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Lecture 1-1: Mutual Inductance 
Reading: 6.4 

 
Objectives: To define inductance, self-inductance and mutual inductance 
 To apply the dot convention to write the mesh equations of a mutual inductance 

circuit 
 

Inductance is a circuit parameter used to describe an inductor.  Inductance is symbolized by the 
letter L and is measured in henrys (H).   It is represented graphically as a coiled wire.  It is a 
conductor linking a magnetic field.   
 
 
 
 
 
 
 

i

+  v -
 
self - inductance is a parameter that relates a voltage to a time-varying current in the same 
circuit. 
 
When two circuits are linked by a magnetic field, mutual inductance is the parameter that relates 
to the voltage induced in a second circuit by the time-varying current in the first circuit. 
 

 
  
 
 
The self-inductances of the two coils are labeled L1 and L2 and the mutual inductance is labeled 
M. 
 
The dot convention states that when the reference direction for a current enters the dotted 
terminal of a coil, the reference polarity of the voltage that it induces in the other coil is positive 
at its dotted terminal. 
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i1 enters the dotted terminal of coil 1 so v2 is 
positive at the dotted terminal of coil 2. 
 

v2 = +Mdi1/dt

 

i1 enters the dotted terminal of coil 1 so v2 is 
positive at the dotted terminal of coil 2. 

 
 

v2 = -Mdi1/dt

 

i2 leaves the dotted terminal of coil 2 so v1 is 
negative at the dotted terminal of coil 1. 

 
v1 =  -Mdi2/dt

 

i2 leaves the dotted terminal of coil 2 so v1 is 
negative at the dotted terminal of coil 1. 

 
v1 =  Mdi2/dt

 
There are also two dot conventions for coupled coils in series 
Series – 
adding 

 

i enters the dotted terminal of coil 
1 and coil 2 
vab =  (L1+L2+2M)di/dt 
Ltot = L1+L2+2M

Series - 
opposing 

 

i enters the dotted terminal of coil 
1 and leaves the dotted terminal of 
coil 2 
vab =  (L1+L2 - 2M)di/dt 
Ltot = L1+L2 - 2M
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Example 6.4.1: 
Calculate the total inductance for the following circuit. 

 
 
 
 
 
Example 6.4.2: 
Determine the inductance of the three series-connected inductors in the following figure. 

 

 
 
 
Example 6.4.3: 
Write a set of mesh-current equations for the following circuit. 
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Example 6.4.4: 
Write a set of mesh-current equations for the following cir 
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Lecture 1-2: A Closer Look At Mutual Inductance 
Reading: 6.5 

 
Objectives: To define self-inductance and the coefficient of coupling 
 To relate the coefficient of coupling to mutual inductance 
 To calculate energy for a mutual inductance circuit 

 
Faraday’s law states that v = dλ/dt, where λ is the flux in weber-turns.  
The flux linkage is  λ = Nφ, where φ is the magnetic field in Webers (Wb) and the number of 
turns linked by the field (N).   
The magnitude of the flux, φ is related to the magnitude of the coil current by φ = PNi 
P is the permeanance and is a quantity that describes the magnetic properties of the space in the 
inductors measured in Webers/Ampere (Wb/A). 
For circuits with two magnetically coupled coils M12 = M21 = M 
L1 = N1

2P1 

L2 = N2
2P2 

In a linear system, 
2

1

2

1

L
L

N
N

= because P1  = P2

The coefficient of coupling,  k, can be used to relate self-inductance and mutual inductance. 
 

M = 21LLk  

 
The coefficient of coupling must lie between 0 and 1 (0 ≤ k ≤ 1) 
k = 0 No common flux, NOT coupled 
k = 1 Perfectly coupled 
k < 0.5 Loosely coupled 
k > 0.5 Tightly coupled 
 
The total energy stored in coupled coils is defined by w(t) = .5L1i1

2 + .5L2i2
2 ± Mi1i2  

+Mi1i2  - both currents enter or leave the dotted terminal 
- Mi1i2  - on current enters and one current leaves the dotted terminal 
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Example 6.5.1: 
Apply the mesh-current method to find Vx in the following network.. 
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Example 6.5.2: 
For the following circuit, determine the energy stored in the coupled inductors at  = 1.5 seconds. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 6.5.3: 
Find the Thevenin and Norton equivalent across terminals a and b for the following circuit. 
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Example 6.5.4: 
Determine currents I1, I2, and I3 in the circuit of Fig. 13.89.   Find the energy stored in the 
coupled coils at t = 2 ms.  Take ω = 1000 rad/s.  
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Lecture 1-3: The Ideal Transformer 
Reading: 9.11 

 
Objectives: To define the ideal transformer and terminal characteristics 
 To define the dot convention for the analysis of circuits with ideal transformers 
 To apply reflection to calculate voltage and currents in an ideal transformer circuit 

 
An ideal transformer consists of two magnetically coupled coils having N1 and N2 turns that 
exhibits the following three properties: 
 i. the coefficient of coupling is unity (k = 1) 
 ii. the self inductance of each coils is infinite (L1 = L2 = ∞) 
 iii. coil losses due to resistance are negligible 
 

 
 
There are two characteristics for the terminal behavior of an ideal transformer. 

1. 
2

2

1

1

N
V

N
V

=  

2. |I1N1| = |I2N2| 
The primary winding coil and its circuit are called the primary side of the transformer 
The secondary winding coil and its circuit are called the secondary side of the transformer 
 
The turns ratio for a transformer is n  = a = N1/N2 where the primary winding has N1 turns and 
the secondary winding has N2 turns. 
 
n = 1 Isolation transformer
n >1 Step up transformer  

(voltage is increased from the primary to secondary side) 
0 < n <1 Step down transformer  

(voltage is decreased from the primary to secondary side) 
 
The convention for determining the polarity for the currents and voltages on the transformer use 
the following rules. 

i. if the coil voltages V1 and V2 are both positive or negative at the dot-marked 
terminals, use a plus sign in the voltage relationship otherwise use a negative 

ii. if the coil currents I1 and I2 are both directed into or out of the dot-marked 
terminal, use a minus sign in the current relationship otherwise use a positive. 

 
The graphical symbol for an ideal transformer is given in the following table for the voltage and 
current conventions 
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Circuit Voltages Currents 

 

n
N
N

V
V

1

2

1

2 ==  
n
1

N
N

I
I

2

1

1

2 −=−=  

 

n
N
N

V
V

1

2

1

2 −=−=  
n
1

N
N

I
I

2

1

1

2 ==  

 

n
N
N

V
V

1

2

1

2 −=−=  
n
1

N
N

I
I

2

1

1

2 −=−=  

 

n
N
N

V
V

1

2

1

2 ==  
n
1

N
N

I
I

2

1

1

2 ==  

 
 
Reflected Impedance 
Ideal transformers can also be used to raise or lower the impedance level of a load. 

 
The input impedance from the primary side is   
Zin = V1/I1 = (1/n2) (V2/I2) = (1/n2) (ZL) 
It is possible to simplify the analysis of an ideal transformer by reflecting the secondary 
impedance to the primary side and vice versa. 
 
To reflect the secondary side to the primary side: 
 1. the primary side remains the same 
 2. the secondary impedance is reflected to the primary side as ZL′ = ZL/n2

 3. the secondary voltage becomes V2′ = V2/n 
 4. the secondary current becomes I2′ = nI2   
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To reflect the primary side to the secondary side: 
 1. the secondary side remains the same 
 2. the primary impedance is reflected to the secondary side as ZS′ = n2ZS

 3. the primary voltages become Vs′= nVs and V1′ = nV1

 4. the primary current becomes I1′ = (1/n)I1 

 
Example 9.11.1: 
Determine I1 and I2 for the following circuit by reflecting the secondary to the primary side. 
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Example 9.11.2: 
Determine the steady state expressions i1, i2, v1, and v2 for the following circuit given that 
 vs(t) = 25cos1000t V . 
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Lecture 2-1: The Natural response of RL and RC Circuits 
Reading: 7.1-2 

 
Objectives: To analyze the natural response of 1st order systems 

To analyze the step response of 1st order systems 
To demonstrate the general solution for step and natural responses 

 
The purpose of this week’s lecture will be to analyze RL (resistor-inductor) and RC (resistor-
capacitor) circuits.   
 
The first method of analysis is the natural response which occurs when an inductor or capacitor 
is connected to a DC source and is suddenly disconnected and the stored energy is released to a 
resistive network.  
 
The second method of analysis is the step response which occurs when a DC source is suddenly 
connected to an inductor or capacitor and it begins to store energy. 
 
The third method of analysis describes the general method that can be used to find the step and 
natural responses of RL or RC circuits. 
 
Since RL and RC circuits can also be described by first-order differential equations they are also 
known as first-order circuits.    
 

  
Source-free RL Circuit Source-free RC Circuit 

 
7.1 The natural response of an RL circuit 
Example 7.1.1: 
Use KVL to find the expression for the current through the inductor in the following circuit 
assuming it is initially charged to Io at t = 0, (i.e. iL(0) = I0).  
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The time constant for an RL circuits is τ = L/R.  This is significant because when the time since 
the DC source was removed exceeds 5 time constants, the current through the inductor is less 
than 1% of its initial value.  The time when the current through the inductor is changing or 
discharging before 5 time constants is referred to as the transient response.  The response that 
exists a long time after DC switching is the steady-state response. 
 
The following figure demonstrates the affect the value of the time constant has on the response. 

 
 
It should be noted that current through an inductor cannot change abruptly [i(0-) = i(0+) = Io] 
although the voltage can change abruptly.  The voltage will change abruptly dependent upon 
whether the inductor is storing or discharging energy.  The current is an exponential decaying 
curve after the DC source has been removed.  Recall that under DC conditions an inductor acts 
like a short circuit.   
 
Using Ohm’s Law, the voltage across the resistor is given by vR(t) = IoR for t≥ 0+ because the 
voltage across the inductor relates to the first derivative thus vR(0-) = 0 , vR(0+) = IoR. 
 
 

  
Current through the inductor Voltage across the resistor 

t

vR
IoR

(I oR)e -t/τ

 
The power dissipated in the resistor is given by p = Io

2Re-2(R/L)t (W), t ≥ 0 
The energy delivered to the resistor is given by .5LIo

2(1 – e-2(R/L)t) (J), t ≥ 0 
The initial energy stored in the inductor is given by w = 0.5LIo

2 (J) 
 
To find the natural response of an RL circuit, 
 i. Find the initial current Io through the inductor 
 ii. Find the time constant of the circuit, τ = L/Req

 iii Use the expression, i(t) = Io e-(R/L)t  , to find i(t) using Io and τ. 
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Example 7.1.2: 
For the following circuit determine the current through the inductors for t ≥ 0.  Assume that the 
initial currents have been established in the inductors from the 10V source and sources not 
shown.  The initial current through the 5 H and 20 H inductors is .5 A and 1.5 A, respectively. 

    
 
 
 
 
 
 
 
 
 
 
 
 
Example 7.1.3 
For the following circuit determine the current through the inductor for t ≥ 0. 
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7.2 The natural response of an RC circuit 
Example 7.2.1: 
Use KCL to find the expression for the voltage across the capacitor in the following circuit 
assuming it is initially charged to Vo at t = 0, (i.e. vL(0) = V0). 
 

 
It should be noted that voltage across a capacitor cannot change abruptly [v(0-) = v(0+) = Vo] 
although the current can change abruptly.  The current will change abruptly dependent upon 
whether the capacitor is storing or discharging energy.  The voltage is an exponential decaying 
curve after the DC source has been removed.  Recall that under DC conditions a capacitor acts 
like an open circuit.   
 
Using Ohm’s Law, the current through the resistor is given by iR(t) = Vo/R for t≥ 0+ because the 
current through the capacitor relates to the first derivative thus iR (0-) = 0 , iR (0+) = Vo/R. 
 
 

 
t

iR
Vo/R

(Vo/R)e-t/τ

 
Voltage across the capacitor Current through the resistor 

 
The power dissipated in the resistor is given by p = Vo

2/Re-2[1/(RC)]t (W), t ≥ 0 
The energy delivered to the resistor is given by .5CVo

2(1 – e-2[1/(RC)]t) (J), t ≥ 0 
The initial energy stored in the inductor is given by w = 0.5CVo

2 (J) 
 
To find the natural response of an RC circuit, 
 i. Find the initial voltage Vo across the capacitor  
 ii. Find the time constant of the circuit, τ = ReqC 
 iii Use the expression, v(t) = Vo e-[1/(RC]t  , to find v(t) using Vo and τ 
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Example 7.2.2: 
The capacitor in the following circuit has an initial voltage of 20V.  Determine an expression for 
the voltage across the capacitor, v(t). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 7.2.3: 
For the following circuit determine the voltage across the capacitor for t≥ 0. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Now try to solve problems 7.1 and 7.2 (page 271) and 7.3 and 7.4 (page 276) 
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Lecture 2-2: The step response and general solution of 1st order circuits 
Reading: 7.3 - 4 

 
7.3 The step response of RL and RC circuits 
As previously mentioned the step response of an RL or RC circuit is the voltage or current that 
results when a DC source is suddenly added. 
 
The general solution for the natural and step response of RL and RC circuits is given by the 
following, τ

t

e)](x)0(x[)(x)t(x −∞−+∞=   
 

Example 7.3.1: 
Use KVL to derive the step response v(t) for the following circuit. 

 
 
 
 
 
 
 
 
 
 
Example 7.3.2: 
Use KCL to derive the step response i(t) for the following circuit 
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7.4 A general solution for step and natural responses 
Since all of these circuits are described by a first order differential equation, it is possible to 
define a general solution as 
x(t) = xf + [x(to) – xf]e-(t-to)/τ  , 
where xf is the final value of the variable and x(to) is the initial value of the variable 
 
The complete response of a circuit can be decomposed into the natural and the step.  The 
natural response is due to the stored energy and the step is due to the independent source. 
 
x(t) = xnatural(t) + xstep(t) 
xnatural = x(to) e-(t-to)/τ and xstep = xf  – xf e-(t-to)/τ

 
The natural response eventually dies out and the steady-state component remains.  Therefore, the 
response can also be characterized by the temporary part and the permanent part.  The temporary 
part is the transient response.  The permanent part is the steady state response.   The transient 
response is the circuit’s temporary response that will die out with time.  The steady-state 
response is the behavior of the circuit after a long time after an external excitation is applied. 
 
x(t) = xtransient(t) + xsteadystate(t) 
xtransient = xf + [x(to) – xf]e-(t-to)/τ and xsteadystate = xf + [x(to) – xf]e-(t-to)/τ

 
To compute the step and natural response of circuits use the following steps 
 i. identify the variable of interest (i.e. capacitive voltage or inductive current) 
 ii. determine the initial voltage or current for the capacitor or inductor 
 iii. calculate the final value of the variable as t → ∞ 
 iv. calculate the time constant for the circuit 
 v. use the general formula to find the variable of interest 
  
Example 7.4.1: 
Determine i(t) for the following circuit. 
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Example 7.4.2: 
Determine v(t) for the following circuit. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 7.4.3: 
Determine io(t) and v(t) for the following circuit. 
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Example 7.4.4: 
Determine i(t) for the following circuit. 
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Lecture 2-3: The Natural response of parallel RLC Circuits 
Reading: 8.1 – 2 

 
Objectives: To analyze the natural response of 2nd order circuits 

To analyze the step response of 2nd order circuits 
To define circuit elements in the s domain 

 
8.1 The Natural Response of a parallel RLC circuit 

 
Example 8.1.1: 
Use KCL to analyze the natural response of the above parallel RLC circuit.   
 
 
 
 
 
 
 
 
 
 
 
Since this is a second-order differential equation, circuits with resistors, inductors and capacitors 
are referred to as second-order circuits. 
 
By assuming that the voltage is of the form v = Aest, it is possible to simplify the differential 
equation that describes this circuit to the characteristic equation. 
   s2 + s/(RC) + 1/(LC) = 0 
The roots of this quadratic equation determine the characteristics of v(t).  The roots of the 
characteristic equation are the complex frequencies, s1 and s2 (rad/s) 
 
Therefore, v(t) = A1es1t +A2es2t is the natural response of a parallel RLC circuit. Note that the 
roots of the characteristic equation can be real or complex.  There can also be one or two distinct 
roots of the characteristic equation. 
 
It is also possible to define the roots of the characteristic equation in terms of the Neper 
frequency, α (rad/s) and the resonant radian frequency, ωo (rad/s).  α is also referred to as the 
damping factor or damping coefficient. 
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The characteristic equation can then be expressed as s2 + 2αs + ωo
2 = 0

 

s1 = 2
o

2
2

LC
1

RC2
1

RC2
1 ωαα −+−=−⎟

⎠
⎞

⎜
⎝
⎛+−  

s2 = 2
o

2
2

LC
1

Rc2
1

RC2
1

ω−α−α−=+⎟
⎠
⎞

⎜
⎝
⎛−−  

Neper frequency   
RC2
1

=α  

resonant radian frequency  
LC
1

o =ω  

The nature of the roots of the characteristic equation determine the type of natural response for 
the RLC circuit 
 
8.2 Types of responses 
 
Overdamped α > ωo 2 real, distinct roots  
Critically Damped α  =  ωo 2 equal real roots 
Underdamped α < ωo 2 complex roots that are complex conjugates 
 
Overdamped Slow response and long settling time 

Critically 
Damped 

 

Fast response and short settling time  

Underdamped 

 

Fastest response and long settling 
time 

For the natural response of the parallel RLC circuit, use KCL to find a relationship between the 
initial conditions 
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iR(0) + iL(0) + iC(0) = 0 0
R
VI

dt
)0(dvC o

o =++   
C
I

RC
V

dt
)0(dv oo −−=  

 
v(0+) = A1 + A2
 

=
+

dt
)0(dv s1A1 + s2A2

Overdamped v(t) =  ta
2

ta
1

211 eAeA +

v(t) = t
2

t
1 eDteD α−α− +  v(0+) = D2  

=
+

dt
)0(dv  D1 - αD2

Critically Damped 

v(t) = B1e-αtcosωdt + B2e-αtsinωdt 
22

od α−ω=ω   
damped radian frequency 

v(0+) = BUnderdamped B1

=
+

dt
)0(dv  -αBB1 + ωdB2B

 
There is also an undamped response which occurs when R →∞ and α→0.  There is a persistent 
oscillation that approaches the frequency ωo.  The response for this type of systems would be  
sinusoidal. 
 
Example 8.2.2: 
For the following circuit, find v(t) for t > 0. 
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Team Concept Question 8.2.1: 
In a source-free parallel RLC circuit, if the resistor is replaced with a wire then the voltage 
across the capacitor is  
 

a) underdamped 
b) overdamped 
c) critically damped 
d) undamped 

 
Team Concept Question 8.2.2: 
In a source-free parallel RLC circuit, if the resistor is removed from the circuit then the voltage 
across the capacitor is  
 

a) underdamped 
b) overdamped 
c) critically damped 
d) undamped 

 
Example 8.2.3: 
Find v(t) for t > 0 in the following circuit. 
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Lecture 3-1: The step response and natural response of 2nd order circuits 
Reading: 8.3 - 4 

 
Objectives: To analyze the natural response of 2nd order circuits 

To analyze the step response of 2nd order circuits 
 

8.3 The Step response of a parallel RLC circuit 

 
Example 8.3.1: 
To find the step response of the parallel RLC circuit, find the KCL equation. 
 
 
 
 
 
 
 

The initial condition relationship is 
L

)0(v
dt

)0(di
=  

Overdamped i(t) = Is + A1′es1t + A2′es2t i(0) = Is + A1′ + A2′ 

=
+

dt
)0(di s1A1′ + s2A2′ 

Critically Damped i(t) = Is + D1′te-αt + D2′e-αt i(0) = Is + D2′ 

=
+

dt
)0(di  D1′ - α D2′ 

Overdamped i(t) = Is + B1′e-αtcosωdt  + B2′e-αtsinωdt i(0) = Is + B1′ 

=
+

dt
)0(di  -αBB1′ + ωdB2B ′ 

 
A comparison of these responses is shown here 
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Team Concept Question 8.3.1: 
In a parallel RLC circuit with a dc source, if L equals C, determine the range of resistor values 
that will achieve an overdamped response. 
 

a) 0 < R < .5 
b) R > .5L 
c) R > .5/L 
d) none of the above 

 
EXAMPLE 8.3.1: 
Find i(t) and v(t) for t > 0 in the following circuit. 
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EXAMPLE 8.3.2: 
Find i(t) and v(t) for t > 0.  Assume v(0) = 0 V and i(0) = 1 A. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
EXAMPLE 8.3.3: 
Find the output voltage vo(t) for the following circuit. 
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8.4 The natural and step responses of a series RLC circuit 

       
 
Use KVL to find the natural and step responses of the series RLC circuits and observe that it is a 
similar derivation to the parallel RLC circuits. 
 

 Natural Step 
Second order 
D.E. 0

LC
1

dt
dt

L
R

dt
id
2

2

=++  
LC
V

LC
v

dt
dv

L
R

dt
vd s
2

2

=++  

Characteristic 
equation 0

LC
1s

L
Rs2 =++  

Roots 
s1,s2 = 2

o
2

2

LC
1

L2
R

L2
R

ω−α±α−=−⎟
⎠
⎞

⎜
⎝
⎛±−  

Neper frequency 
L2

R
=α  

Resonant radian 
frequency LC

1
o =ω  

Initial conditions 
L

V
L

RI
dt

di oo −
−

=
)0(

 C
)0(i

dt
)0(dv
=  

i(t) = A1es1t + A2es2t 

i(0) = A1 + A2
 

=
dt

)0(di s1A1 + s2A2

v(t) = Vs + A1′es1t + A2′es2t 

v(0) = Vs + A1′ + A2′ 

=
+

dt
)0(dv s1A1′ + s2A2′ 

Overdamped 

i(t) = D1te-αt + D2e-αt 

i(0) = D2  

=
dt

)0(di  D1 - αD2

v(t) = Vs + D1′te-αt + D2′e-αt 

v(0) = Vs + D2′ 

=
+

dt
)0(dv  D1′ - α D2′ 

Critically 
Damped 

i(t) = B1e-αtcosωdt  +  Underdamped 
  B2e-αtsinωdt 
i(0) = BB1

=
dt

)0(di  -αBB1 + ωdB2B

v(t) =Vs + B1′e-αtcosωdt  +  
  B2′e-αtsinωdt 
v(0) = Vs + B1′ 

=
+

dt
)0(dv  -αBB1′ + ωdB2B ′ 
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Team Concept Question 8.4.1: 
In a series RLC circuit with a dc source, if L equals C then determine the value of R such that the 
voltage across the capacitor is critically damped. 
 
a) R  = .5 
b) R = 2 
c) R  = .5/L 
d) none of the above 
 
Team Concept Question 8.4.2: 
In a source-free series RLC circuit, if the resistor is replaced with a wire then the voltage across 
the capacitor is  
 

a) underdamped 
b) overdamped 
c) critically damped 
d) undamped  

 
Team Concept Question 8.4.3: 
In a source-free series RLC circuit, if the resistor is removed from the circuit then the voltage 
across the capacitor is  
 

a) underdamped 
b) overdamped 
c) critically damped 
d) none of the above 

 
EXAMPLE 8.3.1: 
The circuit in the following figure has reached steady state at t = 0-.  If the make-before-break 
switch move to position b at t = 0, calculate i(t) for t > 0. 
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Element Admittance 
R 1/R 
L 1/(sL) 
C sC 
 
All of the circuit analysis techniques in the frequency domain are applicable to circuits in the s-
domain including KVL, KCL, nodal analysis, mesh analysis, source transformations, and 
Thevenin-Norton equivalents. 
 
Example 13.2.1: 
For the following circuit, redraw the circuit in the s-domain at t = 0+. 

 




