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Abstract

In this study, the author discussesthe concept of function from a historical and pedagogical
perspective. The historical roots, ranging from ancient civilizations all the way to the twentieth
century, are summarized. The author then details seweral di eren t function represenations that
have emerged over the course of the concept's history. Special attention is paid to the idea of
abstraction and how students understand functions at dierent levels of abstraction. Sewral
middle school, high school, and college textb ooks are then analyzed and evaluated based on
their portrayal of the function concept. The author describes several common misconceptions
that students have about functions and nally proposesa short educational module designed
to help older high school students grow to a deeper level of understanding of this complex and
often misunderstood concept.
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1 Intro duction

Irish writer Oscar Wilde once surmised that \[tlhe truth is rarely pure and never simple." While
his musings were most likely not directed towards the mathematics community, Wilde's statement
shedslight on the nature of mathematical truth, an issuethat has plagued mathematicians and
mathematics educatorsfor certuries.

Many beginning mathematics studerts delight in the black and white nature of math. While they
struggle to decipherreality from ction, right from wrong, and fact from opinion in their history and
English courses,they perceive math to be a subject of cut-and-dry answers. In working problems
or doing homework, students strive for the \righ t* answer and are often satis ed when reacing the
solution evenif they do not completely understand why their answer is correct. While teachersoften
stressthat students \show their work," sud work typically exhibits the ability of the studert to
reproduce a symbolic manipulation and is not always an indication of whether or not the studert
comprehendsthe mathematical subtleties.

Exposureto higher level mathematics dispels the illusion of the simplicity of math. Studerts re-
alize that their prior understanding of mathematical conceptsis incomplete. The study of functions,
perhapsthe most certral conceptin all mathematics, is often oneof the topics wherestudents' under-
standing is most incomplete. From early elemenary school throughout the rest of their mathematics
careers,students encourter functions in various forms and applications. While they often learn how
to manipulate and \use" functions to perform tasks, students do not always grasp the complexity
of the multifaceted concept. In fact, mathematicians over the past 500 yearshave struggled to pro-
duce an accurate de nition of function. Teadersand textb ooks, in their attempts to make the idea
accessible,have used a myriad of pedagogicaltechniquesto teach functions. Sometimesteachers
and textb ooks \w ater-down" the conceptin order to avoid confusing students, which leaves gaps
in their understanding. Other times students are overloadedwith de nitions and subtleties beyond
the depth of their mathematical understanding. These students end up disregarding or forgetting
certain aspects of what they are taught in favor of their own understanding.

In this paper, the notion of the function, its historical developmert, common misconceptions,
and the pedagogicaldi culties that arise from its complexity are discussed. How functions are
taught and preseried in various textb ooks is analyzed, and suggestionsare made about ways in
which functions can be taught with increasedclarity.

2 History

The complexity of the function concept mirrors the intricacy of its historical developmert. The
concept has roots dating badk 4000 years as anciert civilizations developed the idea of cournting
and the notion of correspondencebetween objects that is implied by a sequenceof numbers [15].
From their countlesstablets of corresponding numbers, it is likely that the Babylonians touched on
aspects of the function idea. Thesetablets preseried sets of ordered pairs with unknown purpose
but of evident functional character [14]. While they studied speci ¢ functions, it is not likely that
the Babylonians had developed a generalizedconcept[12]. Thus, while this early emergencedemon-



strates the primacy of the function within the natural world, it doesnot mark the beginning of a
sophisticated and deliberate understanding of the concept.

In the fourteenth certury, French mathematician Nicole Oresmedeveloped the geometric theory
of latitude of forms and the conceptof the rectangular coordinate system[15]. In this work, Oresme
intro duced the idea of acceleration as the intensity of velocity and touched on seweral ideas about
independert and dependert variables [21]. His investigation and depiction of natural laws that de-
scribe one quartit y as dependert on another set the groundwork for the function concept of today

[12).

During the early 17th century, as sciertists discovered more about natural laws and as mathe-
maticians beganto connectthe studies of algebra and geometry, the idea of function becamemore
of a necessiy. Galileo, in his study of motion, clearly grasped the conceptof the relation of variables
to one another, and Descartes,in his study of the algebraic expressionof curves, also touched on
the function concept[12].

It is essetial to note that at this point in time, Newton and Leibniz were developing calculus, a
subject which, in modern times, is inseparablefrom the function concept. Early calculus, however,
was not a calculus of functions but rather was a calculus of geometric curves. In fact, most early
calculus dealt with solving problems about curves and properties of curves such as tangents and
areasunder them. Leibniz and Newton were concernedwith the geometric nature of their new un-
derstanding, and it wasnot until after the introduction of the function conceptthat calculus began
to take shape in its algebraic form [8].

Neither the explicit concept nor the word “function' were introduced until the 17th certury.
Within the context of the developmert of analytical geometry; it is not surprising that the word
“function' emergedin relation to a geometric concept. Leibniz usedthe word to denote a geomet-
ric object, such as the tangent assaiated with a curve, in 1692[8]. Leibniz's usageof the word
\function" aligns with the preseri-day de nition, however, he described a much narrower and more
restricted understanding of the concept. In fact, over the years, new exampleshave beena driving
forcein the developmert of the function concept. In responseto theseideas,the de nition has had
to dewvelop and expand to encompassthe complete function concept. It was not until 1718 that
Johann Bernoulli introducedthe rst formal de nition of the function in responseto the need for
such a term. His de nition reads,

\One calls here Function of a variable a quantity composedin any manner whatever of
this variable and of constarts" [8].

This vaguede nition markedthe beginning of the function's ewlution into the multi-faceted concept
that exists today.

As mathematics beganto drift away from the geometric idea of analysisto the algebraicin the
1700's,the notion of the function underwert a similar transformation. Euler's de nition in his 1748
work, Intr oductio in Amalysin In nitorum , reads,



\A function of a variable quantity is an analytical expressioncomposedin any manner
from that variable quantit y and numbers or constart quartities" [8].

Euler's de nition is nearly identical to Bernoulli's, however, the addition of the term \analytical ex-
pression™is signi cant becauset shifts the notion from the geometricto the algebraic. Euler's term
\analytical expression"is not to be confusedwith the modern de nition of analytic which refersto
a type of function locally given by a convergert power series. Euler refersto a more broad concept,
and although he does not explicitly de ne the term in his work, he doesinclude expressionswith
the four algebraic operations, roots, exponertials, logarithms, trigonometric functions, derivatives
and integrals in his list of acceptable\analytic expressions.”"From here on in this paper the term
"analytic expression"will be usedto referto this conceptde ned by Euler. At atime whengeometry
and algebra were viewed as distinct mathematical subjects, Euler's de nition emphasizesthe idea
of using algebrato represen a geometric object. He links the geometric with the algebraic.[8].

At around this sametime, Euler was also engagedin a debate with Jean d'Alembert and Daniel
Bernoulli concerning a famous problem concerning vibrating strings. The problem involves deter-
mining the function that describesthe shape of an elastic string with xed endsat a speci c time, t,
after it hasbeenreleasedto vibrate from someinitial shape. During this era, many mathematicians
ascribed to an\article of faith" which assertedthat if two analytic expressionsagreeon an interval,
they must agreeeverywhere. Since, at that time, analytic expressionswere generally thought to be
those described by Euler, this assumption was believable.

French mathematician d'Alembert, a believer in the aforemertioned \article of faith," took a
mathematically rigorous perspective on this problem. In 1747, he deweloped the wave equation,
given by
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where a is a constart. From this partial di erential equation, d'Alembert produced his \most gen-
eral" solution to the vibrating string problem:

Y= 5 [x+an+ (x avl

where' is a function determined on the interval betweenthe xed endsby the initial shape of the
string. Most signi cant to this discussionof functions was d'Alembert's belief that © must be what
Euler referred to as an analytic expressionthat, sinceit satis ed the wave equation (1), was twice
di erentiable. D'Alembert's contention that he had producedthe most generalsolution emphasized
his belief that such analytic expressionswere the only permissablefunctions [8].

The next year, Euler proposedhis ndings on the problem. He agreedwith d'Alembert's so-
lution, but disagreedwith his assertionsabout ' . Euler contended that the original function did
not necessarilyhave to be represenable by one analytic expression.In fact, he argued that a more
generalsolution to the problem could be given by extending' to include initial shapesof the string
represerted by multiple analytic expressionsde ned on di erent subintervals of the string. Even
more broadly, Euler believedthat ' could represert any curve drawn freehand. Since' is a function,



Euler's claim implies that the function conceptextendsto include piecewisefunctions, or functions
de ned individually overdi erent intervals, and freehandfunctions that cannot be expressecdby any
combination of analytic expressions. The physical considerationsin this problem causedEuler to
alter his conception of function signi cantly sothat in 1755he wrote

\If, however, somequantities depend on othersin such away that if the latter are changed
the former undergo changesthemselesthen the former quarntities are called functions
of the latter quartities" [8].

Euler's obsenations led to a broader view of the function concept.

In 1753, Daniel Bernoulli challenged both d'Alembert's and Euler's solutions to the vibrating
string problem. Bernoulli wasmore of a physicist than a mathematician, and he found d'Alembert's
and Euler's solutions to lack consistencywith the physics of the problem. He even wert so far as
to say in referenceto the solutions, \b eautiful mathematics but what has it to do with vibrating
strings?" [8].

Bernoulli based his solution to the vibrating string problem on his understanding of musical
vibrations. He knew that vibrating strings have in nitely many fundamertal vibrations, and thus
concludedthat given the constarts b, and a and the endpoints of the string (0; "), the solution to
the problem could be expressedas

X n x n at
y(x;t) = b, sin — cos ——
n=1

While Bernoulli wasnot interestedin debating the nature of functions, his solution, when solved for
initial conditions at t = 0, implies that any arbitrary function can be represerned by the series
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Euler and d'Alembert rejected Bernoulli's solution. While Bernoulli understood the physics be-
hind the problem, Euler contended that he did not considerits implication concerning functions.
Euler believed that all seriesof sinesmust be odd and periodic, and thus, accordingto Euler, the
existenceof even and non-periodic functions disprovesBernoulli's solution. Euler's argument rested
on his belief in the \article of faith," mentioned earlier [20]. The debate surrounding the vibrating
string problem evertually died down, but the corntroversy led to increasedthought and discourse
about the de nition of the term function [8].

In 1807,JosephFourier, as a result of his study of heat conduction, developed a theorem about
functions that, similar to Bernoulli's, dealswith a seriesof sinesand cosines.His theorem states:
Any function f(x) de ned over (-7; ) is represenable over this interval by a seriesof sinesand cosines,
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where the coe cien ts a, and b, are given by
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Fourier's proof was questionable,and his theorem was evertually studied by German mathematician
Johann Dirichlet. In 1829Diric hlet developed su cien t conditions for Fourier's theorem. He stated
that all functions with only nitely many discortinuities and nitely many maxima and minima on
an interval can be represeried by a Fourier series. Fourier's work is signi cant becauseit disproved
the \article of faith" assumptionand becauset re-emphasizedanalytic expressionsasfunctions. The
result proved that two analytic expressionscould agreeon one interval without necessarilyagreeing
outside that interval [8].

Fourier's theorem alsoforced mathematiciansto re-ewaluate the conceptof function both because
of the confusioncausedby his results and becauseof the loosenes®f his proof techniques. His work
prompted the investigation of other mathematicians like Diric hlet, who once said, \T o make sense
out of what he [Fourier] did took a certury of e ort by men of \more critical genius," and the end
is not yet in sight" [8]. In 1829, Dirichlet produced a courterexample to Fourier's original theorem.
The Dirichlet function, which assignsone value to all rationals and another to all irrationals, can
not be represerted by a Fourier seriesand wasthe rst clear example of a function that was neither
an analytic expressionor a curve drawn freehand. It wasalsothe rst function to be discortin uous
everywhere. Rather importantly, the Dirichlet function highlights the concept of arbitrary pair-
ing. While many mathematicians had acknowledgedthe arbitrary nature of functions prior to him,
Dirichlet wasthe rst to give a concrete example of an arbitrary function [8].

In 1939, the group of mathematicians that wrote under the allonym Nicolas Bourbaki de ned
functions in the following manner:

\Let E and F be two sets, which may or may not be distinct. A relation betweena
variable elemen x of E and a variable elemen y of F is called a functional relation in
y if for all x 2 E there exists a unique y 2 F which is in the given relation with x" [8].

The Bourbaki de nition becamethe rst to de ne function in terms of a set of ordered pairs. This
idea of functions as sets of ordered pairs has since been acceptedby many mathematicians as an
all-encompassingand succinct manner in which to understand functions. In fact, many algebraand
higher level textb ooks present this de nition asthe primary (or glossary)de nition.

The function concept has undergonea drastic transformation over the courseof more than 300
yearssinceleibniz introducedthe term. What beganasaword coinedto describe a purely geometric
idea has ewolved into a conceptof importance in nearly every eld of mathematics.



3 Function Representations

In light of the lengthy dewvelopmern of the function and debateswithin the mathematical world about

its nature, it is no wonder that students struggle to grasp the concept. Annie and John Selden,in

their 1992 summary of recert researt on students' conceptionsof functions, explain that, \there is

an unavoidable conict (tension) betweenthe structure of mathematics and the cognitive process
of concept acquisition. Whereasit can only take one sertence to state a de nition, “unpading' a
de nition is a hard cognitive task" [18]. This task is especially di cult when students faceconcepts,
like functions, with many di erent de nitions and represenations. New ways of represering func-

tions have emergedcortinually over the courseof its developmenrt. Each of these represenations is

important in understanding a speci ¢ aspect of the idea and ead is strongly tied to the others, but

as a collection, they may overwhelm and confusestudents [19].

True understanding of functions runs deeper than just the ability to regurgitate de nitions. Three
basic conceptionsof functions are prominent throughout the literature concerningthe teaching of
functions. Thesethree categories,named and de ned in Dubinsky and Harel's \The Nature of the
ProcessConception of Function,” indicate the level of understanding achieved by students. These
are not three completely di erent notions, but rather, they represern a continuum of abstraction [4].

The most basic concept of function is that of an action. Dubinsky and Harel call action \a
repeatable mental or physical manipulation of objects" [4]. Students at this phaseof understanding
needevidenceof a concreteaction in order to graspthat somethingis a function. They seefunctions
as an explicit rule which takesan input, transforms it by meansof a speci c algorithm, and then
producesan output. Studerts with an action conceptioneasily comprehendtwo of the most common
represenations of functions.

Graphs are quite possibly the most recognizablerepresertation of functions. This represenation,
however, is not always directly connectedwith the idea of function in students' minds sincegraphs
are often taught seweral years before the term function is ever introduced. Graphs help students
understand usefulinformation about functions including maxima and minima aswell asthe concepts
of increasingand decreasing[18]. In fact, in his article about functions, Theodore Eiserberg goesso
far asto assert,\Single valued, real variable functions should be thought of asbeing inherently tied
to a graphical represertation, and . . . all elemenary conceptsconcerningfunctions (should) be de-
ned in avisual format" [6]. His argument restson Israel Kleiner's contention that conceptsshould
be viewed from as many points of view as possible. When students are introduced to functions,
Eiserberg believesthat the visual represenation should be speci cally emphasized. Unfortunately,
students often struggle to develop visualization skills, especially when they encourter non-typical
functions such asthe Dirichlet function [6].

The formula represenation of functions is also another important aspect of the function con-
cept. This idea restricts the notion of function in a way similar to Euler's original de nition of
function [18]. While this represenation is especially useful in calculus and pre-calculus, students
who are only exposedto this de nition have di cult y understanding that functions can have com-
pletely arbitrary pairings. Functions do not necessarilyhave a formulaic represenation nor do they
even have to concern numbers. This represetation also leads to a misunderstanding about the
existenceof discortin uous functions. Even functions depicted by two or more formulas de ned over



dierent parts of the domain are di cult for students to perceiwe as functions [18].

The next level of understanding is the processconception. This conception involves a deeper
understanding of a function as something that takesin an object, transforms it and producesa
completely new object. Rather than needing an explicit formula or rule, students at this level of
understanding are willing to acceptfunctions that involve vague transformations.

The ideaof a function machine is a commontool usedby teachersto help students view functions
from the processconception. This technique preseris a function asa machine or a box that accepts
an input and producesan output. With the processunderstanding, students have no needto know
the contents of the box; rather, the existence of the machine alone is enough to cornvince them
that they are dealing with a function. While someresearders suggestthat \the function machine
provides a powerful foundation and is a cognitive root for developing understanding of the concept
of function" [10], others seethe represenation as ine ectiv e for students who do not understand
how machines processnumbers [18]. Researt also shows that students have di cult y connecting
the function machine conceptwith graphs and other such represenations of functions [10]. While
it 0 ers a simplistic approac to help younger studerts understand functions as a process,like eat
of the other represerations, the function machine conception doesnot provide a complete picture
of the notion.

A secondprocess-orietted view dealswith the idea of functions asa correspondencebetweentwo
sets. This understanding is similar to Dirichlet's 1837 de nition, and basically says that a function
is a correspondencesuc that for every elemen of the rst setthere correspondsone elemert of the
secondset. This correspondenceidea forces students to abandon their needfor an algorithm and
instead focus more on the idea of mapping one setto another [18].

The most sophisticated understanding is that of functions as objects. With this conception,
the \machine" is no longer necessary and students seefunctions as entities in and of themseles
that can be transformed and operated upon. The conceptis best encapsulatedby the ordered-pair
represeration.

The ordered pair de nition of function, asintroduced by Bourbaki in 1939,is arguably the most
mathematically accurate in the sensethat it completely captures the essenceof a function. This
represenation describes a function as a possibly in nite set of ordered pairs (x,y) in which eath
x-coordinate is paired with only oney-coordinate. It is important becauset canaccurately describe
discontin uousfunctions, arbitrary pairings, and can even be extendedto accourt for functions whose
domain and range are not numbers. Also, the set concept givesrise more readily to the notion of
function as an object. Unfortunately, many researders feel that this de nition is too abstract for
studerts in high sdhool or below. In order to fully graspthis de nition, students must have a fairly
rm understanding of set theory. Most junior high and high school students, however, have had
little exposureto settheory, and as a result, use of words sud as set and subsetmay add to their
confusion. In addition, students must also deal with the idea of in nit y and, more perplexing, what
it meansto have an in nite set. Researters contend that while students are able to reproduce
the ordered pair de nition formally, they seemto ignore the de nition in application and practice
and instead default to their own intuitiv e understanding [18]. In this manner, there is a disconnect
betweenthis de nition and the adolescetis concept of function.



In her article about the formation of the view of functions as objects, Anna Sfard assertsthat
this view, called a structural conception,is important for mathematicians in the sensethat it makes
cognitive processe® cien t [19]. Sfard usesthe term operational conceptionto refer to the view of
a function as a processand arguesthat students should rst be taught to seefunctions as opera-
tions sothat they will more naturally develop a senseof functions as objects. She contends that
students should not be expected to obtain a structural understanding of functions until they reac
higher-level theory in which such an understanding is necessary{19]. While this issueis debateable,
the importance of the object conception of function is undeniable. Leading students to an object
understanding of function is the ultimate goal of function understanding, but Sfard arguesthat stu-
dents will not be able to completely graspthe conceptof functions asobject until they usefunctions
assud in their coursework.

4 Textb ook Analyses

Textbooks often sere as an authority to the students they sene. Many teachers usetheir students'
textb ooks astheir primary resource. They dewelop their lessonplans directly from the exercisesand
activities within the texts, and often, someof the teachers' own understanding of the conceptsthey
teach are derived from these books. Even when teachers do not teach directly from the book, their
studerts still have a copy of the text for reference.When they encourter a conceptthat they do not
know or cannot remember, it is likely that they turn to the glossariesof their books for a de nition.

Under sudh conditions, the way information is preserted within ead book is vitally important to
the students' understanding of the concepts.

Textbook authors facea dilemma whenwriting about conceptsascomplexasthe function. When
deweloping their preseration of the concept, they must considerthe mathematical maturit y of their
audiencewithout losing sight of the core mathematical principles involved. They must also evaluate
the pedagogicalissuesthat underlie all of education. Should they intro duce a speci ¢ example rst
and then dewelop outward to a generalde nition? Or should they clearly de ne the concept rst
and then list speci ¢ examples?In all of thesematters, which subtleties will help the most students?

Nine texts ranging in level from pre-algebrathrough collegemathematics were analyzedfor this
study to determine how authors presen the conceptof function to students of varying mathematical
maturity. Four of these texts are pre-algebra and algebra books, all published between 1990 and
1999. Calculus books published between1994and 2002accourt for three of the texts, and a discrete
mathematics text makeseight. Also, the handbook for the TAKS (TexasAssessmeh of Knowledge
and Skills) exit level mathematics test is analyzedin order to understand what the state expects of
studerts.

While tracesof the conceptare taught asearly askindergarten, students in the United Statesare
not usually introducedto the mathematical useof the word function until they ernter pre-algebraor
algebrawhen they are somewherebetween12 and 15 yearsold. At this point in their mathematical
careers,students will begin to encourter variables and equations for the rst time. They will rst
beginto classify and describe relationships betweenvariables. While the algebracurriculum is fairly



uniform acrosstextb ooks, the manner in which the material is preseried varies greatly from book
to book. Each of the four algebra textb ooks studied here emphasizesdi erent concepts,and with
respect to functions, givesstudents di erent perceptions of the subject.

As stated previously, graphs are often introducedto students before the concept of function. In
the 1998 Glencce Algebia 1: Integration, Applications, Connections [2], functions are intro duced
directly asgraphs. The textb ook authors take the conceptof graphs, which are familiar to studerts,
and build the function idea on it. The word function is de ned as

\. . . arelationship betweeninput and output. In a function the output dependson the
input. There is exactly one output for ead input" [2].

The authors immediately illustrate the conceptwith a graph and then foreshadov the idea of sets
of ordered pairs and relations. Over two hundred pagesatfter its initial de nition in the 748 page,
two volume set of books, a function is rede ned as\a relation in which eat elemen of the domain
is paired with exactly one elemen of the range" [2]. Later, functions are addressedagain within
the context of describing linear, quadratic, and exponertial functions. For eat of these sections,
the authors place a heavy emphasison graphical represeration. At this entry level text into un-
derstanding the function concept, the authors choseto focus on the concrete, visual represertation
rather than the more abstract notion of functions as sets of ordered pairs.

Someeducatorsbelieve that the discovery method of teaching is the most e ectiv e teaching ap-
proach. They believe that helping students to explore a concept so that they will discover it on
their own rather than explicitly teaching the topic allows students to more successfullyinternalize
what they are learning. Sometextb ooks werewritten with this philosophy in mind. HRW's Algeba:
Integrating [17] is one such text with respect to its presenation of functions. The rst mention of
the word function occurs during its introduction of linear functions. The book describes a linear
equation and explainsthat it is a linear function becauseone of the variables dependson another. It
goeson to \preview" several di erent typesof functions, including step, exponertial, and quadratic,
without ever speci cally de ning the term function. While this text digs deeper into non-traditional
functions like absolute value, integer, and piecewisefunctions in a way that givesstudernts a broader
understanding of the concept,the book doesnot actually de ne function until towardsthe end of the
book whenit givesthe orderedpair de nition. While it doeselaborate on the function machine con-
cept of function, it doesnot explicitly make connectionsbetweendi erent represerations of function.

The 1999 Glencce Pre-Algebia book [9] takesa more straightforward approad to its introduc-
tion of function. The text coversslightly di erent material than the other algebra books sinceit is
intended for younger students, but towards the endit beginsto discussthe function concept. First it
intro ducesrelations as a set of ordered pairs, and calls the set of all the rst coordinates the domain
and the set of all the secondcoordinates the range. Functions are then preseried asa special type of
relation \in which eat elemer of the domain is paired with exactly one elemen in the range" [9].
The authors then move into a lengthy discussionof graphical represenations of di erent functions
and speci cally focus on scatter plots and linear relations. One of the most notable aspects of this
book is the way that it attempts to continue the ordered pairs concept beyond one isolated part of
the text. Evenin its discussionof equations, it states, \Since the solutions of an equation in two
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variables are ordered pairs, such an equation describesa relation" [9]. Rather than abandoningthe
relation concept after a quick cursory introduction, the authors attempt to make connectionsfor
their young students that will help them have a deeper understanding of functions.

A similar approach to intro ducing functions wastaken by the 1990Heath Algebma | [3] textb ook.
Relations appear rst and are establishedas a set of ordered pairs. The authors then demonstrate
seweral di erent represertations of relations including lists of pairs, tables, and graphs. Unlike the
other algebratexts, this book details thesedi ering represenations of the relation and, by extension
function concepts,sothat students are encouragedto connectand reconcilethem asdi erent facets
of the sameidea. This text alsode nes functions directly from the relation idea. It explains,

\A relation is a function if and only if each rst componert in the relation is paired with
exactly one secondcomponen” [3].

With its useof the expression\if and only if," this de nition may be too complexfor young students
who have not yet developed an understanding of the nuancesof de nitional language. While it does
not elaborate on the concept as a processor leave room for the extension of the function idea to
ertities other than numbers, this text doesprovide a straightforward function de nition.

On the whole, the algebrabooks studied for this paper presered the function in a basic, simple
manner. Each book tended to describe the idea from only one perspective, often tailoring their
emphasisto the aspect that would be most useful later in the text. Somemay seethis technique as
inadequate, howewer, it can be argued that providing too much information about the complexity
of functions may serve only to confuseand frustrate students, especially at an early level of under-
standing. In fact, some,including Anna Sfard, whosereseard will be discussedlater, contend that
gradual instruction beginning with a lower level of expectation for understanding will actually lead
to a better understanding of the subtleties in the future. [19]

The TAKS test determines whether or not students in Texasgraduate, and within the public
education system, teachersin Texasfeel pressureto focustheir instruction solely on state-mandated
curriculum. For many students, the perception of the function preserted by the TAKS test de-
termines their understanding of the concept. While algebra marks the beginning of the study of
functions, the TAKS standards mark what students are expected to know about functions by the
end of their high school careers. Function-related conceptsare addressedby four of the ten TAKS
objectivesfor the exit level mathematics test. This percertage of objectives demonstratesthe high
level of attention that the TexasEducation Agency (TEA) feelsthe topic desenes[1].

The TAKS study guide was dewveloped by the TEA as a resourceprimarily for students and
their parents [1]. The guide is designedspeci cally for struggling students and is free to students
who have previously failed the test. The book collectively addressesthe test objectives by giving
explanations, practice questions,and answer keys.

Objective one states,\The student will describe functional relationshipsin a variety of ways" [1].

This sectionof the study guide intro ducesfunctions and de nes a function asa setof orderedpairs in
which \each x-coordinate is paired with only oney-coordinate" [1]. More signi cant than the actual
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de nition is the stressthat the objective placeson the student's understanding that functions can
be represeried in multiple ways. The study guide immediately givesmultiple examplesof di erent
represenations including atable, an input/output function machine, alist of ordered pairs, a graph,
and a word problem describing a functional relationship.

Objective two concernsthe studerts' understanding of the properties and attributes of functions.
It dealswith parent functions, domainsand ranges,correlation of scatterplots, and represeting pat-
terns with algebraic expressions.Objective three focuseson linear functions and objective v e deals
with quadratic and other nonlinear functions.

It is evidert that the TEA wants students to have asbroad an understanding of functions as pos-
sible. The guide, however, never encouragesstuderts to think of functions outside of the numerical
realm nor doesit exposethem to non-traditional functions like piecewisefunctions or the absolute
value function. The addition of such material might serve to confusestudents more than it would
actually enhancetheir understanding of function. In a text designedto make conceptsas simple as
possible,the authors may have found such material inappropriate.

While the TAKS test measuresthe succesf studerts in mastering high school mathematics in
Texas, the study of calculus marks the beginning of advanced mathematical study. Many students
never take a coursein calculus, and those who do enter a coursedo not usually do so until their
last year of high school or during college. By the time they reach calculus, most students have been
exposedto functions for seweral years. The study of calculus, however, shedsnew light on functions
asthe ideasof di erentiation and integration clarify the notion of functions as objects. The three
texts studied for this paper eat usedierent techniquesto presert the concept, but while the al-
gebra books focusedon functions as either graphs or ordered pairs, ead of the calculus texts take
more of an action approacd and refer to functions asrules.

In Edwards and Penney's Calculus [5], the authors explain that understanding the relationships
betweenvariablesis often crucial in order to mathematically analyze geometricand scierti ¢ situa-
tions. They state that these relationships can often be expressedas formulas in which one variable
is a function of another and write,

\A real-valued function f de ned on a setD of real numbersis a rule that assignsto each
number x in D exactly one real number, denoted by f(x)" [5].

While this de nition leavesroom for a broad, process-orieted \rule" view of function, the book fo-
cusesmainly on the formula idea. This trend is natural consideringthat much of the time involved
in a rst year calculus courserevolvesaround learning how to di erentiate and integrate functions
in their formula form.

In the quintessettial reform calculustext, Calculus [7], the authors hint at two di erent function
de nitions, both at the very beginning of the book. The rst de nition is basically the ordered pair
concept; however, the authors avoid using set notation or vocabulary. They write, \One quartity,
H, is a function of another, t, if ead value of t hasa unique value of H assaiated with it" [7]. This
de nition su cien tly depicts the arbitrary nature of function pairings, but it fails to capture the
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idea of functions as ertities. In the secondpart of the de nition, the authors tell readersto \think

of t asthe input and H asthe output" [7]. The input/output conceptre ects the processconcept
of function asit implies that somehav the input is manipulated to produce the output. The book
then givesthree examplesof function represenations: tables, graphs, and formulas.

Arnold Ostebeeand Paul Zorn's Calculus: From Graphical, Numerical, and Symtolic Points of
View [13)], takesa similar discovery learning approach asthe HRW algebrabook. The text beginsby
presening and discussing v e di erent examplesof functions: an equation, a relationship expressed
in words, a piecewisefunction, a graph, and a table. The de nition is nally preseried only after
examplesare discussedat which point the authors write, \A function is a rule for assigningto eath
member of one set, called the domain, one member of another set, called the range" [13]. While this
de nition and the exampleshelp to dispel many commonfunction misconceptions,the text doesnot
mention the set of ordered pairs de nition nor doesit attempt to reconcilethe ertity nature of a
function with the idea that functions are rules.

Generally, calculustexts seemto focuson the idea of functions asrules or formulas. Interestingly,
while calculus texts are designedfor students of greater mathematical maturity, they avoid using
ordered pairs and set notation even more notably than the algebratexts. While they probably avoid
this notation for the sake of simplicity and to prevent confusionover vocabulary, calculus books are
capableof doing this due to the way functions are usedin the course. In the author's opinion, how-
ever, this discrepancyin de nition betweenlevels of mathematics study may causean even greater
disconnectin students' understandingsof the function concept. Studernts may not seethat the idea
of function that they studied in algebrais actually the sameertity asthe conceptof function that
they learn about in calculus.

University students studying mathematics should achieve a broader view of functions. As they
erter more challenging courses,they will be required to think and learn about functions in new
ways, and ideally they will beginto connectthe bits of isolated de nitions that they have absorbed
throughout their mathematical careersthus far. In the abstract math text Mathematics: A Discrete
Intr oduction [16], Edward Scheinerman explains that, \In tuitiv ely, a function is a “rule' or 'mecha-
nism' that transforms one quantit y into another.” He goeson to state that this text will \develop a
more abstract and rigorous view of functions" [16] at which point he de nes functions in terms of
relations:

\A relation f is called a function provided (a,b) in f and (a,c) in f imply b=c" [16].

This de nition servesas an umbrella de nition for all the other function represerations before it.
This de nition padks alot of meaninginto a concisestatemert, but is di cult to understand without
knowledge of mathematical terminology. In the author's opinion, students needexposureto various
function represenations in order to gain the intuitiv e understanding of functions necessaryto make
senseof sudch technical de nitions.
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5 Common Misconceptions

As the human brain attempts to understand new information, it alsoworks to categorizeand syn-
thesizeit with its existing knowledge base[21]. Throughout these acts of understanding, however,
it is the author's opinion that students have the tendency to dewelop incorrect assumptions and
conceptions about new ideas, especially with respect to complex conceptslike functions. Se\eral
misconceptionsobscurestudents' perceptionsof functions.

Students often believe that functions must be continuous and di eren tiable in order to truly be
consideredfunctions. Anna Sierpinska explains this phenomenon:\As, normally the rst examples
of functions encourtered by a student are everywherecontin uous, non-di erentiable in at most nite
number of points, built up of one pieceof a curve in the graphical represenation, given by a single
formula; sud rare functions constitute, in the studernt's mind, the prototype of a function" [21].
Students, when facedwith a function unlike the examplesthat they have beentaught, will hesitate
before accepting it as a function. Many students base their understanding of what a function is
on their resere of examplesrather than the de nitions they have beentaught. For her study on
students’ function conceptions, Professor Anna Sfard evaluated 22-25year old university students
who had completed a foundational mathematics course covering introductory set-theory, algebra,
and calculus. Shefound that many students were unfamiliar with piecewisefunctions and tended to
view expressionsde ned by casesover di erent sectionsof domain as multiple functions rather than
one[19. In a questionnaire, she asked students to state whether the following example describesa
function (x and y are natural numbers):

If x is an evennumbertheny=2x+ 5
Otherwise (x is an odd number) y = 1 3x.

Only 50%of the students surveyedbelievedthat this proposition describesa function eventhough
many willingly suggestedhat it describestwo separatefunctions. Somestudents alsohave di cult y
accepting that a graphical represenation of a discortinuous curve represerts one function rather
than seweral. Such perplexity is natural consideringthat even great mathematicians like d'Alembert
did not acceptsplit-domain functions [19]. In fact, the idea of a nowhere-di erentiable function was
so new and disputed that in 1893 mathematician Hermite declared,\l turn away with fright and
horror from this lamentable evil of functions which do not have derivatives" [8].

Similarly, somemathematicians felt that functions must have a rule or algorithm behind them,
leading to a secondcommon misconception. Sierpinska relates, \algebraic skill accompaniedby the
belief in the power of algebrato solve almost automatically many kinds of problems, may be an im-
pediment to understanding the general concept of function” [21]. Students who are accustomedto
working with functions in algebraic expressionnotation may have di cult y believing that functions
may be constructed arbitrarily . Just as mathematicians prior to Dirichlet did not acceptthe concept
of a function as an arbitrary correspondence,students fail to understand the notion becauseof its
abstract nature [8]. Such a function was not conjured out of necessiy or great usefulnessto the
world outside of mathematics, but its developmert was of vital importance to thosetrying to under-
stand and dewvelop a deeper understanding of functions. In 1899 Poincare expressedhis frustration
with the new developmerts in thought about function: \In former times when one invented a new
function it wasfor a practical purpose;today oneinvents them purposelyto show up defectsin the
reasoningof our fathers and one will deducefrom them only that* [8]. While arbitrary functions
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may seemimpractical, their existencehighlights the deeper conceptthat algebraic expressionsare
only meansof describing functions. Students, however, tend to seeformulas as things in themseles
rather than asrepresernations of other ertities [19]. In her study, Sfard presened students with the
following true or false statemerts:

1.) Every function expressesa certain regularity (the values of x and y cannot be matched in a
completely arbitrary manner).
2.) Every function can be expressedby a certain computational formula.

Only 6% of the students responded that both statemens were false, which suggeststhat the
majority of the students believe that there must be an algorithm corresponding to the function in
order for it to be valid. Sfard suggestghat \Not only do the students seemto think about functions
in terms of processrather than of permanen objects, but they also believe that the processesnust
be algorithmic and reasonablysimple” [19]. This desirefor algorithmic simplicity also accourts for
students’ hesitancy to acceptdiscortinuous and non-di erentiable functions.

Sierpinska suggeststhat introducing students to one function represerted by two dierent for-
mulae may help students to discriminate betweenthe function itself and the \analytic tools" used
to describeit [21]. Unfortunately, students have a di cult time acceptingthat algorithms that look
di erent, but produce the samevalues, are actually the samefunction. When preseried with the
algorithmically di erent functions:

N to N: f(x) = x?
and the recursively de ned
9(0)=0,9(x+1)=g(x) + 2x+ 1

students had di cult y believing that they were equivalent even though they produce the sameval-
ues[19]. This misconceptionis tied to students' unfamiliarit y with the ordered pair de nition of
function. They cannot comprehendthat two dierent algorithms that produce the same set of
ordered pairs are in fact the same function becausethey cannot separate their understanding of
functions asrules.

When studernts are rst introduced to the function concept, they are often taught the vertical
line test to ched if a graph is a function. The test instructs students to slide a vertical line across
the graph they are testing. If the line ever crossestwo points of the graph at once, the graph is
not a function. This technique is a helpful aid for young students who have trouble comprehending
what it meansfor a function to be unique, however, it doesnot prevent students, even when they
are older, from confusing domain and range values. In fact, many students overcompensate and
hold the misconceptionthat functions must have a one-to-one correspondence. Ed Dubinsky and
GuershonHarel write, \It is extremely commonfor subjects at all levelsto have di cult y with this
uniquenesscondition and confuseit with the notion of one-to-one" [4].

This phenomenonmay be connectedto students’ lack of ability to visualize functions. While
they may remenber and understand the vertical line test, the test is of little use without a graph
on which to employ it. Eiserberg assertsthat \. . . students have a strong tendency to think of
functions algebraically rather than visually" even though visualization can be extremely helpful [6].
He arguesthat studernts resist visual represerations becausevisual processingrequires higher level
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skills than analytical processing [6]. While analytical processingoften involvesonly one degreeof
abstraction from an expressionto concrete numbers, visualization requires the ability to evaluate
an expression,dewelop trends, and transfer all the knowledge into a visual format. Interestingly,
Alexander Norman, in his study of teachers' knowledge of functions, found that in contrast to the
studerts, teacherstend to rely on and prefer graphical represenations of functions, especially when
determining whether or not a particular expressionis a function [11]. He explainsthat teachershave
typically had a high degreeof exposureto di erent typesof functions. They are comfortable with
standard graphsand know how to answer a variety of questionsfrom thesegraphs[11]. For students,
who have had considerably lessexposureto standard graphs, visualization can be intimidating and
can feel quite foreign. Increasedexposureto graphs and visual represertations may help students
overcomethis reluctancy.

Thesemisconceptionsare simply the manifestation of students' incomplete understanding of the
function concept. While misunderstanding is to be expected as students learn new concepts, the
goal of educatorsis to help students attain the highest possiblelevel of understandingin the shortest
amount of time. Careful consideration of studernts' cognitive processesand capabilities, as well as
attention to outside factors that cortribute to misunderstanding, are essetial to the achievemert
of this goal.

6 Function Mo dule Prop osal

From the textb ook analyses,it is evidert that students receive a varied view of the nature of func-
tions as they progressthrough middle and high school. As discussedpreviously, functions can be
understood on three levelsof abstraction: asactions, asprocessesand asobjects. Studiesperformed
on collegeage students reveal that few have progressedbeyond the action understanding and even
fewer beyond the processunderstanding [4], [19]. Sud a lack of comprehensionof the abstract
indicates the value of developing new ways to help students understand functions.

A possibleway to approach this problem is to develop a short lessonmodule speci cally designed
to teach students about the three conceptionsof functions. The following module was designedto
consist of v e hour-long sessionsthat Il the gapsin understanding. It is intended to be taught
to students near the end of their algebrall course. At this point, they will be quite familiar with
functions. In fact, many of the students will probably be able to produce accurate de nitions and
examplesof functions, but as with most topics, they probably will not have thought much about
the subtleties of functions or about their own thought processes.The author's hope is that a new
look at a familiar subject will help students make connectionsand piece together ideasthat have
previously beenseparatedin their minds.

Day 1: Overview of all three abstractions

The rst day of the function module begins with an interactive discussionin which students are
asked the question: What is a function? Students are encouragedto think badk to all their previous
coursesto produce as many di erent de nitions asthey can. The teacher makesa running list of
thesede nitions on the blackboard, leaving spacenext to ead item for further notes. The teacher
servesas the facilitator for this discussion,but doesnot make qualitativ e judgemerts about any of
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the de nitions produced. Next, the studerts are challengedto produce examplesof di erent types
of functions. The teacher encourageshe students to think creatively to produce unique examples.
In total this discussionlasts approximately half an hour, at which point the teacher introduces
the three di erent levels of abstraction of the function concept. The teacher then explains that in
mathematics, an abstraction is an idea that has beengeneralizedfrom another conceptsothat it is
lessdependert on real world objects and closerto a mathematical construct. He or shethen goes
on to talk through ead abstraction using the function machine idea as the baseto which he or
sheties eat abstraction (SeeFigure 1). The action processis assaiated with a box on which a
speci ¢ formula or algorithm is explicitly given. The instructor emphasizeghat students often start
out understanding functions only as speci ¢ rules or formulas and that this is typical of an action
conception. The processconception is represeried by the samefunction box, howewer, for those
who have reaced the processlevel of understanding, the box no longer has a specic algorithm
written on it, but instead, the processthat takes place within the function machine is unknown.
Lastly, the teacher preserts the students with the nal conception,the object conception. The visual
for this conception actually excludesthe machine altogether. The instructor explains that at the
most abstract level, functions are simply arbitrary pairings. At this point the instructor turns the
class' focus badk to the original de nitions on the board and asksthe students to identify which
de nitions t under eadt abstraction. After further discussion,the teacher choosesseeral of the
examplesbrainstormed earlier and, for homework, asksstudents to classify ead of these examples
basedon the abstraction to which they are most related: action, process,or object.

Day 2: Action conceptionin depth

The secondday of the function module is devoted to the action conception. The instructor asksthe
studerts to identify the action examplesfrom the previous night's assignmen. Using theseexamples
as a springboard, the rest of the classis spent reviewing functions in their graphical and algebraic
forms and talking about action-related conceptslike nding intercepts, maxima, and minima. While

much of the material covered in this classis review, students are encouragedto use this time to
cemert and re ne their baseknowledge. For homework, students are assignedreview problems from

various sections of their textb ook dealing with functions and di erent applications of functions.
Thesemay include problems dealing with nding function valuesfor given inputs on graphs or with

equations.

Day 3: Processconceptionin depth

During the third day of instruction, students examinewhat it meansto view functions from a process
point of view. The teacher beginsthe classby referring to the examplesfrom day onethat have been
deemedprocessexamples. The overlap and subtle distinction betweenaction and processexamples
may result in di cult y for the student in identifying these. The instructor discusseghesedi culties
and tries to help students understand that the signi cance of the processconception lies mainly in
the students' ability to broaden their understanding of what functions can be. The teacher then
spends sometime discussingprocessesoutside the type of algebraic manipulations typically stud-
ied by mathematics students. Thesefunctions may include recursive formulas, computer algorithms,
and real-life conditional statemerts. For example,the students The last part of the period is devoted
to reviewing transformations on generalizedlinear, quadratic, and exponertial functions. Students
are taught that the ability to perform these transformations is a signi cant step in the abstraction
of functions. Studerts realize that they are doing more than plugging numbers into equations, but
rather, they are able to perform processe®n the functions themseles. For homework, the teacher
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Action: Process: Object:
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Figure 1: The function machine idea asit extendsto the action, process,and object conceptionsof
function

selectsand assignsseveral problems dealing with this conception. These may include problemsin
which the students are given a table of inputs and outputs and must determine the processthat
the input underwert to becomethe output. Students may also be asked to produce inputs and
outputs from a graphical represertation of a function. Someof the problems should also be devoted
to transformations of linear, quadratic, and exponertial functions.

Day 4: Object conceptionin depth

The fourth day of this module is concernedwith building a function de nition from the relation
concept. While the topic of relations should be review for the students, many will probably have
only a vaguerecollection of it. The teacher de nes relations and then explains that functions are
a speci ¢ kind of relation in which eadt x coordinate is paired with only oney. At this point, the
instructor alsointroducesthe conceptsof onto and one-to-oneand discussesn depth about domain
and co-domain. The instructor intro ducesstuderts to the graphical represerations of thesepairings
consisting of circlesto represer the two setsbetweenwhich the mapping occursand arrows connect-
ing eadh pair of elemens. The instructor is careful to emphasizethat thesepairs do not necessarily
have to have a rule that determinesthem, but that those that do can still be represered in this
fashion. For studerts the equation f (x) = 3x + 2, where the domain is the real numbers, may seem
impossibleto represent as a set of ordered pairs. Astute students will realize that simply listing a
few ordered pairs that satisfy this equation will not actually accurately depict the function. The
instructor, however, describesthat (x; 3x + 2) actually represerts the samefunction in ordered-pair
notation. The teacher also spendssometime discussinginversefunctions. Students are encouraged
to make obsenations about what types(i.e. one-to-one,onto) of functions have inverses.For home-
work, the studerts are assignedse\eral problems dealing with setsof ordered-pairsand questionsof
whether functions are onto, one-to-one,and if they have inverses.

Day 5: Special functions and wrap-up

The nal day in this module is spent discussingspecial examplesof functions that highlight im-
portant aspects of the function concept. The instructor begins by showing students examples of
functions whoseinputs and outputs are not numbers. An example of such a function is a table with
a list of the peoplein the classand their favorite colors. Next, the teacher intro ducesthe Diric hlet
function as a means of showing students that functions can be discortinuous. The students will
likely have di cult y understanding this function particularly due to the fact that it cannot be vi-
sualizedor graphically displayed. Lastly, the teacher preserts an example of two di erent processes
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that represen the samefunction. This exampleillustrates how the di erence betweenthe process
and object conceptionscan completely alter one'sview of a speci ¢ function. While someonewith

a processconception would view thesefunctions as di erent, peoplewith object conceptionswould

readily agreethat they are the same. The instructor endsthe module by allowing students to discuss
things that confusethem about functions. For homework, the students must produce and expressa
function from the action, process,and object conception.

7 Conclusion

Functions play an important role in all of mathematics. They can be found in every mathemat-
ics coursefrom pre-algebrathrough graduate studies. The dewvelopmert of the idea now known as
function has a long history only matched in complexity by the many di erent ways that functions
can be represerted. Surface familiarit y with conceptsof such complexity, however, often leadsto
misunderstanding and misconceptions. Researtiers surmisethat students must learn such concepts
slowly and with careful attention to ead level of understanding before new abstractions can be
grasped. Teaders and textb ooks tend to send students di erent signals regarding functions and
many students, upon reaching college, have incomplete understandings of functions. These have
often been constructed by students from the exampleswith which they are most familiar rather
than the de nitions that they have beentaught. While developmertal factors hinder young students
from fully graspingthe concept,the author believesthat with careful and deliberate instruction high
sdhool juniors can understand the idea of function on an abstract level.
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