysis to the particular
but very important case of radially symmetric

Fig. 1. Scheme of the optical imaging system.
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optical system, i.e., angular dependent aberrations
such as coma or astigmatism are not taken into
account, and besides, the amplitude transmission of
the pupil aperture should be a radial function. Then
Eq. (2) becomes
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being J0ðxÞ the Bessel function of zero order and
first kind. So, the image irradiance results as
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with the amplitude transmittance written as

P ðqÞ ¼ P0ðqÞeiUðqÞ: ð5:2Þ
Eq. (5.1) is a general result, which provides the
irradiance at any point of coordinates ðr; zÞ in the
image space. Along the optical axis (where r ¼ 0),
it becomes
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Now, we perform the following change of variable:
ðq=aÞ2 ¼ f þ 1=2, which converts any two-dimen-
sional radially symmetric function P ðqÞ, defined
for 0 < q < a, into a one-dimensional function
QðfÞ, which is different from zero only in the in-
terval 
0:5 < f < 0:5. By expressing the modulus
squared in Eq. (6) as the product of two integrals
(with integration variables f1 and f2), and by
considering centre- and difference-coordinates:
f ¼ ðf1 þ f2Þ=2, Df ¼ f1 
 f2, the irradiance along
the optical axis can be rewritten as

I0ðz;DxÞ

¼ pK 0AðDxÞ
�� ��2
�
Z 1


1

Z 1


1
Qðf þ Df=2ÞQ
ðf 
 Df=2Þ

� exp
�

 iDf

k0a2

2f0
1

��

 f0
f0 þ z

�
þ k0a2Dx

2f0

� a01

�
þ a02Dx 
 f0

x0ðf0 þ zÞ

���
dfdDf; ð7Þ

where K 0 ¼ Ka2=2, and QðfÞ is the one-dimen-
sional modified pupil function (obtained from
PðqÞ through the change of variable: q ¼ qðfÞ),
which is identically zero outside the interval

1=2 < f < 1=2. For this reason the integration
limits extend to �1. By taking into account the
WDF definition (see e.g. [1,2]), Eq. (7) can be re-
written in terms of the WDF as
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which states that the on-axis irradiance for each
value of z is given by the spatial frequency pro-
jection of the WDF associated with the modified
pupil function QðfÞ along vertical slices in the
phase-space ðy; fÞ. The value of the y-coordinate
depends on the defocus distance z, the dispersion
properties of the lens material, and the spectral
content Dx of the light beam. The relationship
between these phase-space locations and the de-
focus distance z is yðz;DxÞ, as can be seen in Eq.
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(8). This expression becomes infinity for z ¼ 
f0
(the location of the pupil aperture), but the
approximations involved to derive Eqs. (2)–(8) are
not valid for points too close to the pupil plane. It
is clear from Eq. (8) that, for increasing values of z,
the locations of the vertical phase-space slices shift
from the centre of the WDF display, so dimin-
ishing the on-axis irradiance. Besides, as stated by

Eq. (8), the image irradiance is also affected by the
light spectral content given by AðDxÞ, which is to
be analysed in the examples of the following sec-
tion.
Finally, we analyse how the dispersion affects

the presence of each frequency at a given location
z. The relationship y ¼ yðDxÞ (from Eq. (8)) can
be expressed as

Fig. 2. Gray-level picture of the WDF associated with a rectangle function as reduced pupil function of: (a) uniform circular aperture,

(b) quartic phase pupil function, (c) hyper-gaussian transmission function, (d) annular aperture.
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This is a shifted parabolic curve: its second order
coefficient is related with the second order disper-
sion parameter, while the linear coefficient depends
on the first order dispersion parameter. The inde-
pendent coefficient only depends on the geometric
lens properties and the defocus distance z. For a
small second order dispersion ða02 ffi 0Þ, Eq. (9) can
be approximated as
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The slope of this line contains both, the first order
dispersion and the geometric parameters, while the
interception-to-zero term involves only the latter.
In order to illustrate the behaviour of the optical
system, we consider a circular uniform aperture
having associated a WDF which is displayed as a
gray-level picture in Fig. 2(a). If the illumination
spectral width Dx increases, the condition y ¼ 0
(corresponding to maximum irradiance) is found
for larger values of z, that is the well-known
chromatic focal shifting. Other effect which can be
visualised from Eq. (10) is that, at the focal point
(z ¼ 0Þ, the interception-to-zero term becomes
zero and the absolute value of the slope has its
minimum. Thus, in order to get most of the spec-
tral components be present at the focal point, it is
desirable to have a smoother WDF variation along
the y-axis, as compared with that shown in Fig.
2(a), taking into account that the on-axis irradi-
ance results by adding the WDF f-values. In the
next section, pupil apertures producing this
smooth-varying effect are to be analysed.

3. Tolerance to defocus in the polychromatic case

In order to illustrate the proposed approach, we
analyse the imaging properties of four different

pupil apertures under polychromatic illumination,
namely, a uniform aperture, an annular aperture, a
quartic phase pupil and a hyper-gaussian trans-
mission function, which are given by the following
expressions:

Fig. 3. Irradiance curves I0ðz;DxÞ for two different spectral
frequencies: x ¼ x0 ¼ 3:0381E15 Hz ðDx ¼ 0Þ and x ¼ 1:562

x0ðDx > 0Þ.
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P ðqÞ ¼ circðq=aÞ; ð11:1Þ

P ðqÞ ¼ circðq=aÞ 
 circðq=eaÞ; ð11:2Þ

P ðqÞ ¼ circðq=aÞe
ipaððq=aÞ4
ðq=aÞ2þ0:25Þ; ð11:3Þ

P ðqÞ ¼ circðq=aÞe
2pcððq=aÞ2
0:5Þ2 : ð11:4Þ

The values of the involved pupil parameters were
selected as a ¼ 10, c ¼ 10 and e ¼ 0:75. The WDF

displays corresponding to these apertures are il-
lustrated in Fig. 2. The spectral content of the light
beam was assumed to be characterised by a
gaussian function of the form

AðDxÞ ¼ e
ðDx=dxÞ2 ; ð12Þ

being dx the mean spectral width. The value of x0

was chosen as x0 ¼ 3:0381E15 Hz, or equiva-
lently, k0 ¼ 620 nm. The irradiance curves
I0ðz;DxÞ, obtained from Eq. (8) for: Dx ¼ 0 (or,

Fig. 4. Three-dimensional displays of the irradiance vs. defocusing and spectral frequencies for: (a) circular aperture, (b) quartic phase

pupil, (c) hyper-gaussian transmission function, (d) annular aperture.
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x ¼ x0) and Dx > 0 ðx ¼ 1:562x0; k ¼ 400 nmÞ,
are plotted in Fig. 3. It can be clearly seen the
different focusing performances of the several ap-
ertures and the expected shift of the irradiance
maximum for x 6¼ x0. It is interesting to visualise
the irradiance distributions for the four analysed
cases in the spatial–spectral domain ðz;DxÞ, which
are shown in Fig. 4 as three-dimensional displays
and in Fig. 5 as gray-level pictures. Finally, the
intensity distributions, for varying defocus inte-
grated for all spectral frequencies present in the
illuminating beam, are shown in Fig. 6. From
these results, it can be seen the frequency depen-

dence of the focal point that originates the axial
chromatic aberration. For an ideal optical system,
the irradiance maxima for each frequency would
be located at the same point on the optical axis.
Besides, if this system is tolerant to defocusing,
then the whole irradiance distribution varies
slowly with z. From the results illustrated in Figs.
3–6, it can be concluded that both, the quartic
phase function and the hyper-gaussian function,
have associated a broader Dx region in z ¼ 0, and
show a smoother variation for z 6¼ 0 than that
corresponding to the uniform and annular aper-
tures.

Fig. 5. Gray-level pictures of the displays shown in Fig. 4.
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4. Conclusions

In this paper we extend the treatment of optical
imaging systems by using the WDF to the case of
broadband or polychromatic illumination. The on-
axis irradiance in the image space was found as
proper spatial frequency projections of a two-di-
mensional WDF associated with a reduced pupil

aperture. A relationship was derived which links
the three main involved parameters, namely, the
defocus distance, the spectral frequency and the
material dispersion. Finally, the approach was il-
lustrated by comparing the imaging behaviour of
four different apertures. From the WDF displays,
it can be visualised the better performance to de-
focusing of two of the apertures: the hyper-
gaussian transmission function and the quartic
phase mask.
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