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Abstract

We generatetriangles randomly by uniformly choosing a subset of three vertices
from the vertices of a regular polygon. We determine the expected areaand perimeter
in terms of the number of sidesof the polygon. We use conbinatorial methods com-
bined with trigonometric summation formulas arising from complex analysis. We also
determine the limit of these equationsto compare with a classicalresult on triangles
whosevertices are on a circle.

1 Intro duction

This paper is an exploration into a method of randomly generatingtriangles. We start

n .
3 possible subsets
of vertices of size three, one subsetis chosenuniformly. The three vertices form our
randomly generatedtriangle.

Researt into this method of generatingtriangles haslead usto four main questions:

with a regular n-gon inscribed in a unit circle. Then out of

What is the averagearea of a triangle generatedby this process?
What is the limit of this areaasn tendsto in nit y?

What is the averageperimeter of a triangle generatedby this process?
What is the limit of this perimeter asn tends to in nit y?

In this paper, we presernt the answers to the above questions. In Section 2, we
preseri badkground information, including the solution to a related problem dealing
with three randomly chosenpoints on a unit circle. In particular, we detail the follow-
ing classicalresult:

Theorem 1: Supposethat three points are randomly chosenuniformly and indepen-
dently on the circumferenceof a unit circle. Then the expected area of the triangle

.3 : . .12
formed is > and the expected perimeter of the triangle formed is —.

In Section 3, we give examplesof nding expectedareaand perimeter in our situation
for certain small valuesof n.



In Section 4, we presern the main theoremsand proofs. These are summarizedin
the following result.

Theorem 2: Let P be a regular n-gon inscribed in a unit circle. If a set of three
vertices of P is chosenuniformly at random, then the expectedareaA,, of the triangle

formed is
3ncot( =n)

2 D 2)

The expected perimeter P, of the triangle formed is

Ap =

B = 6(csq =n) + cot( =n))
" (n 1 '

Moreover, we have

r]I!ilm Ap = 23 and r]I!ilm P, = l—2;
which correspondsto the results given by Theorem 1.

In Section5, we extend our main result to determine the expectedareaand perime-
ter of quadrilaterals, pentagons, and other polygonsthat are generatedrandomly by
choosing vertices of a regular n-gon. We give two equationsthat can be usedto nd
both the expected areaand expected perimeter of an m-gon generatedrandomly from
the vertices of a regular n-gon.

2 Related Problem on a Circle

Our researth was motivated by the classical problem dealing with a unit circle [2].
Let P, Q, and R be points chosenrandomly, uniformly, and independertly on the
circumferenceof a unit circle. Two questionsnaturally arise:

What is the expectedareaof 4 PQR?
What is the expected perimeter of 4 PQR?

The solution to the rst question can be found online [2] and can be summarized
as follows:

Theorem 2.1 If three points are chosenrandomly, uniformly, and independently on
the circumference of a circle with radius one, then the expected area of the triangle

inscribed in the circle is 23

Pro of. (following [2]) One of the points can be taken to be (1;0) without loss of
generality. Let ; and , bethe polar anglesof the other two points, as seenin Figure
1. Due to symmetry, we are able to assumewithout lossof generality that ; is in the
interval [0; ], while » is allowed to take on any value in the interval [0;2 ).

The area of the triangle formed is given by

}(1 2)

sin
2 2

1
A=A( 1 2= 2sin =, sin =
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Figure 1. Circle with Inscribed Triangle (adapted from [2])

The expected areais given by
Z,7Z

— 1
A= 5> . OA(l. 2)d 1d 2

. .3 . . .
This integral can be evaluated to give > See[2] for details of the integration.

A solution for the averageperimeter can be found in a similar way.

Theorem 2.2 If three points are chosenrandomly, uniformly, and independently on
the circumference of a unit circle, then the expected perimeter of the triangle inscribed

) . .12
in the circle is —.

Pro of. The sameassumptionscan be made as in the previous proof without loss of
generality. Let 1 and », be de ned the sameasin the previous proof. The lengths of
the sides,a, b, and ¢, of the inscribed triangle are

— pein 1 = oain 2 — eind 21
a= 2sin > b= 2sin > c= 2sin >
where 1 = [0; ]and , = [0;2 ) (the absolute value is usedfor c because , may be
lessthan ;). Sincethe perimeter of the triangle is a+ b+ c, the integral for nding
expected perimeter is
zZ 7,

— 1
P ﬁ (a+b+C)d2d1
zZz Z, . .
= 52 . 25in51+2sin52+2sin12 y dod
1 £ 22 1 Z2 2 Z2 (2 1)
= — 2sin—d o>+ 2sin—=d , + 2sin———=d
22 4 227 2°27 2 2
Z
1
+ 2sinMd2 d,
0 2
1 Z
= = 4 sin-t+8 4co 1 +8 4cost d
27, sm2 cos > 52 1
1 . A |
= — — + + — —
52 80032 16 1 + 8sin 83|n2 ,
12



3 Examples and General Form ulas

In this section, we give examplesrelating to randomly choosing a subset consisting of
three vertices of a regular n-gon. We also shav how the methods usedin thesespeci c
casedead to the formula for generalvaluesof n that will be neededin the next section.

3.1 Area Examples

Given a regular n-gon R, we number the vertices0, 1, ..., n 1. By 4 (a;b;c), we
will meanthe triangle inscribed in R whosevertices are numbereda, b, and c. We will
denote the area of 4 (a;b;c) as A(a;b;c) and the perimeter of 4 (a;b;c) as P(a;b;c).
We will assumefor corveniencethat 0 a<b<c n 1

Figure 2: Pertagon

As an example,we calculate the areaof 4 (0; 1; 3) inside aregular pentagon inscribed
in a unit circle, asseenin Figure 2. To nd the areaof 4 (0; 1;3), we add up the areas
of the three triangles within the triangle, which givesus the equation

g 1 L1 1 ) 2 .2
A(0;1;3) = > Zsmi cosE + ZslnE cosE + 2sin cos
Then using the double angle identit y we can simplify this equation to
1 . . :
A(0;1;3) = > (sin 1+ sin o+ sin(2 1 2)

2 4 .
where ;1 = = and , = < Note that ; and , are both multiples of the certral

I 2 .
angle of pentagon which is equal to = So, the areaof 4 (0; 1;3) can be written as

1 2 . 2 . 2
1:3)= = — + — + —
A(0; 1;3) 5 sin = sin 2 = sin 2 =
This can also be written as

1 2 _ 2 _ 2
A(0;1;3)=§ sin (1 0) = +sin (3 1) = +sin (0 3+05) =
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This analysis easily generalizesto yield a general equation for nding the area of
4 (a;b;c) in any regular n-gon inscribed in a unit circle:

A(a;b;c):% sin (b a)% + sin (c b)% +sin (a c+ n)%

We remark that, in Figure 2, 4 (0; 1; 3) cortains the certer of the circle and therefore
its areais computed as the sum of the areasof three smaller triangles. If this is not
the case,the above formula for A(a;b;c) still applies. For example, when computing
the areaof 4 (0; 1; 2) inside the regular pentagon, one can still usethe three triangles
determined by the certer C of the circle and vertices 0, 1, and 2 of the pertagon.
Howewer, in obtaining the area of 4 (0; 1; 2), the area of the triangle determined by C
and vertices 0 and 2 must be subtracted o of the sum of the other two areas. The
formula given above doesthis automatically, since the appropriate sine function will
be negative in this case.

We now turn our attention to the n = 5 caseof the rst generalquestionof interest.
In particular, if R isaregular pentagoninscribedin a unit circle, and a setthree vertices
of R arechosenuniformly at random, then we computethe expectedareaof the triangle
formed. In order to do this, we needto nd the areasof all possibletriangles 4 (a; b;c)
where0 a< b< c 4. Wethen calculate (b a);(c b)and (a c+ n) for all
those triangles and apply the formula derived above. By adding the areasof all of
thesetriangles and dividing the result by the number of all sudc triangles, we will nd
the expected area.

The table below givesall possibletriangles in pertagon along with (b a);(c b)
and(a c+ n).

(a;b0) [ (b @) |(c b|(a
(0,1,2)
(0,1,3)
(0,1,4)
(0,2,3)
(0,2,4)
(0,3,4)
(1,2,3)
(1,2,4)
(1,3,4)
(2,3,4)

+n)
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Table 1: Triangles Generatedfrom a Regular Pentagon

The expected area of a randomly generated triangle based on the vertices of a
regular pentagon inscribed in a unit circle is
X
As = A(a;b;0):
0 a<b<c 4

w‘p



By examining Table 1, we count fteen 1's, ten 2's, and v e 3's that occur as either
(b a), (c b),or(a c+ n). By collecting all like terms and factoring out 1/2, the
equation for the expected areareducesto

1 .2 .2 2 .3
——— 15sin— + 10sin + 5sin
2(10) 5 5 5
We now turn our attention to carrying out the analogouscomputation whenn = 6.
In other words, we are generating random triangles by choosing a set of three vertices
of a regular hexagoninscribed in a unit circle. Again, we list all suc triangles in order
to collect like terms in the sum which givesthe expected area of the triangle formed.

As =

In this case,there are = 20 possibletriangles sincen = 6.

3

(&bc) (b @) |(c b|(a c+n)|(abic) (b a[(c b|(@a c+n)
0,12 1 1 4 (123 1 1 4
0,13 1 2 3 (124 1 2 3
(0,1,4)| 1 3 2 (125 | 1 3 2
(0,15)| 1 4 1 (134 | 2 1 3
0,23)| 2 1 3 (1,35)| 2 2 2
024 | 2 2 2 (145)| 3 1 2
0,25)| 2 3 1 (234 1 1 4
(0,34)| 3 1 2 (235 | 1 2 3
(0,35)| 3 2 1 (245)| 2 1 3
(045)| 4 1 1 (345)| 1 1 4

Table 2: Triangles Generatedfrom a Regular Hexagon

In the above table, there are twenty-four 1's, eighteen 2's, twelve 3's, and six 4's
that occuras(b a), (¢ b), or (a c+ n). Similar to the caseof the pentagon, we
can collect like terms in the sum

=

Ag =

A(a;b;c)
0 a<b<c 5

w o

to obtain the result
1 .2 .2 2 .3 2 . 4
m 24sm€ + 18sin 6 + 12sin 6 + 6sin 6
The generalequation for nding the expectedarea of a triangle formed by choosing
three vertices of a regular n-gon inscribed in a unit circle is given by
1 X
n
3

Ag =

A, = sin (b a)% +sin (c b)% +sin (a c+ n)% ;

2
wherethe sumis taken over all integersa;b;csuchthat 0 a< b<c (n 1). Inthe

next section, we will explore methods of simplifying this sum by collecting like terms
as above, and then applying trigonometric summation identities.
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3.2 Perimeter Examples

We now proceedto employ similar methods to compute the expected perimeter of
a triangle randomly generated from the vertices of a regular pentagon or hexagon
inscribed in a unit circle. As before, we usethese results to indicate the proper form
for the corresponding expressioninvolving a regular n-gon.

Let 4 (a;b;c) bede ned using vertices of a regular n-goninscribedin the unit circle
as above. Using basic trigonometry, it follows that the perimeter of 4 (a;b;c) is given
by h i

P(a;b;c) = 2 sin (b a)H + sin(c b)H + sin(n+ a c)H

Let R be aregular pentagon inscribed in a unit circle. The expected perimeter of
a triangle chosenby randomly choosing a subsetof three vertices of R is how given by

. 1 X

Ps = P(a;b;c):
S 0 a<b<c 4
3

Using Table 1 this can be simpli ed to give

- 2 _ .2 .3
= — — + — 4+ =
Ps 10 15sin 5 10sin 5 5sin =
Now let R be a regular hexagoninscribed in a unit circle. The expected perimeter
of a triangle chosenby randomly choosing a subsetof three vertices of R is now given
by X
P = P(a;b;c):
0 a<b<c 5

OOCD‘I—‘

Using Table 2 this can be simpli ed to give

- 2 . .2 .3 .4
Pg = 20 24sin s + 18sin 5 + 12sin 5 + 65sin 5
The general equation for nding the expected perimeter of a triangle formed by
choosing three vertices of a regular n-gon inscribed in a unit circle is given by

2 X h [
i — + Si — + Si +n)-— ;
sin (b a)n sin (c b)n sin (a ¢ n)n ;

Py =
n

3

where the sum is taken over all integersa;b;csuchthat 0 a< b<c (n 1). We
will simplify this expressionin the next section.

4 The Main Theorems

Theorem 4.1 LetR bearegular n-goninscribed in a unit circle. If a subsetconsisting
of three distinct vertices of R is chosenuniformly at random, then the exgected area of
the triangle formed is given by

Ap = 3n cot —:
"T 20 D 2)  n’




Pro of. From the precedingsection, it follows that
— 1 X 2 _ 2 _ 2
Ap = — sin (b a)F + sin (c b)F +sin (a c+ n)F ;
2 3
where the sum is taken over all integersa;b;csuchthat 0 a< b<c (n 1).
Foreahh k sudhthat 0 k n 2, let p(n; k) bede ned to bethe number of times
k occursas(b a),(c b), or(a c+ n)in the above sum, sothat

_ X 2 X 2
An = ;n p(n; k) sin ZE = 1n p(n; k) sin %:
k=1 k=0
2 3 2 3

In the last expression,we have addedthe k = 0term to the sum for easeof computation
later. It makesno di erence in the value of the sum, sincesin(0) = 0.

Claim: p(n;k)=n(n 1 k)foraln 3andl k (n 2).

Pro of of Claim: * Let n 3, and let k be an integer satisfying1 k (n 2).
We court the number of times that a di erence of sizek occursdue to a triple of the
form (0;b;c) (with 0< b< ¢ n 1), whereO is usedin the subtraction (that is,
k=b Oork=0 c+n). Therearen 1 ktriples ofthe form (0;k;c)andn 1 k
triples of the form (0;b;n k), and therefore a di erence of sizek occursin this way
2(n 1 k) times. By symmetry, forany j suchthat 1 j n 1, adierence of size
k occursfrom atriple in a subtraction involving j exactly 2(n 1 k) times. There are
n choicesfor j (counting j = 0), and2(n 1 K) dierences of sizek for ead j. This
processcourts ead di erence of sizek exactly twice (once for ead number involved
in the subtraction), and therefore, p(n; k) = n(n 1 k), asdesired.

From the claim, it follows that

_ 1 X2 2
Ap= —— nin 1 Kk)sin—: (4-1)
2 M 0 n
3
Equation (4-1) implies that
!
_ 1 X2 2 X2 2
An= ——— (n? n) sin=— n ksin—/— : (4-2)
o M k=0 n k=0 n
3
X 2 X 2
Let f (x) = cogkx) and g(x) = sin(kx). Euler's Formula givesthat
k=0 k=0

kX = coskx + i sinkx;

lWe are thankful to the refereefor providing this alternative to our original proof of the claim. This
proof is simpler and leads more naturally into the extensionsgivenin Section5.



wherei? = 1. It follows from the partial sum formula for a geometric seriesthat

2 X 2 _
fFx)+igx) = &=
k=0 k=0

1 ei(n 1)x
1 ex

Simplifying this right hand side, and comparing real and imaginary parts yields the
trigonometric summation identities

X 2
f(x) = cogkx) = 1 cos((n 2)+21)X?2 CO;OXS§X)+ cod(n_2)x) (4-3)
k=0
and % 2 _ _ _
g(x) = sin(kx) = sin(x) + sin((n 22));)cos(s>l<r)](((n 2)* 1)X): (4-4)
k=0
Also, by di erentiating, we obtain
X 2
(= " ksinog = & L Cot(n 219 _co s coxn 29
i (@-5)
Equation (4-2) implies that
An= —— (n g2 =n)+ Y2 =n) :

2 3

A tedious simpli cation using trigopnometric identities now yields

Ap = 3n cot —
" 20 D 2)  n

The question concerningperimeter can be answered by a similar process.

Theorem 4.2 Let R be a regular n-gon inscribed in a unit circle. If a subsetcon-
sisting of three distinct vertices of R is chosenuniformly at random, then the expected
perimeter of the triangle formed is given by

6(cscy + cot ) .
(n 1)

Pro of. As this proof is nearly identical to the proof of Theorem 4.1, we provide only
a sketch. From the precedingsection, we have

o 2 X h [
Pn = sin (b a)ﬁ + sin (c b)ﬁ +sin (a c+ n)ﬁ ;

P_n::

n
3

wherethe sumis taken over all integersa;b;csuchthat 0 a< b<c (n 1). Using
the Claim 1 from the proof of Theorem 4.1, we nd that

2 X2

— k

Py = nin 1 Kk)sin—
n n
3



Then by using the Euler's formula and the functions f (x) and g(x) asin the proof of
Theorem 4.1, we can simplify this expressionto the closedform as desired.

Now that we have derived closedform expressiondor the expectedareaand perime-
ter, we can determine the limit asn tends to in nit y and compare with the answers
for the problem on the unit circle from Section 2.

Theorem 4.3 Let A,, and P, be asin Theorems4.1 and 4.2. Then

o— 3 .= 12
nI!|1rn Ap = > and nI!|{n Phn= —:

Pro of. We rearrangeterms and apply L H"opital's rule.

im An = o lim o oom
ni " T 2n>1 (n 1)(n 2)
3 . n CoSs+ n
= — Ilim - - —
2n>1 (n 1)(n 2) sing n
3 . n2 CcOS-
= = lim n .
2n>1 (n 1(n 2) nsin -
3 1 3
= - 1= 1= —;:
2 2
— 6(csc- + cot -
im P, = Ilim (csc 7)
n!l n >1 n 1
: 6 1+ cos; n
= lim . - —
n>1n 1 sin = n
1+ cos-
- lm 6 n n .
n >1 n 1 nsin
2 2
= 6 —11=—

We nd that the limits of A, and P, correspond preciselywith the answers for the
problem on the circle found in Section 2.

5 Extensions

In this section, we study the e ects of increasingthe number of vertices chosen,thus
constructing randomly generatedpolygons basedon the vertices of a regular polygon
inscribed in a unit circle. The analysisis very similar to the caseof random triangles
detailed in the last section, and therefore, we will only sketch the main details here.
Further details and extensionsare left to the interested reader.

We useAn.m and P, to represen the expected area and perimeter, respectively,
of an m-gon generatedrandomly by (uniformly) choosing a subset of size m of the
vertices of a regular n-gon inscribed in a unit circle.

10



Theorem 5.1 Let R be a regular n-gon inscribed in a unit circle. Suppose that a
subsetconsisting of m vertices of R is chosenuniformly at random. Then the expected
area of the convex m-gon formed is given by

- 1 X X 2
Anm = — sin (&g +1 aj)F ;
2 j=1
m
whetre the rst sumis overall a;;:::;am With 0 a; < a» < <an (n 1), and

am+1 = ai. The expected perimeter of this m-gon is

2 X X

Phm =

sin (a a)—
n . (J+l J)n

i=1
m

The precedingresult shows, for example,that if a setof 4 verticesof a regular n-gon

inscribed in a unit circle is chosenuniformly at random, then the expected area and
perimeter of the quadrilateral formed are given by

X
Apa= 1n sin(b a)% + sin(c b)% + sin(d c)% +sinfa d+ n)% ;
2 4
and
Pn.a = - sin(b a)ﬁ + sin(c b)ﬁ + sin(d C)ﬁ +sinfa d+ n)ﬁ ;
4

wherethe sumis taken over all integersa;b;c;dsuchthat 0 a< b<c<d (n 1).

We can collect like terms in the summationsin Theorem 5.1 to prove the following
result. As in the caseof the triangle, the k = 0 term adds nothing to the sum since
sin(0) = 0; this term is included for easeof computation later.

Theorem 5.2 Let R be a regular n-gon inscribed in a unit circle. Suppse that a
subsetconsisting of m vertices of R is chosenuniformly at random. Then the expected
area of the convexm-gon formed is given by

S k1 2k
Anm = ——— m 2 sin —:
5 N K0 n
m

The expected perimeter of this m-gon is given by

oo "Xk Kk
Pom = m 2 sm?.
n k=0
m

11



Sketch of Pro of: We do not include a full proof of this theorem, sinceit is essehally
the sameasthe proof of the Claim in the proof of Theorem 4.1. The main di erence is

the appearanceof the coe cien t n ok 5 1 . This occursbecausefor eat relevant
k, there are now n ok 5 lists of integersof the form

O< k<< <Cch n 1
and : m K 5 1 lists of integersof the form

0<c< < <Ch 1<n k n L

We now sketch the details of a method of simplifying the above summations to
closedform. Sincethe methods for An, and P, are nearly identical, we will focus
simply on A,., and leave the analogousresults concerning P,., for the interested
reader.

From Euler's formula and Theorem 5.2, we seethat A,., = Im g(n; m), where

"o+t n k 1

n . i
gn;my= ——— k. with = g2 =n
n m 2
2 k=0
m
We note that
' n Xn+l n Xn+l #
( 1) (nm) _ n n k 1 K+1 k 1 Kk
gin.m)- = n m 2 m 2
2 k=0 k=0
m mn
n +2 n +1 #
_ n xn n k K xn k 1 K
- n m 2 m 2
2 k=1 k=0
m mn !
_ n "Xtz n k n k 1 K n
- n m 2 m 2 m
2 k=0
m mn 2 I #
+
_ n e n k 1 K n
- n m 3 m 2
2 k=0
m
_ n 2 n . n
- n nom 1 9mm 1 m 2
2
m
m nm(m 1)

- m ginim 1) 20 m+2)(n m+ 1):

S
+
[EEN

This implies that

m , n(m 1)
 Dn m+p M Y ooy

g(n;m) =

12



Recall that = @™ = coq2 =n) + isin(2 =n). It follows that 1=

coq2 =n) isin(2 =n). We can make the denominator of the expressionfor g(n; m)

real by multiplying numerator and denominator by ( 1), resulting in

g(n;m) = G mT(l)(zl) ) g(n;m 1) %
Substituting in for and computing real and imaginary parts yields
gn:m) = m4(:1 ::Si; s:nszir;ZT gmm D 2(:(mm Pz)
= %(1+ icotﬁ) A 1 g(n;m 1) %
= 2(n—rrrn1+1) 1+ icotﬁ Reg(nym 1)+ ilmg(n;m 1) 2(:(m
= 2(n—:rn1+1) Reg(n;m 1) % Img(n; m l)cotﬁ
+i Img(n;m 1)+ Reg(n;m 1)cotﬁ %cotﬁ

Recall that the A is equal to the imaginary part of g(n; m). Therefore,

ni(m 1)
20 m+ 2) n

m
Apm = m Img(n;m 1)+ Reg(n;m 1)cotﬁ

cot —

1)
m+ 2)

Write g(n; m) = an, + iby, and note that a,, and b, are both functions of n and

that Apm = by. Let ap = bp = 0. The above computations imply the recurrence

am = a4 bn 1cot—+ _nm_1_
m T 2n m+1 Mt Y h 20 m+2)
m nim 1)
= ————— a cot — + —————~—_cot—
Bn 20 m+1) ™1y B 2 20 m+2) n
In vector form, this recurrencebecomes
am _ m 1 cot am 1 nim 1) 1
= @@ + > @7
bm 20 m+ 1) cot = 1 bm 1 20 m+2) cot:
with initial condition
az _ 0
bhb =~ O

Using this recurrence,one can compute by = Apm .
The vector recurrencecan also be solved using diagonalization of the matrix M

Locotg e eigervaluesof M areicot— 1and icot- 1 andthe
cot 1 n n
respective eigervectors are Il and 1i . This can be usedto show that
X 2 - _ i
n i cot 1
bn = m m r]1 ] 5
2 : j=1
m



m b
3ncot -
3 n
20 (n 2
3ncot -
4 n
(n D(n 2
Bncot-(2n?2  12n+ 19 3cot?-)
5 n n
2n D(n 2)(n 3)(n 4)
15ncot—(n®> 5n+ 7 3cot?-)
6 n n
20 D(n 2)(n 3)(n 4
7 | 2incot =(2n* 30n3+160n? 10n%cot? ~+90ncot? - 360n 230cot? —+303+15 cot* )
4n 1)(n 2)(n 3)(n 4)(n 5)(n 6)
3 7ncot ~(2n* 28n% 15n%cot? —+139n2+105n cot? - 287n 240cot® -+219+45 cot* )
(n 1)(n 2)(n 3)(n 4)(n 5)(n 6)

Table 3: Expected Area An.m

We may simplify this further to yield

2 n J 3
m 3 jtl 1
o ecgx2 (D m 1 2+1 -
An;m = > (cot H) :
o N =0 j=21+1
m

The above methods may be applied directly to compute Pp.,,. This is left to the
reader. The interested reader may also like to pursue the generalizationto the circle
problem from Section 2 for m > 3, and its relationship to the results given here.
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