Review of M echanical Systems
by P. Cornwell

Kinetics
1) Conservation of linear momentum and angular momentum rate form
Principle

da o = o] o]
Linear Momentum: d—?’s a F+a mv -q mv,
in out
: dL 2 1
Angular Momentum about point O: o =a M +a r’°mv - a r’ myv,
B o . dl. o
For this class we usually looked at closed systems so d— =a F ad ot =a M,

Procedure
1. ldentify the system. The system you pick usually involves the forces and or accelerationsin
the find statement.
2. Draw thefree body diagram (FBD). Include all external forces and moments. Don'’t forget
gravity.
3. Draw thekinetic diagram (KD). For plane motion be sureto include ma, and Ica. The
constraints on the problem may permit you to limit the direction of a. For example:
Trandation (a = 0): Put a in the known direction recognizing that the acceleration of the
center of gravity is equal to the acceleration of any other point on the body.
Fixed axis rotation: Put tangential acceleration (ar) and normal acceleration (W?r) in
known directions. Be surelga and m(ar) are consistent with each other.
Genera plane motion (rolling without slipping, CG = geometric center): ag = ar. Be sure
lca and m(ar) are consistent with each other.
Genera plane motion: Put ma; , ma; andlsa ontheKD. Usekinematicsto relate

the acceleration of the center of gravity to the acceleration of some point you know
something about.
4. Place acoordinate system between the FBD and KD to be used when applying conservation
of linear momentum.
5. Apply the scalar equations for conservation of linear and angular momentum to the FBD and
KD. Be sureto define apositive direction for the summations.
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6. Solvethe equations for the required unknowns. If the three scalar equations have more than
three unknowns then a kinematic analysis may be required for the problem solution. If you
still need more equations after a kinematic analysis then try another FBD/KD of an
interrelated system.

Additional notes on kinetics:
Rolling motion (for an object that has aradius r and a center of gravity located at the geometric
center)

Rolling, no dliding: ac=ar,F=?(butitis<mN)
Rolling, siding impending: ac=ar,F=mN
Rotating and dliding: ac=?a=?2F=mN (as?! ar)

2) Conservation of energy finitetimeform (for an adiabatic, closed system)

Principle
DE, =W

where:

W = work of al external forces and moments
2
for aforce: W = (- >df
1
2
for amoment: W = gMdg
1

for rolling without dlipping afixed surface: Wriction = 0

Esysz Ek + EG+ Es+ U e

Ex = kinetic energy = %mvf3 +%|GW2 for each rigid body in the system

note: there will always be a kinematic step of relating v to w.
E = gravitational potential energy = mgy for each rigid body in the system
note: y is measured from the datum to the center of gravity

Es = eladtic potentia energy for alinear spring = % kx? for each spring in the system

note: x is measured from the free length of the spring

Procedure

1. Ildentify the system.

2. Draw diagrams of the system in position 1 and position 2.
3. Locate adatum (if any center of gravity changes elevation)
4. Calculate each term in the energy equation.



3) Conservation of linear momentum and angular momentum finite time form (closed system)
Principle

t
DR, = oFct
151
DL, = QM

or if there are impulsive loads acting on the system
— ° —
DR, =a FDt
~ o . —
DLWSD = a (Mo)i Dt
It isimportant to know that these are vector equations so just like the rate form we can obtain
scalar equations by looking at the linear momentum in the x and y directions and the angular
momentum about some point.
Procedure

1. Identify the system.
2. Draw impulse-momentum diagrams

Mmvg, MVe,
a - a
System momentum after ~ System momentum Impulses acting during the time
the time interval beforethetimeinterval  interval

3. Define acoordinate system to used when applying conservation of linear momentum.
4. Apply the scalar equations for conservation of linear and angular momentum to impulse-
momentum diagrams. We therefore have three scalar equations
1. Linear momentum in the x-direction
2. Linear momentum in the y-direction
3. Angular momentum (moment of the momentum) about any axis
5. Solvethe equations for the required unknowns. If the three scalar equations have more than
three unknowns then a kinematic analysis may be required for the problem solution. If you
have an impact you may need to use the coefficient of restitution equation (if eis given or
one of the unknowns you are to solve for)



Notes:
If there are impulsive forces acting in the system you can neglect non-impulsive forces.
This principle is useful for central force problems.
The coefficient of restitution isrequired for some impact problems.
Additional comments on impact problems:
Procedure for impact problems:
1. Draw the impact (impulse-momentum diagrams are especially helpful for rigid body impact).
2. Look at each object by itself, that is, define your system to be each object individually first.
Is there any direction with no impulsive forces acting? If so, apply LM in that direction.
Note: A direction that frequently does not have any impulses acting is along the plane of
contact.
Is there any point that you could take angular momentum about that has no impulsive
moments? If so, take apply AM about that point.
3. Look at both objects together, that is, define your system to be both objects.
Is there any new direction with no impulsive forces acting? If so, apply LM in that
direction.
Is there any point that you could take angular momentum about that has no impulsive
moments? If so, take apply AM about that point.
4. Coefficient of restitution (experimentally determined for a given combination of materials,
assumed to be constant)

vt vt O
e=- éM: or vl vl = e(vPAn - vPBn)
Ves, “Vpa, g

where

e = the coefficient of restitution
vg, =thevelocity of the point of contact on object A in the normal direction after the impact

vg: = thevelocity of the point of contact on object B in the normal direction after the impact
Vps = the velocity of the point of contact on object A in the normal direction before the impact
Vps = the velocity of the point of contact on object B in the normal direction before the impact
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