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Abstract

Critical to the understanding of a graph are its chromatic number and whether or not
it is perfect. Here we prove when I'(Z,,), the zero-divisor graph of Z,, is perfect and show
an alternative method to [D] for determining the chromatic number in those cases. We
go on to determine the chromatic number for I'(Z,[z]/(2")) where p is prime and show
that an isomorphism exists between this graph and I'(Z»).

Introduction

We set out to study the zero-divisors of an algebraic ring. Graphically representing these
elements leads to insight about their behavior and provides methods of categorizing the ring.
In general, a graph G is a set of vertices V(G) combined with a corresponding edge set E(G)
such that every element in F(G) represents an unordered pairing of distinct elements in V' (G).
The order of G, denoted |G|, is equal to the cardinality of the vertex set. Given a commutative
ring R with unity, let Z(R) be the non-zero zero-divisors of R. We define I'(R) as the zero-
divisor graph of R whose vertex set is Z(R). The edge set of I'(R) is the set of all pairs of
distinct vertices (x,y) that are adjacent, that is xy = 0.

A graph G has a chromatic number x(G) corresponding to the minimum number of colors
required to color each vertex such that no two adjacent vertices are colored the same color.
If every pair of vertices in G is adjacent then G is called complete and is denoted K, where
n = |G|. H is a subgraph of G if V(H) C V(G) and E(H) C E(G). In particular, given
U C V(G) the subgraph induced by U is the graph with vertex set U and all edges in E(G)
whose end vertices are in U. Any subgraph of G is called a clique if it is complete, and the
clique number w(G) denotes the order of the largest clique in G. Clearly, the clique number
provides a lower bound to the chromatic number of G ([CL], p. 279). Anna Duane determined
the chromatic number of T'(Z,,) for any n [D].

In this paper, we will first offer a second method of determining the chromatic number of
['(Z,,) for certain n. Following this we will explore the chromatic number of the zero-divisor
graph of certain polynomial quotient rings over Z,,. Using these results we discover a connection
between these two sets of zero-divisors.

1 Zero-Divisor Graphs of Z,

We begin by exploring the family of rings Z,.



In [D], the chromatic number of I'(Z,) was determined by defining a proper coloring of
the vertices, where no two adjacent vertices share the same color. To establish the chromatic
number, it was then shown that the graph could not be colored using fewer colors.

A second method of establishing the chromatic number takes advantage of the clique num-
ber of the graph. In order to use a clique to determine the exact chromatic number of a graph,
the graph must first be proven to be perfect. A graph is defined to be perfect if for every
subgraph H C G, w(H) = x(H). The following theorem provides one tool for proving that a
graph is perfect. Note that P, is the graph of n vertices such that the vertices u; and edges e;
form the alternating sequence uy, ey, usg, €9, ..., Up_1, €n_1, Un, Where e; = u;_qu; fori =1,2,....n
and u; # u; for all ¢ # j as shown in Figure 1.

Figure 1: P,

Theorem 1.1 [CL] If a graph G does not contain Py as an induced subgraph, then G is perfect.

In most cases, Z,, does not yield a perfect zero-divisor graph. However, we now identify two
cases which are perfect.

Theorem 1.2 The graph I'(Z,n), where p is prime, is perfect.

PROOF: Suppose p =2 and n = 2 or n = 3. Then I'(Z,») has {2} and {2,4,6} as vertex
sets respectively. Also, if p = 3 and n = 2 then I'(Z,») has vertices labeled 3 and 6. Thus in
these cases, the order of I'(Z,») is less than 4, and therefore it cannot contain P;.

For all other cases of p and n, we must show that given four distinct elements vy, v, v3,v4 €
Z(Zyn) such that vivy = 0, vav3 = 0, vzvy = 0 there exists at least one more pair v, v, = 0 where
q,7 € {1,2,3,4} and q # r. Each vertex vy can be written as myp™* where ged(p, my) = 1.
When two vertices v, and v, are multiplied together we have v v, = mgp'm,p = mgm,p'a*t'.
This yields the condition ¢, + 4, > n for an edge to exist between v, and v,. Based on our
definition of the vertices we know:

i1+i2 zn
i2+i3 >n .
i3+i4 Zn

We note that either i > i3 or 73 > i. In the first case we can say that io +i4 > i3+ iy > n
implies an edge between vy and v4. In the second case we can say that ¢; + i3 > iy +13 > n
implies an edge between vy and vs. Thus I'(Z,n) cannot contain P, as an induced subgraph
and is therefore perfect. [ |

Theorem 1.3 The graph I'(Z,,,,), where py and py are distinct primes, is perfect.



PROOF: Suppose that p; or ps equals 2. Without loss of generality, assume p; = 2. Then
I'(Zy,,) consists of one central vertex corresponding to ps which is connected to the remaining
vertices of the form 2k such that & < py. The vertices that are divisible by 2 do not connect
with each other since their product will not be divisible by ps. Therefore, the graph cannot
contain P; since the longest path in I'(Z,,,,) contains two vertices divisible by 2 connected to
the central vertex.

If p1 # 2 and py # 2 then let vy, ve, v3 and vy be four distinct vertices in I'(Z,,,,) such that
v1ve = 0, vouz = 0, and vzvy = 0. Since vive = 0, without loss of generality p;|v; and po|vy. It
follows that p; must divide vs since vov3 = 0. From this we then know p, must divide v4 since
v3vy = 0. Therefore vjv, = 0 and Py is not an induced subgraph of I'(Z,, ,, ). ||

Not only can we prove that I'(Z,,) is perfect for these cases, but we also know these are the
only cases when it is perfect.

Theorem 1.4 The zero-divisor graph of Z, is perfect if and only if n = p* for some prime p
or n = p1ps for some distinct primes py, ps.

PROOF: If n = p* or n = p1p, we know I'(Z,,) is perfect by Theorems 1.2 and 1.3. For all
other cases of n, we know that n = p;poym for some distinct primes p; and ps and m > 1. Also,
there exist four vertices in ['(Z,,) defined as vy = p1, vo = pam, v3 = pym, and vy = py. Since
v1vy = 0, vovg = 0, and vzvg = 0 but vyvs # 0, vovy # 0, and v1v4 # 0 we know I['(Z,,) contains
Py. Therefore, I'(Z,,) is perfect if and only if n = p* or n = p;p,. |

Since we have proven that I'(Z,) and I'(Z,,,,) are perfect, we can use this property to
determine the chromatic number. The proofs simply require finding the clique number of the
graph.

Theorem 1.5 The graph I'(Z,»), where p is prime, has chromatic number pz —1 for n even
and panl for n odd.

PROOF: Let N; be the subset of Z(Z,») defined by N; = {kp|gcd(k,p) =1,0 < k < p"~'}

for all 0 < i < n. Given two elements a,b € N;, their product is ab = k.p'kyp’ = kokyp*. It
follows that elements in V; are connected in I'(Z,n) if and only if 2¢ > n. Similarly given an
element ¢ € N; and d € N;, their product is cd = kep'kap’ = kokgp'™. This shows elements
of N; connect with elements of NN; if and only if i + j > n. If ¢ = [5] then the set of vertices
S = U:.L;ql N; induces a clique in I'(Z,»). Since S consists of all elements in Z,» divisible by p?,
elements in S may be written as tp? where 0 < t < p"~9. Since there are p"~7— 1 integer values
for a between 0 and p™~9, it follows that |S| = p"~? — 1. For all N; such that i < ¢ it follows
that no two elements in N; are connected since 2i < n. Similarly, if i < j < ¢, for all ¢ € N;
and d € Nj, ¢ and d are not connected in I'(Z,»). Thus, any complete subgraph in I'(Z,n) can
contain at most one element not divisible by p?. We now consider two cases for the value of n:
Case 1: If n is even, then ¢ = 5. In this case any element a € N,_; does not connect to the
elements in N, since ¢ + ¢ — 1 = n — 1. Therefore the subgraph induced by S U {a} is not a
clique. This implies S is the largest clique in I'(Z,n). Thus |S] is the clique number of I'(Z,»),
that is |S| = p2 — 1 = w(T(Zn)).
Case 2: If n is odd, then ¢ = "TH In this case each vertex in N,_; connects to all vertices in
S. It follows that the subgraph induced by S U {a} is a clique. Since we have proved that any
clique in Z,» must not contain two elements not divisible by p? we know S U {a} is the largest
clique. Therefore [SU{a}| =p" 7 —1+1=p" " =p"z = w(I(Zyn)).

Since we know definitively the clique number of I'(Z,» ), and Theorem 1.2 states that ['(Z,n)
is perfect, we know x(I['(Zyn)) = w(L'(Zyn)). i



The following proof uses this same method of determining the chromatic number by way
of the graph’s clique number. It should be noted that a much more straightforward proof uses
the fact that all elements in I'(Z,,,,) fall into two separate sets which are unconnected with
themselves leaving a 2-color graph. However we include this proof for completeness in showing
the significance of the graph’s perfect property.

Theorem 1.6 The graph I'(Z,,,,), where p1 and py are distinct primes, has chromatic number
two.

Proor: Clearly I'(Z,,,,) has a clique of order two since any element divisible by p; is
connected to an element divisible by ps. Suppose there is a clique of order three. Then there
must exist ¢,r, s € Z(Zy,p,) such that gr = 0, rs = 0 and ¢gs = 0. Since there are only two
primes each element is divisible by only one. If all three elements are divisible by p; then
the conditions will not hold. The conditions also fail if all are divisible by py. Thus we may
assume without loss of generality that p;|q and py|r. This implies that p;|s by assumption that
rs = 0. However, if both s and ¢ are divisible by p; their product cannot be zero and we have
a contradiction. Therefore I'(Z,,,,) cannot have a clique of order three, and cannot have a
clique of higher order since it would necessarily contain a clique of order three. This implies
w(I'(Zp,p,)) = 2 and since I'(Z,,,,) is perfect it has chromatic number two. i

2 Zero-Divisor Graphs of Polynomial Quotient Rings

To extend our study of zero-divisor graphs we examine the quotient ring ) = Z,[z]/(z") where
p is prime and n > 2. The elements of this ring are congruence classes of polynomials modulo
the principal ideal (z™). For sake of simplifying notation, ¢(x) will denote the congruence class
of polynomials congruent to g(x) mod (x™). Thus, an element in @ is of the form ¢(z) =
g + T + @r* + ... + ¢u_12™ " where ¢; € Z, for each i. Two non-zero polynomials ¢(x)
and r(z) are zero-divisors in this quotient ring if g(z)r(x) = 0 mod (z™). To begin with, we
demonstrate that using Z, as the base of the quotient ring greatly simplifies the zero-divisor
set of this ring.

Theorem 2.1 If an element a(z) = ag+a1x+ -+ +a,_ 12" is in Z(Q), then ag =0 mod p.

PRrROOF: Let a(z) € Z(Q). Then there exists b(x) € @ such that a(x)b(z) =0 mod (z™).
Let b(z) = bix' + biy12™™ + -+ + b,_12""! where b; is the first non-zero coefficient in the
polynomial b(z). The coefficient of z* in the product a(z)b(z) is agb;. Since a(x)b(z) = 0
mod (z™) and i < n, we must have apb; =0 mod p. Since b; # 0, we know ag =0 mod p. B

Corollary 2.2 There are p"~ ! — 1 zero-divisors in Q.

PROOF: Let a(z) be in Z(Q). Then by Theorem 2.1, ag = 0 mod p, so a(x) = a1z +
asx?+ -+ + a,_12" where a; € Z,. Every element of @ of this form is a zero-divisor because
a(z)z"' = 0 mod (z"). Since there are n — 1 coefficients each with p choices, there are a
total of p"~! zero-divisors. However, the case where all coefficients are zero must be removed,
so there are p"~! — 1 nonzero zero-divisors in the ring @ if p is prime. |

Theorem 2.3 The cliqgue number of T'(Q) is pz — 1 for n even and pnT_l forn odd.



PROOF: Define A; = {a;a" + a;12™ + -+ + a,_12" Y a; € Zy,a; # 0}. Since there are
(p — 1) choices for the coefficient of z' and p choices for the other n — (i + 1) coefficients,
|4l = (p— 1)p"
Case 1: If n is even, then n = 2m for some m € Z. Then 2™2™ = 2" = 0, and 2™ g™+ =0
mod (z™) for any j, k € Z*. Thus, when ¢ > m, any two elements a(x),b(z) € A; are connected.
Moreover, all elements in A; are connected to all elements in A; when 7,5 > m. This gives a
complete subgraph with

n—1 n-l n—m n—m—1

n—i— n—1m— pnim - 1 m
DAL= = o) Yo = (0 ) Y = ) =
i=m i=m k=1 k—0

elements. The remaining elements in A; where i < m will not contribute to the clique since
i +m < n. Furthermore there is no disjoint clique since none of the elements in A; are
connected to elements in A; for ¢ < j < m. Therefore, U?:_:n N; is the largest clique and
w(l(Q)) =p™ —1=p> — 1 when n is even.

Case 2: If n is odd, then n = 2m + 1 for some m € Z. Then 2™z™ # 0, but 2™ 2™ = 0, and
™™t = (. Thus, when ¢ > m, any two elements a(z),b(x) € A; are connected. Moreover,
all elements in A; are connected to all elements in A; when 4,7 > m. This gives a complete
subgraph with

P =(p—1)

A=Y - =(p-1) _Z

n—1 n—1 n—m-—2
i=m-+1 i=m+1 k=0

elements. The elements in the set A,, do not connect to each other but they do connect to
all the elements in A; where ¢ > m, so only one element from A,, can be included in the
clique. Therefore, there is a complete subgraph connecting the p™ elements. The remaining
elements in A; where i < m and all elements except one from A,, will not contribute to the
clique since ¢ + m < n. Therefore, U?;n{b N; U a, for a single a € A,,, is the largest clique and

w(T(Q)) = p™ =p"z when n is odd. i

Corollary 2.4 The chromatic number of I'(Q) is equal to the clique number of T'(Q).

PRrROOF: Let A; be as in the proof of Theorem 2.3.
Case 1: Let n be even. A clique is formed from the elements in A; where 7 > 5. The remaining
elements in A; where i < 2 can be assigned the same color as the elements in A= since i+4 < n.
Therefore, w(I'(Q)) = x(I'(Q)) when n is even.
Case 2: Let n be odd. The clique is formed from the elements in A; where 7 > "T_l in addition

to one element from An-:. The remaining elements in A; where ¢ < ”T’l can be assigned the

same color since i + “51 < n. Therefore, w(I'(Q)) = x(I'(Q)) when n is odd. i

Returning to our work in Section 1, we notice that I'(Q) is similar to I'(Z,»), having the
same clique number and chromatic number. In fact, we can prove the graphs are isomorphic.
Note that two graphs are isomorphic if there exists a one-to-one function from one vertex set
onto the other such that adjacency is preserved by the function.

Lemma 2.5 [L] Let b be greater than 1. Then every a > 0 can be uniquely represented in the
form
a=cyb"+cp B 4 b+ o

with ¢, 20, n >0, and 0> c¢; < b fori=0,1,2,... n.



Theorem 2.6 If p is prime then I'(Zy) = T'(Q).

PRrROOF: Let C' = Z,» and @ be defined as above. By Lemma 2.5 for each ¢ € Z(C) we
may uniquely write ¢ = qip* + qr1p*t + - + @u_1p" "t where k < n and 0 < ¢; < p for each
i=k,...,n—1. Then we define ¢, : Z(C) — Z(Q) by ¢,(q) = q(z) = qxa* + g1z + - +
Q12" L.

Suppose ¢ and 7 are equivalent in Z(C'), then ¢ = r + sp™ for some s € Z. Now ¢(z) =
r(z) + sz™ and we see that ¢,(q) is equivalent to ¢,(r) in Z(Q). Hence ¢, is a well-defined
function.

Let ¢(z) € Z(Q). By Theorem 2.1 we know ¢(z) = q1z + -+ + ¢p_12" ' where 0 < ¢; < p
foralli=1,...,n and ¢; # 0 for at least one i. Clearly, ¢ = qip+ -+ go_1p" ' € Z(C) since
plg. Thus, ¢,(¢) = ¢(x) and ¢, is onto.

To establish the order of Z(C) we note that there are p"~! — 1 non-zero integers less than
p" which are divisible by p. Since these integers comprise Z(C) we have |Z(C)| = p"' — 1.
In the case of Z((Q)) Theorem 2.1 guarantees us that any ¢(z) € Z(Q) can be written as
q(z) = qr+ -+ qu1x" !t where 0 < ¢; < pforalli=1,...,n and ¢; # 0 for at least one
i. Since there are p"~! — 1 choices for the coefficients modulo p, the order of Z(Q)) must also
be p"~t — 1. Thus by the pigeon hole principle, since ¢, is onto we know that it must also be
one-to-one.

Finally, we will show that ¢, preserves adjacency. Let ¢ € Z(C) and write ¢ = ap® for some
0<k<nand0 < a< p"* with ged(a,p) = 1. If r € Z(C) is adjacent to ¢, then qgr = 0
mod p”. Hence, we can write r = bp"~* for some 0 < b < p* with ged(b, p) = 1. Now Lemma
2.5 assures us that @ = ag + a1p+ -+ + @n_p_1p" ¥ and b = by + bip + - - - + bp_1p" ! where
0 < a;,b; < p whenever i =1,...,n—k—1and j =1,...,k — 1. By definition, ¢,(q) =
q(z) = apr® + a1 2"+ - -+ a, 12" and ¢, (r) = r(z) = box™ F + by 4 by
Multiplying these elements we see ¢(x)r(z) = f(x)z" for some polynomial f(z) € Z,[z]. But
clearly then ¢(z)r(z) =0 mod (z™). Thus, ¢, preserves adjacency. [

Having provided this final isomorphism we can conclude from earlier work that I'(Q) is a
perfect graph.

We propose further study to explore isomorphisms of I'(Z;, ,)n ) with I'(Zy, p,[2]/(x")). This
task may be substantially more complex given the fact that I'(Z,,,,[x]/(z™)) is not perfect for
n > 1 as seen by inducing P, with the vertex set {p; + pox™ !, pox™ 1, p1a™t, py + pra" '},

Finally, we would like to thank our advisor, Professor Jill Dietz, for her helpful comments
and support on this project and the reviewer.
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