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©S¬¥¾$©S­¯­W«�¸Y¬¥¸Y«�±�©[­¯ª

ei1ei2 . . . eikÍ
i1 < i2 < . . . < ik

ÏqÅ]Ä�±µ³�£�«.º¥­µ³�±¯·5­¯±¯¹�©[³�±¶¸Y¬v±¶¬¥¾¥º¥¹e¤�¾�°�´
eiej = −ejei

ÀQÓ-¬¥¤
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V
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K(X)
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{x1, x2, . . .}
Íi±~À�¤[À¶ÅM³�£¥¤�©S­¯®S¤�°¥¨�©�¸SÃ9·4¸Y­¶´M¬¥¸S«§±¯©S­¯ª
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±¯¬�³�£¥¤�¬¥¸Y¬¥¹e¸Y«§«$º5³�±¶¬¥® Æ ©S¨�±¯©S°¥­¶¤�ª x1, x2, . . .

ÏqÀ���·4¸Y­µ´N¬5¸Y«§±¯©S­
f ∈ K(X)

±¶ª
¹k©S­¶­¯¤e¾á©%·J¸Y­µ´M¬¥¸Y«�±�©S­G±¶¾¥¤�¬W³�±¶³Î´�ÃC¸Y¨�©S¬ ©S­¶®Y¤�°5¨�©

A
±¶Ã

f Æ ©S¬5±¯ª�£5¤�ª�Ä�£5¤�¬¥¤ Æ ¤�¨
¤ Æ ©S­¶º]©[³�¤e¾á¸Y¬

A
À! ]¸Y¨�¤q²5©S«�·¥­¶¤SÅ7±µÃ

A
±¯ª�¹e¸Y«§«$º5³g©[³�± Æ ¤SÅ9³�£¥¤e¬ f(x1, x2) =

[x1, x2] = x1x2 − x2x1

±¯ª�© ·J¸S­¶´M¬¥¸Y«�±�©S­�±¶¾¥¤�¬W³�±µ³Î´ ÃC¸Y¨
A
À"��¬ ±¶¾¥¤k©S­�¸SÃ

K(X)
±¯ªÇ¹k©[­¯­¯¤e¾E©

T
»a±¯¾¥¤�©S­9±¶Ã�±µ³�±¶ª�±¶¬ Æ ©S¨p±�©S¬W³�º¥¬¥¾¥¤e¨�©S­¶­)¤e¬¥¾¥¸Y«�¸Y¨p·¥£¥±¯ªp«§ªÇ¸SÃ

K(X)
Å<¸Y¨�Å<¤�#Mº5± Æ ©S­¯¤e¬W³�­¶´SÅ<±¶ÃN±¶³*±¶ª ³�£¥¤?±¯¾5¤k©S­Y¸[Ã5·4¸Y­¶´M¬¥¸S«§±¯©S­[±¶¾¥¤�¬W³�±¶³�±¶¤�ª�ÃC¸S¨*ª�¸Y«�¤

©S­¯®S¤�°¥¨�©
A
À�Ó-¬¥¤�¸SÃ9³�£¥¤�¨�¤eª�º¥­µ³�ª�±¯¬%$'&)(*ªU³g©[³�¤�ª�³�£]©[³�³�£¥¤�±¯¾¥¤�©S­�¸[Ã2·4¸Y­µ´N¬5¸Y«§±¯©S­

±¯¾¥¤e¬W³�±¶³�±¯¤eª�¸SÃ�³�£¥¤�¦�¨�©Sªpª�«§©S¬¥¬ ©[­¯®Y¤e°¥¨�©%±¯ª$®S¤�¬¥¤e¨�©[³�¤�¾�©Sª�©
T
»a±¯¾¥¤�©S­?°W´½³�£¥¤

·J¸S­¶´M¬¥¸Y«�±�©S­
[[x1, x2], x3]

À
��¬#±¯«�·4¸Y¨p³�©S¬W³-¬�º¥«�¤�¨�±¶¹k©S­2±¯¬ Æ ©S¨�±¯©S¬W³-¸SÃQ© T

»Î±¶¾¥¤k©S­
I
±¶ª-±¶³�ª-¹�¸M¾¥±¯«�¤�¬5ª�±¯¸S¬

ª�¤�#Mº5¤�¬¥¹e¤
{cn(I)}

À Ò*¤e³
Pn

°J¤#³�£5¤
K
» Æ ¤�¹q³�¸Y¨%ª�·¥©S¹�¤½¸SÃ
©S­¶­-«.º¥­µ³�±¯­¶±¯¬¥¤�©S¨

·J¸S­¶´M¬¥¸Y«�±�©S­¶ª?¸SÃ9¾¥¤�®S¨�¤�¤
n
±¯¬v³�£¥¤ Æ ©S¨�±¯©S°¥­¯¤eª x1, . . . xn

À�¢�£¥¤e¬
dim(Pn) = n!*Â£¥¤�¬�³�£¥¤�ª�·]©[¹�¤

Pn

±¯ª�©[¹e³�¤e¾
¸Y¬�°W´$³�£5¤�ªp´M«§«�¤e³�¨�±¶¹Q®Y¨p¸Yº¥·�°W´.·4¤�¨p«.º5³g©@³�±¯¸S¬
¸SÃ Æ ©S¨p±�©S°¥­¶¤�ªeÅ Pn ∩ I

±¶ªQ©"ª�º¥°5«§¸M¾¥º¥­¶¤�©[¬¥¾
Pn/(Pn ∩ I)

©+#�º¥¸S³�±¯¤e¬�³L«�¸N¾¥º5­¯¤SÀ
¢�£¥¤�¹�¸M¾¥±¯«�¤�¬5ª�±¯¸S¬�ª�¤�#�º¥¤e¬¥¹�¤�¸SÃ

I
±¯ª�³�£¥¤�¬%¾¥¤e×¥¬¥¤�¾�°�´

cn(I) = dim(Pn/(Pn ∩ I))
À

 ]¸Y¨7ÃCº¥¨U³�£¥¤e¨�¾¥¤e³�©S±¯­¶ª�©S°4¸Yº5³�³�£5¤�ª�¤�¹e¸Y¬¥ªp³�¨�º¥¹q³�±¶¸Y¬¥ª�ÅWÄL¤�¨�¤eÃC¤e¨G³�£¥¤�¨p¤k©S¾¥¤e¨G³�¸,$.-�(�À
Ò*¤e³

I
°4¤
³�£¥¤

T
»Î±¯¾5¤k©S­G¸[Ã�·4¸Y­¶´M¬¥¸Y«�±�©[­2±¶¾¥¤�¬W³�±µ³�±¶¤�ª�¸SÃ�³�£¥¤v¦�¨�©Sªpª�«§©S¬¥¬I©S­µ»

®Y¤�°5¨�©5ÅL©S¬¥¾ ­¯¤q³
{cn(I)}

°4¤%±µ³�ª�¹e¸N¾¥±¶«§¤e¬¥ª�±¶¸Y¬�ª�¤�#Mº5¤�¬¥¹e¤SÀÕÐ�¨�©[ÔS¸�Ä�ª�Ô�±�©S¬¥¾
/Ç¤e®Y¤ Æ º5ª�¤�¾§³�£¥¤e±¯¨�©S°4¸ Æ ¤�¨p¤�ª�º5­¶³�³�¸"¸Y°5³g©[±¯¬
³�£¥¤Çº¥·¥·4¤�¨�°J¸Sº¥¬¥¾ cn(I) ≤ 2n−1 À
0L´E×]¬5¾¥±¯¬¥®�­¶¸<ÄL¤�¨�°4¸Yº¥¬¥¾5ª�ÃC¸S¨-³�£¥¤
¨�©[¬¥Ô�ª"¸[Ã�ª�·4¤�¹e±¶×]¹
«§©[³�¨p±¯¹e¤�ª�Å ³�£¥¤e´æÄQ¤e¨�¤
©S­¯ªp¸�©S°5­¯¤�³�¸�·¥¨p¸ Æ ¤$³�£¥©[³ cn(I) ≥ 2n−1 ÅJ³�£�º¥ª�ª�£¥¸�Ä�±¯¬5®�³�£]©[³ cn(I) = 2n−1 À
*á¤$±¯¬W³�¨p¸N¾¥º5¹�¤$³�£¥¤�ªp¤�«§©[³�¨�±¯¹e¤�ª�º¥ª�¤e¾I°W´EÐ�¨�©SÔS¸�Ä�ªpÔM±?©[¬¥¾%/Ç¤e®Y¤ Æ ©S¬¥¾�¹e¸Y«
»
·¥º5³�¤�³�£5¤�±¯¨�¨�©[¬¥Ô�ª�Å�³�£�º¥ª�¾5¤e³�¤e¨�«�±¯¬¥±¶¬¥®#³�£¥¤�¹�¸M¾¥±¯«�¤�¬¥ªp±¯¸Y¬ ª�¤�#�º¥¤�¬¥¹e¤�¸SÃ-³�£¥¤
¦�¨�©Sª�ªp«v©[¬¥¬á©[­¯®Y¤e°¥¨�©�Ä�±¶³�£¥¸Yº5³�º¥ª�±¶¬¥®�³�£¥¤§©S°J¸ Æ ¤v¨�¤eª�º¥­µ³.©[°J¸YºN³�·4¸Y­µ´N¬5¸Y«§±¯©S­
±¯¾¥¤e¬W³�±¶³�±¯¤eª�À

-YÀ21���3�4M 65� ¡��72�9 63�8
Ò*¤e³

Sn

°4¤�³�£¥¤.ªp´M«�«§¤q³�¨p±¯¹"®Y¨�¸Yº5·æ¸Y¬æ³�£¥¤$ªp¤e³
{1, 2, . . . , n}

ÀÇ¢�£¥¤$±¶«v©[®Y¤
¸SÃ�©§·4¤�¨p«.º5³�©[³�±¶¸Y¬

σ ∈ Sn

±¯ªÇ³�£¥¤�¸Y¨�¾5¤�¨�¤e¾�ª�¤q³
(σ(1), σ(2), . . . , σ(n))

À9 ]¸Y¨
σ, τ ∈ Sn

Å
τ ◦ σ

«§¤�©S¬¥ªÇ³�£¥¤.·4¤�¨p«.º5³�©[³�±¶¸Y¬E®Y± Æ ¤�¬�°W´%×]¨�ªU³�©S·¥·5­¶´M±¯¬¥®
σ
©S¬¥¾

³�£¥¤e¬ ©S·¥·¥­µ´N±¶¬¥®
τ
À:*½¤�Ä�±¯­¯­�º¥ªp¤�³�£¥¤�¬¥¸S³�©[³�±¶¸Y¬

(i1, . . . , in)
³�¸�¾¥¤�¬5¸S³�¤�³�£¥¤

·J¤e¨�«.ºN³g©[³�±¯¸Y¬ ( 1 . . . n
i1 . . . in

) Å*±�À�¤SÀµÅ�ÄL¤
Ä�¨p±¶³�¤.¸Y¬¥­µ´�³�£¥¤�±¯«§©S®Y¤"¸SÃ?³�£¥¤�¤e­¯¤c»
«§¤e¬W³�ª�º¥¬¥¾5¤�¨-³�£5¤.·J¤e¨�«.ºN³g©[³�±¯¸Y¬ À; ]¸Y¨�©S¬W´E·4¤�¨�«$º5³g©[³�±¯¸Y¬

σ
Å ¾¥¤q×]¬¥¤

s(σ)
³�¸

°J¤"³�£¥¤$ª�±¯®S¬æ¸SÃ
σ < 1

±¶Ã
σ
±¯ª-©[¬E¤ Æ ¤�¬�·4¤�¨�«$º5³g©[³�±¯¸Y¬æ©S¬¥¾

−1
±µÃ

σ
±¶ª-©S¬E¸M¾¥¾

·J¤e¨�«.ºN³g©[³�±¯¸Y¬ ÀGÓ-¬¥¤�ª�±¶«§·¥­¶¤ÇÄQ©k´�³�¸�¹e¸Y«�·¥º5³�¤�³�£¥¤-ªp±¯®Y¬�¸[Ã7©�·J¤e¨�«.º5³�©[³�±¶¸Y¬�±¶ª
³�¸
¹�¸Sº¥¬W³�³�£¥¤�¬Mº5«.°J¤e¨�¸SÃ7±¶¬ Æ ¤�¨pª�±¶¸Y¬¥ª�Å]±~À�¤[À¶Å]·¥©S±¯¨pª�³�£]©[³Ç©[·¥·J¤�©S¨�¸Yº5³�¸SÃ2¸Y¨p¾¥¤�¨eÅ
Ä�±¶³�£ ©#ª�«§©S­¯­¶¤�¨�¬�º¥«.°4¤�¨§©[Ã¡³�¤�¨�©I­¯©S¨�®S¤�¨�¬�º¥«.°4¤�¨eÀ¿ÁaÃ

σ
£]©Sª

p
±¶¬ Æ ¤�¨pª�±¶¸Y¬¥ª

³�£¥¤e¬
s(σ) = (−1)p

À�ÁÎ¬¿³�£¥¤�·4¤�¨p«.º5³�©[³�±¶¸Y¬
(3, 2, 5, 1, 4)

ÅL³�£¥¤e¨�¤#©S¨p¤�× Æ ¤
±¯¬ Æ ¤e¨�ªp±¯¸Y¬¥ª <

(3, 2), (3, 1), (2, 1), (5, 1), (5, 4)
À

¢�£�º¥ª
s((3, 2, 5, 1, 4)) = (−1)5 = −1

À
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¦�± Æ ¤e¬�©�ª�º5°¥ª�¤q³ Ω ⊆ {1, 2, . . . , n}

Å[ÄL¤�¾¥¤e×¥¬¥¤
σΩ

³�¸�°J¤Q³�£¥¤�·4¤�¨p«.º5³g©@³�±¯¸S¬
¸SÃ

Ω
±¯¬¥¾¥º5¹�¤�¾æ°�´�³�£¥±¯ªÇ¸Y¨p¾¥¤�¨p±¯¬¥®�¸SÃ

{1, 2, . . . , n}
ÀQÁÎ¬æ¸S³�£¥¤�¨�ÄQ¸S¨�¾¥ªeÅ

σΩ

±¯ª
σÄ�±¶³�£%¤e­¯¤e«§¤e¬�³�ª�¬¥¸S³�±¯¬

Ω
¾¥¤�­¶¤e³�¤e¾ À  ]¸Y¨�¤q²5©S«�·¥­¯¤[Å

(3, 2, 5, 1, 4){2,4,5} = (2, 5, 4).
��¸�Ä ­¶¤e³

σ = (i1, . . . , im−1, im, im+1, . . . , in)
À���«.°4¤�¾5¾¥±¯¬¥®

Sn

±¶¬W³�¸
Sn+1

Å
ÄQ¤"¾¥¤q×]¬¥¤

(σ, n + 1) = (i1, . . . , in, n + 1) ∈ Sn+1

À
*á¤"©S­¶ª�¸�¾¥¤q×]¬¥¤

σ − im = (i1, . . . , im−1, im+1, . . . , in) ∈ SΩ,
Ä�£¥¤�¨p¤

Ω = {1, . . . , n}\{im}
ÅL³�£�º¥ª§·5¨�¸��p¤e¹e³�±¶¬¥®#ÃC¨�¸Y«

Sn

³�¸
SΩ

À ÁÎ¬ ¸Yº5¨
¬¥¸S³�©[³�±¶¸Y¬ Å

σ − k
±¶ª

σ
Ä�±µ³�£

k
¾¥¤�­¶¤e³�¤e¾ À
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s(σΩ) UÁa³$±¶ª�ª�£¥¸�Ä�¬ ±¯¬½Ò*¤�«�«v©
VNÀ -v¸SÃ $ & (L³�£]©[³�±¶Ã
{cn(I)}

±¯ª�³�£¥¤�¹�¸M¾¥±¶«§¤e¬¥ª�±¶¸Y¬
ª�¤�#Mº5¤�¬¥¹e¤§¸SÃ�³�£¥¤

T
»Î±¶¾¥¤k©S­)¸SÃ?·4¸Y­¶´M¬¥¸S«§±¯©S­9±¯¾¥¤e¬�³�±¶³�±¯¤�ª�¸SÃ�³�£5¤�¦�¨�©Sª�ªp«v©S¬5¬�©S­µ»

®Y¤�°5¨�©5Å9³�£¥¤e¬
cn(I) = rank(Hn)

À§¢�£Mº5ª�ÅG±¶¬I¸S¨�¾¥¤e¨"³�¸�¹e¸Y«§·5º5³�¤�³�£5±¯ª�¹�¸M¾¥±µ»
«§¤e¬¥ª�±¶¸Y¬�ªp¤�#�º¥¤�¬5¹�¤

{cn(I)}
ÅMÄL¤�©S¨p¤�±¯¬W³�¤�¨�¤eªp³�¤�¾�±¯¬v×¥¬¥¾¥±¯¬5®$³�£¥¤�¨�©S¬¥Ô�¸SÃ

Hn

À
¢�£¥¤�¸Y°
�p¤e¹e³�¸SÃ2³�£¥±¯ª�·¥©S·J¤e¨�±¯ª�³�¸
·¥¨p¸ Æ ¤�³�£¥¤�ÃC¸Y­¶­¯¸�Ä�±¯¬¥® <�QWX��� Y��
Z[#�\ ;A- ) 14?�] 'EK Hn

5.>
2n−1 U¢�£¥¤�¨p¤%©S¨�¤�«§©S¬W´ «§©[³�¨p±¯¹e¤�ª.Ä�£¥±¶¹g£ ª�©[³�±¶ªpÃ¡´½³�£¥¤�¾¥¤q×]¬¥±¶³�±¯¸Y¬ ¸[Ã

Hn

Å�ªp±¯¬¥¹e¤
³�£¥¤e¨�¤$©S¨�¤�«v©S¬W´�ÄQ©k´Nª�³�¸�©[ª�ª�¸M¹�±¯©[³�¤"³�£¥¤�ª�º¥°5ª�¤e³�ª-¸SÃ

{1, 2, . . . , n}
Ä�±µ³�£%³�£¥¤

¨�¸�Ä�ª�¸SÃL©
2n × n!

«§©[³�¨p±µ²æ©S¬¥¾#«§©S¬W´�ÄQ©k´Mª�³�¸�©Sª�ªp¸N¹e±�©[³�¤.³�£¥¤$¤�­¯¤e«§¤e¬W³�ª�¸SÃ
Sn

Ä�±¶³�£ ³�£¥¤�¹e¸Y­¯º5«§¬¥ª$¸SÃ�©
2n × n!

«§©[³�¨p±µ²JÀ_^�¸�ÄL¤ Æ ¤e¨�Å�ÄQ¤%©S¨p¤�¸Y¬¥­¶´½±¯¬M»
³�¤e¨�¤�ªU³�¤e¾½±¶¬�¹�¸Y«�·¥º5³�±¯¬¥®v³�£¥¤�¨�©[¬¥Ôæ¸SÃ?³�£¥¤�ªp¤�«§©[³�¨�±¯¹e¤�ªeÅ ª�¸Y«�¤e³�£¥±¯¬5®vÄ�£¥±¯¹g£#±¶ª
±¯¬¥¾5¤�·4¤�¬¥¾¥¤e¬W³.¸SÃ�³�£¥¤
Ä�©k´#ÄQ¤v©Sª�ªp¸N¹e±�©[³�¤§ªpº¥°¥ªp¤e³�ª.©S¬¥¾á¤e­¯¤e«§¤e¬�³�ª"Ä�±µ³�£½¨�¸�Ä�ª
©S¬¥¾I¹�¸Y­¶º¥«�¬¥ª�À3��¤ Æ ¤e¨p³�£5¤�­¯¤eª�ªeÅG±¶³�±¶ª�º¥ª�¤qÃCº¥­�³�¸�×5²I¹�¤e¨p³g©[±¯¬#ª�·4¤�¹e±¶×]¹§©Sª�ªp¸N¹e±�©@»
³�±¶¸Y¬¥ª�Ä�£¥¤e¬E©[³p³�¤�«�·5³�±¯¬¥®$³�¸§¹e¸Y«�·¥º5³�¤-³�£¥±¯ª�¨�©S¬¥ÔÌÀ
*á¤�Ä�±¶­¯­�¾5¤�¬¥¸S³�¤�³�£¥¤�«§©[³�¨p±µ²�¨p¤�ªpº¥­¶³�±¯¬¥®.ÃC¨p¸Y« ©�ª�·4¤�¹e±¶×]¹�ª�º5¹g£E©Sªpª�¸M¹�±�©@³�±¯¸S¬

°W´
H

(n)
n

À ¢�£5¤�¸Y¨p¾¥¤�¨p±¯¬¥®#¸SÃ�³�£¥¤�¨p¸<Ä�ª§©S¬¥¾ ¹�¸S­¯º¥«�¬¥ª�¸SÃ
H

(n)
n

±¶ª�°5º¥±¯­µ³�±¯¬N»
¾¥º¥¹q³�± Æ ¤�­µ´áÃC¨�¸S« ³�£¥¤�¸Y¨�¾5¤�¨�±¶¬¥®E¸SÃ�³�£¥¤�¨�¸�Ä�ª
©S¬¥¾ ¹e¸Y­¯º5«§¬¥ª$¸SÃ

H
(n−1)
n−1

À *½¤
¸Y¨�¾5¤�¨Q³�£¥¤�¨�¸�Ä�ª�¸SÃ

H
(n)
n

°W´�¤�¬�º¥«�¤�¨�©[³�±¶¬¥®.³�£5¤�×]¨�ªU³
2n−1 ¨p¸�Ä�ª�°�´§³�£¥¤�ª�©S«�¤

ª�º¥°5ª�¤e³�ª$±¶¬#³�£¥¤�ª�©S«�¤
¸Y¨�¾¥¤e¨"©Sª�ÃC¸Y¨�³�£¥¤
¨�¸�Ä�ª"¸SÃ
H

(n−1)
n−1

©S¬¥¾I¤�¬�º¥«�¤�¨�©[³�±¶¬¥®
³�£¥¤�­¯©Sªp³

2n−1 ¨�¸�Ä�ª�Ä�±¶³�£�³�£5¤�ª�¤�ª�©S«§¤�ªpº¥°¥ª�¤q³�ªÇ±¯¬�³�£5¤"ª�©S«�¤�¸Y¨�¾¥¤e¨�Ä�±¶³�£�³�£¥¤
¤�­¶¤�«�¤�¬W³

n
©S¾¥¾¥¤e¾ À

¢�£¥¤�¹e¸Y­¯º¥«�¬¥ª2©S¨�¤L¸Y¨�¾5¤�¨�¤e¾�±¯¬¥¾5º¥¹e³�± Æ ¤e­¶´�©Sª)ÄQ¤e­¯­�Å[ª�º¥¹g£.³�£]©[³2³�£¥¤ ith
ª�¤�¹q³�±¶¸Y¬

¸SÃ
(n − 1)!

·4¤�¨p«.º5³g©@³�±¯¸S¬¥ª
Íi±~À�¤[À¶ÅJ³�£¥¸Yªp¤
­�©S°4¤�­¶±¯¬¥®�³�£¥¤
(i − 1)(n − 1)! + 1th

³�£¥¨p¸Yº¥®Y£
i(n− 1)!th

¹�¸Y­¶º¥«§¬5ªgÏG±¯¬
H

(n)
n

£]©Sª
n
±¶¬�³�£¥¤

(n− i+1)th
·4¸Yªp±¶³�±¶¸Y¬ Å

©S¬¥¾�³�£¥¤�¸S³�£¥¤�¨
n − 1

¤e­¯¤e«§¤e¬�³�ª
¸Y¨�¾¥¤e¨�¤e¾¿©Sª
±¯¬ ³�£¥¤
(n − 1)!

¹e¸Y­¯º5«§¬¥ª�¸[Ã
H

(n−1)
n−1

À  ]¸Y¨L¤c²5©S«§·5­¯¤SÅ�³�£5¤�·4¤�¨�«$º5³g©[³�±¯¸Y¬5ªL¸SÃ�ÃC¸Yº¥¨�¤�­¯¤e«§¤e¬W³�ª�©[¨�¤�¸S¨�¾¥¤e¨�¤�¾�©Sª
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(1, 2, 3, 4), (2, 1, 3, 4), (1, 3, 2, 4), (2, 3, 1, 4), (3, 1, 2, 4), (3, 2, 1, 4),

(1, 2, 4, 3), (2, 1, 4, 3), (1, 3, 4, 2), (2, 3, 4, 1), (3, 1, 4, 2), (3, 2, 4, 1),

(1, 4, 2, 3), (2, 4, 1, 3), (1, 4, 3, 2), (2, 4, 3, 1), (3, 4, 1, 2), (3, 4, 2, 1),

(4, 1, 2, 3), (4, 2, 1, 3), (4, 1, 3, 2), (4, 2, 3, 1), (4, 3, 1, 2), (4, 3, 2, 1).
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








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,2
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(2
,1
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∅ 1 1
{1} 1 1
{2} 1 1
{1, 2} 1 −1


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




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




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(2
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)

(3
,1

,2
)

(3
,2

,1
)

∅ 1 1 1 1 1 1
{1} 1 1 1 1 1 1
{2} 1 1 1 1 1 1
{1, 2} 1 −1 1 −1 1 −1
{3} 1 1 1 1 1 1
{1, 3} 1 1 1 −1 −1 −1
{2, 3} 1 1 −1 1 −1 −1
{1, 2, 3} 1 −1 −1 1 1 −1































��������������� ��
�#�	 - F
-�� ? - Gn / ' 0 - 1 > @ 0 2314/ ) 576R'EK Hn /�;�14/:L ' ? >�5.> / > ' ?A+ H'EK /<; ' > -OL ' +N@C2O? > -�?A@
2D- ) 14/E-GF 0IH -��4-�?��A- ) 2O@
/ 14/ 5 ' ? > U��¸S³�¤�³�£]©[³
Gn

¹e¸Y¬¥ªp±¯ªp³�ª-¸SÃ�¤c²5©S¹e³�­¶´%³�£¥¸Yªp¤.¹�¸S­¯º¥«�¬¥ª�¸[Ã
Hn
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1
±¯¬�³�£¥¤
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À

VMÀ��4� 5 3�� 3�5 597�8
H
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£¥©Sª
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+ �
ZMZ�� !A#

H
(n)
n

5.> 'EK /�;A- K '�) 2
























H
(n−1)
n−1

. . .
H

(n−1)
n−1

H
(n−1)
n−1

H
(n−2)
n−2 A1 . . .

An−2

−H
(n−2)
n−2

























*



� ����� 

� �����6��� � ������� � � �!��� �����
	���������

����� ����	��
� ��� �

8 ;A- ) -Q/<;A- Ai 1 ) -T*&14/,/<;A- 2 ' 2D-�?A/<* @C? F
-�/P- ) 2 5 ? -GF 2n−1 × n(n − 2)! 2314B
/ ) 5 LT- > U
� )T' 'EK U ¢�£¥¤�×]¨�ªU³ 2n−1 ¨�¸�Ä�ª�¸[Ã

H
(n)
n

©S¨�¤�¤�¬�º¥«�¤�¨�©[³�¤e¾¿°W´¿©S­¶­�ª�º¥°5ª�¤e³�ª�¸SÃ
{1, . . . , n−1}

À���­¯ªp¸¥Å@°�´"¹e¸Y¬¥ªp³�¨�º¥¹q³�±¶¸Y¬ Å[³�£¥¤
ith

°¥­¶¸N¹gÔ�¸[Ã
(n−1)!

¹�¸S­¯º¥«�¬¥ª9±¯¬
H

(n)
n

¹�¸Y¬¥ªp±¯ªU³�ª�¸SÃ4©S­¶­N·4¤�¨p«.º5³�©[³�±¶¸Y¬¥ª7¸[Ã
{1, . . . , n}

Ä�±¶³�£
n
±¯¬$³�£¥¤

(n−i+1)th

·J¸Sª�±¶³�±¯¸Y¬�À*¢�£Mº5ª�Å[³�£¥¤�³�¸Y·"£]©S­µÃM¸SÃN³�£¥¤
ith

°¥­¯¸M¹gÔ-¸SÃ
(n−1)!

¹�¸Y­¶º¥«§¬5ª*±¯ª
H

(n−1)
n−1

Å
ª�¸
³�£¥¤�³�¸Y·�£]©S­¶Ã)¸SÃ

H
(n)
n

¹e¸Y¬¥ªp±¯ªp³�ª�¸[Ã
n
¹e¸Y·¥±¯¤eª�¸SÃ

H
(n−1)
n−1

À
ÁÎ¬.³�£¥¤Q°J¸S³p³�¸Y«�£]©[­¶ÃÌ¸SÃ

H
(n)
n

ÅS³�£¥¤Q×]¨pªp³?°¥­¶¸N¹gÔ�¸SÃ
(n−1)!

¹e¸Y­¯º5«§¬¥ª2¹�¸Y¬5ª�±¯ªU³�ª
¸SÃ7©S­¯­J·J¤e¨�«.º5³�©[³�±¶¸Y¬¥ª�¸[Ã

{1, . . . , n − 1}
Ä�±¶³�£

n
±¯¬�³�£¥¤�­�©SªU³�·4¸Yª�±µ³�±¯¸S¬ À��N±¶¬¥¹�¤

n
±¶ª�³�£¥¤æ­¯©S¨�®Y¤eªp³�¤�­¶¤�«�¤�¬W³�¸[Ã

{1, . . . , n}
Å�«§©S·¥·5±¯¬¥®I±¶³�³�¸½±¶³�ªp¤�­µÃ-¾¥¸M¤�ª§¬¥¸S³

¹�¨p¤k©[³�¤�©[¬�´ ©[¾¥¾¥±¶³�±¯¸Y¬¥©S­Q±¶¬ Æ ¤�¨pª�±¯¸S¬¥ª�À ¢�£¥±¯ª
«�¤k©S¬5ª
³�£]©[³�ÃC¸Y¨�©S­¶­
σ ∈ Sn−1

Å
s(σ) = s(σ, n)

À�¢�£�º¥ª�Å*³�£5¤�­¯¸�ÄQ¤e¨U»a­¯¤eÃ¡³-ª�º¥°¥«§©[³�¨�±µ²æ¸SÃ
H

(n)
n

±¯ª�³�£¥¤�ª�©S«§¤.©Sª
³�£¥¤�º¥·5·J¤e¨U»Î­¶¤eÃ¡³�ªpº¥°¥«§©[³�¨p±µ²JÀ
��¤c²N³�¹e¸Y¬¥ªp±¯¾¥¤e¨�³�£¥¤�ª�¤e¹e³�±¯¸Y¬#¸SÃ�³�£¥¤�«§©[³�¨�±µ²æ¤�¬�º¥«�¤�¨�©[³�¤e¾#°�´æ³�£¥¤
ª�º5°¥ª�¤q³�ª

¹�¸Y¬W³�©S±¯¬¥±¶¬¥®
n
°5º5³�¬¥¸S³

n−1
©S¬5¾
©S­¯­M·J¤e¨�«.ºN³g©[³�±¯¸Y¬¥ª2¸SÃÌ³�£¥¤�ÃC¸S¨�«

(σ, n, n−1)ÃC¸Y¨
σ ∈ Sn−2

À��M±¯¬¥¹e¤-³�£¥¤eª�¤�ª�º¥°5ª�¤e³�ª�¾5¸�¬5¸S³�¹�¸Y¬W³�©S±¯¬
n − 1

Å5ÄL¤"«§©k´�±¶®Y¬¥¸Y¨p¤
n − 1

±¶¬½³�£¥¤�ªp¤�·J¤e¨�«.ºN³g©[³�±¯¸Y¬¥ªeÅG©S¬5¾áª�±¶¬¥¹�¤
n
±¶ª�³�£5¤�¬á³�£¥¤v­¯©S¨�®Y¤eªp³�¤�­¶¤�«�¤�¬W³

©S¬¥¾�±¯¬�³�£¥¤�­�©SªU³�·J¸Sª�±¶³�±¯¸Y¬�¸[Ã2³�£¥¤�ªp¤"·4¤�¨p«.º5³�©[³�±¶¸Y¬¥ª�Å5±¶³�«§©k´�©S­¶ª�¸
°J¤�±¶®Y¬¥¸Y¨p¤�¾ À
¢�£¥±¯ª�°5­¯¸M¹gÔ$±¯ªG³�£¥¤�¨p¤eÃC¸Y¨p¤�¤�#�º¥± Æ ©S­¶¤�¬W³�³�¸"©�«§©[³�¨p±µ²�Ä�±¶³�£
¨p¸<Ä�ª?¤e¬Mº5«§¤e¨�©[³�¤�¾�°�´
©S­¯­4ª�º5°¥ª�¤q³�ª�¸SÃ

{1, . . . , n− 2}
©S¬¥¾�¹e¸Y­¯º¥«�¬¥ªL¤�¬�º¥«�¤�¨�©@³�¤�¾�°W´�·4¤�¨p«.º5³�©[³�±¶¸Y¬¥ª

¸SÃ
{1, . . . , n − 2}

Å5Ä�£¥±¶¹g£�±¶ª�·¥¨�¤e¹�±¶ª�¤�­µ´
H

(n−2)
n−2

À
¢�£¥¤�ªpº¥°¥«§©[³�¨p±µ²�°4¤�­¶¸<Ä ³�£¥±¶ª�ÅM±�À�¤SÀµÅM³�£¥¤�¸Y¬5¤�¾¥¤q×]¬¥¤�¾�°W´�³�£¥¤�ª�©S«�¤Ç¹�¸Y­¶º¥«§¬5ª

°¥º5³�Ä�±µ³�£�ª�º5°¥ª�¤q³�ª�¹�¸Y¬W³�©S±¯¬¥±¶¬¥®.°4¸S³�£
n
©[¬¥¾

n− 1
Å¥±¶ªQ³�£5¤�ª�©S«�¤-¤q²N¹e¤�·5³�³�£¥©[³

n − 1
±¯ª�©S¾¥¾5¤�¾#³�¸�¤ Æ ¤�¨p´#ªpº¥°¥ªp¤e³kÀ�ÁÎ¬I¤k©[¹g£½¸SÃ�³�£5¤�ª�¤
·4¤�¨p«.º5³g©@³�±¯¸S¬¥ª�Å

n − 1±¯ª�±¶¬ Æ ¤�¨U³�¤e¾�Ä�±µ³�£�¤c²¥©[¹e³�­µ´v¸S¬¥¤-¤�­¶¤�«�¤�¬W³kÅ5¬]©S«�¤�­¶´ n
Å¥ª�¸
©S¾5¾¥±¯¬¥®

n− 1
³�¸.³�£¥¤

ª�º¥°5ª�¤e³�ª�¹e¨�¤�©[³�¤eª�¤q²5©S¹e³�­¶´ ¸Y¬¥¤#©S¾¥¾5±¶³�±¶¸Y¬]©S­Ç±¯¬ Æ ¤�¨�ªp±¯¸Y¬�ÅÇÄ�£¥±¶¹g£ÂªpÄ�±¶³�¹g£¥¤�ª�³�£¥¤
ª�±¶®Y¬
¸SÃ�¤�©S¹g£v¤e¬W³�¨p´SÀG¢�£�º¥ª�ÅM³�£¥±¶ª�°¥­¯¸M¹gÔ$±¶ª

−H
(n−2)
n−2

À *½¤�£]© Æ ¤Çª�£¥¸�Ä�¬�³�£]©[³?±¶¬
³�£¥¤�°J¸S³p³�¸Y« £]©S­µÃ*¸SÃ

H
(n)
n

Å5³�£¥¤�×]¨pªp³
(n− 1)!

¹e¸Y­¯º5«§¬¥ª�©S¨�¤�©[¬
H

(n−1)
n−1

°¥­¶¸N¹gÔ
©S¬¥¾
³�£¥¤Ç¬¥¤c²N³

(n−2)!
¹�¸Y­¶º¥«�¬¥ª?©S¨�¤Ç©�°¥­¯¸M¹gÔ�¸SÃ

H
(n−2)
n−2

©S¬¥¾
−H

(n−2)
n−2

ÀG¢�£¥±¶ª
­¯¤�© Æ ¤�ª

n! − (n − 1)! − (n − 2)! = (n − 1)(n − 1)! − (n − 2)!

= ((n − 1)2 − 1)(n − 2)!

= (n2 − 2n)(n − 2)!

= (n − 2)(n(n − 2)!)
¹�¸Y­¶º¥«�¬¥ª9¨�¤�«§©S±¶¬¥±¯¬¥®�±¶¬"³�£¥¤Q°4¸S³�³�¸Y« £]©[­¶Ã�Å<Ä�£¥±¯¹g£$©S¨�¤�×]­¯­¶¤�¾�°W´

n−2
«v©@³�¨�±¶¹�¤eª

¸SÃ2ª�±¯Èe¤
2n−1 × n(n − 2)!

À
�

¢�£¥¤�¨�¸�Ä�ª
¸SÃ
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©S¨p¤�¤�¬�º¥«�¤�¨�©[³�¤e¾¼°W´�©S­¶­Qªpº¥°¥ª�¤q³�ª�¸SÃ
{1, . . . , n}

Ä�£¥±¯¹g£
¹�¸Y¬W³�©S±¯¬

n
À2*½¤$«§©�´ Æ ±¯¤qÄ�³�£¥¤.¹e¸Y­¯º5«§¬¥ªÇ¸SÃ

H
(n)
n

©Sª
n
ª�¤e¹e³�±¶¸Y¬¥ª�¸SÃ?·J¤e¨�«.ºM»

³g©[³�±¯¸Y¬5ªL¤�©S¹g£�Ä�±¶³�£
n− 1

ª�º¥°5ª�¤�¹q³�±¶¸Y¬¥ª�Å5ª�º¥¹g£�³�£¥©[³Q³�£¥¤
ith

ª�º5°¥ª�¤e¹e³�±¶¸Y¬�¸SÃ*³�£¥¤
jth

ªp¤�¹e³�±¯¸Y¬ ¹e¸Y¬¥ªp±¯ªp³�ª
¸SÃ�©S­¯­
(n − 2)!

·4¤�¨�«$º5³g©[³�±¯¸Y¬5ª
σ
Ä�±¶³�£

n − 1
±¶¬ ³�£¥¤

(n− i)th
·4¸Yª�±µ³�±¶¸Y¬v¸SÃ

σ − n
©S¬¥¾

n
±¯¬v³�£¥¤

(n− j + 1)th
·4¸Yª�±µ³�±¶¸Y¬v¸SÃ

σ
À  ]¸Y¨



� �������	��

���������������������������������
¤q²5©S«�·¥­¯¤[ÅM³�£¥¤�ªp¤�¹e¸Y¬¥¾�ªpº¥°¥ª�¤e¹e³�±¯¸Y¬�¸SÃ�³�£¥¤�ª�¤�¹e¸Y¬¥¾�ªp¤�¹e³�±¯¸Y¬§¸SÃ ³�£¥¤�¹e¸Y­¯º¥«�¬¥ª�¸SÃ
H

(4)
4

¹�¸S¬¥ª�±¶ªp³�ª�¸[ÃQ©[­¯­7·4¤�¨p«.º5³�©[³�±¶¸Y¬¥ª
σ
¸[Ã

{1, 2, 3, 4}
ª�º¥¹g£#³�£]©@³

3
±¯ª-±¶¬æ³�£5¤

ª�¤e¹�¸Y¬¥¾§·J¸Sª�±¶³�±¯¸Y¬�¸[Ã
σ−4

©S¬¥¾
4
±¯ª�±¶¬�³�£¥¤�³�£5±¯¨�¾
·4¸Yª�±µ³�±¶¸Y¬�¸SÃ

σ
À7ÁÎ¬
³�£¥±¶ª?¹k©Sªp¤SÅ

³�£¥¤e¨�¤"©S¨p¤�³ÎÄL¸�ª�º¥¹g£�·J¤e¨�«.º5³�©[³�±¶¸Y¬¥ª < (1, 3, 4, 2)
©[¬¥¾

(2, 3, 4, 1)
À

ÁÎ¬$³�£5±¯ª9Ä�©k´"ÄQ¤�ªp¤�¤Q³�£]©[³2³�£¥¤�×]¨�ªU³
(n−2)!

¹e¸Y­¯º¥«�¬¥ª)¸SÃ
Ai

©S¨�¤�³�£¥¤
(i+1)th

ª�º¥°5ª�¤�¹q³�±¶¸Y¬.¸SÃ¥³�£¥¤
(i+1)th

ª�¤�¹q³�±¶¸Y¬ À7¢�£5¤�¨�¤qÃC¸Y¨�¤L±¯¬"³�£¥¤�×]¨�ªU³
(n−2)!

¹�¸S­¯º¥«�¬¥ª
¸SÃ

Ai

Å
n − 1

©[¬¥¾
n
©S¨p¤"¬5¤q²M³�³�¸§¤�©S¹g£æ¸S³�£¥¤�¨Ç±¯¬�³�£5¤

(n − i − 1)th
·J¸Sª�±¶³�±¯¸Y¬

©S¬¥¾
(n − i)th

·4¸Yªp±¶³�±¶¸Y¬ ÅM¨�¤eª�·4¤�¹e³�± Æ ¤�­¶´SÀ
��ª?©S¬
¤c²¥©[«§·¥­¶¤SÅY³�£¥¤�¨�¤�©S¾¥¤�¨�«§©k´ Æ ±¯¤qÄ ³�£¥¤�¸Y¨�¾5¤�¨�¤e¾§­¶±¯ªU³G¸SÃJ·J¤e¨�«.ºN³g©[³�±¯¸Y¬¥ª

¸SÃ
{1, 2, 3, 4},

®Y± Æ ¤e¬½¤�©S¨�­¶±¯¤�¨-©Sª &%ªp¤�¹q³�±¯¸S¬¥ª�¤k©S¹g£IÄ�±¶³�£���ª�º5°¥ª�¤e¹e³�±¶¸Y¬¥ªeÅG©S¬¥¾
ª�¤e¤$³�£]©@³�¤k©S¹g£�ªpº¥°¥ªp¤�¹e³�±¯¸Y¬�£¥©Sª

(4 − 2)! = 2
·4¤�¨p«.º5³�©[³�±¶¸Y¬¥ª�À��Q¸Y¬¥ªp±¯¾¥¤e¨�³�£¥¤

ª�¤e¹�¸Y¬¥¾�ªpº¥°¥ª�¤e¹e³�±¯¸Y¬�¸SÃ*³�£¥¤-ªp¤�¹�¸S¬¥¾�ª�¤�¹q³�±¶¸Y¬ ÅNÄ�£5±¯¹g£�±¯ª?³�£5¤�×]¨�ªU³�³ÎÄL¸�¹�¸Y­¶º¥«§¬5ª
¸SÃ

A1

ÅL©S¬¥¾�¬¥¸S³�¤�³�£]©@³�³�£¥¤q´�©S¨�¤�±¶¬¥¾¥¤�¤e¾ ³�£¥¤�¸Y¬¥­µ´½³ÎÄL¸I·J¤e¨�«.º5³�©[³�±¶¸Y¬¥ª$ÃC¸S¨
Ä�£¥±¯¹g£

3
±¶ª�±¯¬.³�£5¤

(4−1−1)th
¸S¨�ª�¤�¹e¸Y¬¥¾�·J¸Sª�±¶³�±¯¸Y¬
©[¬¥¾

4
±¯ªG±¶¬
³�£¥¤

(4−1)th

¸Y¨�³�£5±¯¨�¾�·4¸Yª�±µ³�±¶¸Y¬ À
0L´$³�£¥¤�·¥¨p¤�¹e¤�¾¥±¶¬¥®�­¯¤�«�«§©5Å[ÄL¤�«v©k´$­¯¤e³

Bi

°4¤�º¥¬¥¾¥¤q³�¤�¨p«§±¶¬¥¤�¾
2n−2×(n−

2)!
«v©@³�¨�±¶¹�¤eª�ª�º¥¹g£%³�£]©[³

H
(n−1)
n−1

±¯ª�¸SÃ)³�£¥¤�ÃC¸Y¨p«

Hn−1 =







H
(n−2)
n−2 H

(n−2)
n−2 . . . H

(n−2)
n−2

H
(n−2)
n−2 B1 . . . Bn−2







À

+ �
ZMZ���
�#�� ? /P- ) 2 > 'EK /�;A- > - Bi * /<;A- > / ) @AL�/ @ ) - 'EK Ai

5.>

Ai =







Bi ∗
H

(n−2)
n−2






U

� )T' 'EK U ¢�£¥¤�³�¸Y·
£]©S­¶Ã4¸SÃÌ³�£¥¤�×]¨�ªU³ (n−2)!
¹�¸Y­¶º¥«§¬5ªG¸SÃ

Ai

£]©Sª?¨�¸�Ä�ª?¤�¬�º¥«�¤�¨�»
©[³�¤e¾�°W´�©S­¶­

2n−2 ª�º¥°5ª�¤e³�ª�³�£]©[³�¹�¸Y¬W³�©S±¯¬ n
°5º5³�¾¥¸�¬¥¸[³�¹�¸Y¬W³�©S±¯¬

n − 1
©S¬¥¾

¹�¸Y­¶º¥«�¬¥ª�¤�¬�º¥«�¤�¨�©[³�¤e¾æ°W´%©S­¯­J·J¤e¨�«.ºN³g©[³�±¯¸Y¬¥ª�¸[Ã
{1, . . . , n}

Ä�±¶³�£
n − 1

©S¬¥¾
n
¬5¤q²M³Q³�¸$¤k©[¹g£�¸S³�£5¤�¨Q±¶¬�³�£¥¤

(n− i− 1)th
·4¸Yª�±µ³�±¶¸Y¬�©S¬¥¾

(n− i)th
·4¸Yªp±¶³�±¶¸Y¬ À

�N¸
±¶Ã*ÄL¤�¾¥¤�­¶¤e³�¤
n − 1

ÃC¨�¸S« ³�£5¤�ª�¤�·4¤�¨p«.º5³g©@³�±¯¸S¬¥ª�ÅM³�£¥¤q´�ª�±¶«§·¥­µ´�°J¤e¹�¸Y«�¤�©S­¯­
·J¤e¨�«.ºN³g©[³�±¯¸Y¬¥ª$¸SÃ

{1, . . . , n − 2, n}
ª�º5¹g£ ³�£]©[³

n
±¯ª$±¯¬ ³�£5¤

(n − i − 1)th

·J¸Sª�±¶³�±¯¸Y¬�À�¢�£¥¤�ªpº¥°¥ªp¤e³�ª�©S¨�¤"©S­¶­�ªpº¥°¥ª�¤q³�ª�¸SÃ
{1, . . . , n − 2, n}

¹�¸Y¬W³g©[±¯¬¥±¶¬¥®
n
À

ÁÎ¬v³�£5±¯ªQªp¤e³�Å
n
©[¹e³�ª�³�£¥¤�ª�©S«�¤-©[ª

n− 1
¾¥¸N¤eªQ±¶¬§³�£5¤�ª�¤q³

{1, . . . , n− 1}
Ä�±¶³�£

¨�¤eª�·4¤�¹e³Q³�¸$³�£¥¤-ª�±¶®Y¬§ÃCº5¬¥¹e³�±¯¸Y¬ Å5©S¬¥¾v³�£¥¤�¨p¤eÃC¸Y¨p¤�³�£5±¯ª�°¥­¯¸M¹gÔ
±¯ªQ±¶¾¥¤�¬W³�±¯¹k©[­4³�¸
Bi

Å
Ä�£¥±¯¹g£
¹e¸Y¬¥ª�±¶ªp³�ª�¸[Ã�©[­¯­5ªpº¥°¥ªp¤e³�ª�¹�¸S¬�³�©S±¯¬5±¯¬¥®

n−1
©S¬¥¾
©[­¯­5·4¤�¨p«.º5³�©[³�±¶¸Y¬¥ª7Ä�±µ³�£

n − 1
±¯¬�³�£5¤

(n − i − 1)th
·J¸Sª�±¶³�±¯¸Y¬�À

 7±¯¬¥©S­¯­µ´YÅ<³�£¥¤Ç°J¸[³�³�¸S« £]©S­µÃ4¸SÃJ³�£¥¤�×]¨�ªU³
(n−2)!

¹�¸S­¯º¥«�¬¥ª�¸SÃ
Ai

±¯ª?¤�¬�º¥«�¤�¨�»
©[³�¤e¾§°W´�©S­¶­¥ª�º5°¥ª�¤q³�ªQ¹e¸Y¬W³g©S±¶¬¥±¯¬5®�°J¸S³�£

n−1
©S¬5¾

n
©S¬¥¾
³�£¥¤�ª�©S«§¤�·4¤�¨p«.º5³g©<»

³�±¶¸Y¬¥ª2©SªG©S°4¸ Æ ¤[À�/Ç¤e¹k©S­¶­¯±¶¬¥®�³�£]©[³ n−1
©S¬¥¾

n
©S¨p¤�©S¾���©[¹�¤�¬W³G©S¬¥¾.¬¥¸[³G±¯¬ Æ ¤�¨p³�¤�¾

±¯¬�³�£5¤�ª�¤"·4¤�¨�«$º5³g©[³�±¯¸Y¬5ª�ÅNÄL¤"ª�¤�¤�³�£¥©[³�³�£¥¤q´%©S¨�¤�°4¸S³�£�±¶¬ Æ ¸Y­ Æ ¤�¾%±¯¬�³�£5¤"ª�©S«�¤
¬�º¥«.°4¤�¨"¸SÃ�±¯¬ Æ ¤�¨�ªp±¯¸Y¬5ª�ÃC¸Y¨"©S¬W´I·J¤e¨�«.ºN³g©[³�±¯¸Y¬I¨�¤eªp³�¨p±¯¹q³�¤�¾I³�¸æ©S¬W´½ªpº¥°¥ªp¤e³.±¶¬
³�£¥±¶ª�°¥­¯¸M¹gÔÌÀ�ÁÎ¬¥¾¥¤e¤�¾ Å¥³�£¥¤e´�©[¨�¤-³�£5¤"ªp¤�¹e¸Y¬¥¾%­�©S¨p®Y¤�ªU³Ç©S¬¥¾�­�©S¨p®Y¤�ªU³�¤�­¶¤�«�¤�¬W³�ª�±¶¬
©S¬W´Iª�º¥°¥ªp¤e³�ÅGª�¸�±¶ÃQ³�£¥¤�·J¤e¨�«.º5³�©[³�±¶¸Y¬I±¯ª

(. . . , n − 1, n, i1, i2, . . . , im)
Å9³�£5¤�¬



� ����� 
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� ��� �

n−1
©S¬5¾

n
©S¨p¤Q¤k©[¹g£�±¯¬.¤c²¥©[¹e³�­µ´

m
±¶¬ Æ ¤�¨pª�±¶¸Y¬¥ª�À2¢�£�º¥ª�ÅWÃC¸Y¨7©S­¯­�·4¤�¨�«$º5³g©[³�±¯¸Y¬5ª

σ
©S¬¥¾%ª�º¥°¥ªp¤e³�ª

Ω
±¶¬�³�£¥¤�°¥­¶¸N¹gÔv±¯¬�#�º¥¤�ªU³�±¶¸Y¬ Å]ÄQ¤�£]© Æ ¤

s(((σΩ) − (n − 1)) − n) = s(σΩ)(−1)2m = s(σΩ)
À

ÁÎ¬¿·]©S¨U³�±¶¹�º¥­¯©S¨�Å�±¶Ã�ÄQ¤Eªp±¯«�·¥­¶´ ¾¥¤�­¶¤e³�¤
n − 1

©S¬5¾
n
ÃC¨p¸Y« ©S­¶­�ª�º¥°¥ªp¤e³�ª�©S¬¥¾

·J¤e¨�«.ºN³g©[³�±¯¸Y¬¥ª�±¯¬§³�£¥±¶ªL°¥­¶¸N¹gÔÌÅMÄQ¤�Ä�±¶­¯­Ì¬¥¸S³Q¹g£]©S¬¥®S¤�©S¬W´v¤e¬W³�¨�±¶¤�ªeÀ�¢�£¥±¯ª�­¶¤k© Æ ¤eª
¨�¸�Ä�ª�³�£¥©[³�©S¨p¤-¤�¬�º¥«�¤�¨�©[³�¤e¾�°�´�©S­¯­Ìªpº¥°¥ª�¤q³�ª�¸SÃ

{1, . . . , n− 2}
©S¬¥¾�¹e¸Y­¯º¥«�¬¥ª

³�£]©@³�©S¨�¤�¤�¬�º¥«�¤�¨�©[³�¤e¾ °W´�©S­¶­�·4¤�¨�«$º5³g©[³�±¯¸Y¬5ª�¸SÃ
{1, . . . , n − 2}

Å?Ä�£¥±¯¹g£ ±¯ª
¤q²5©S¹q³�­¶´

H
(n−2)
n−2

À
�

¢�£¥¤�¨p¤%©S¨�¤�ªp¸Y«§¤�¸S³�£¥¤�¨�¸S¨�¾¥¤e¨�±¯¬5®Yª�¸SÃÇ³�£¥¤�¨p¸<Ä�ª§©S¬¥¾�¹e¸Y­¯º¥«�¬¥ª.³�£]©[³�©S¨p¤
º¥ª�¤qÃCº¥­�À *á¤�±¶¬�³�¨�¸M¾¥º¥¹e¤�³�£¥¤�ªp¤$¸Y¨p¾¥¤�¨p±¯¬¥®Sª�©[¬¥¾�º5ª�¤�³�£¥¤e« ±¯¬�³�£¥¤�×]¬]©S­*­¶¤�«�«v©
¾¥¤k©[­¯±¯¬5®.Ä�±¶³�£�³�£¥¤�ªp³�¨pº¥¹e³�º¥¨�¤"¸SÃ

Hn

À
��������������� ��� #�� -�/ k ∈ {1, . . . , n} U � -�/ H

(k)
n F
-�? ' /P- Hn

8:5 /<; )T'�8�> 14? F
L ' +N@C2O? > 'EK '�) F
- ) -GF 0IH /�;A- > 142D- 5 ? F4@AL�/ 5 �4- � )T' LT-GF4@ ) - 1 >&8 1 > @ > -GFQ/ ' L ' ?AB> / ) @AL�/ H(n)

n * 0 @
/ 8:5 /<;�-�+.-�2D-�?A/ > L ' ? >�5 F
- ) -GF 5 ?�/<;A- '�) F
- ) [1, . . . , k̂, . . . , n, k]5 ? > /E-G1 F 'EK /�;A- @ > @�14+ '�) F
- ) U�����AZ������$#

H
(1)
2 =













(2
,1

)

(1
,2

)

∅ 1 1
{2} 1 1
{1} 1 1
{2, 1} −1 1













+ �
ZMZ�����#
\ ;A- / ' � ;�14+ KJ'EK
H

(k)
n L ' ? >�5.> / > 'EK

n L ' � 5 - > 'EK
H

(n−1)
n−1 U � ?

��1 ) / 5 L�@
+ 1 ) /<;A- ) 14?�] 'EK /<;A- / ' �J;�14+ K 'EK H
(k)
n

5.> -��I@�14+ / ' /<;A- ) 14?�] 'EK Hn−1 U
� )T' 'EK U �Ç¸Y¬¥¤.¸SÃ�³�£¥¤.ªpº¥°¥ª�¤q³�ª�¹�¸S¨�¨�¤eª�·4¸Y¬¥¾¥±¶¬¥®�³�¸§³�£¥¤$³�¸Y·E£]©[­¶Ã?¸SÃ

H
(k)
n

¹�¸Y¬M»
³g©S±¶¬

k
Å5ª�¸.ÄL¤-«§©k´§¾5¤�­¯¤q³�¤

k
ÃC¨p¸Y« ©S­¯­Ì·4¤�¨p«.º5³g©@³�±¯¸S¬¥ª�Ä�£5¤�¬�¹�¸Y«�·¥º5³�±¯¬¥®"³�£¥±¶ª

ª�º¥°5«v©[³�¨�±í²�À:0Q­¶¸N¹gÔ�ª�¸SÃ
(n − 1)!

¹e¸Y­¯º¥«�¬¥ª$³�£¥¤�¬�¨pº¥¬ ³�£¥¨p¸Yº¥®Y£ ©S­¶­L·4¤�¨p«.ºN»
³g©[³�±¯¸Y¬5ª-¸SÃ?³�£¥¤�ªp¤e³

Ω = {1, . . . , k − 1, k + 1, . . . , n}
Å Ä�£¥±¶­¯¤"³�£¥¤�¨p¸<Ä�ª"©S¨p¤

©S­¯­�¸SÃ2³�£¥¤�ª�º¥°5ª�¤e³�ª�¸[Ã
Ω
À?¢�£¥¤"¨�¤�ªpº¥­¶³�±¯¬¥®�«§©[³�¨�±¯¹e¤�ª�©S¨p¤�¤q²5©S¹e³�­¶´

H
(n−1)
n−1

Å]¹�©S­µ»
¹�º¥­¯©[³�¤e¾áº¥ªp±¯¬¥®

Ω
±¯¬¥ªU³�¤�©S¾á¸SÃ

{1, . . . , n − 1}
À�¢�£¥¤§­�©SªU³$ªU³g©[³�¤�«�¤�¬W³$¸[Ã�³�£¥¤

­¯¤e«§«§©vÃC¸Y­¯­¶¸�Ä�ª�ª�±¯¬5¹�¤
rank([M |M | · · · |M ]) = rank(M)

ÃC¸Y¨"©S¬W´#«§©[³�¨p±µ²
M

Ä�£¥¤e¨�¤
[M |M | · · · |M ]

±¶ª"ªp¸Y«�¤�¬�º¥«$°J¤e¨"¸[Ã�¹�¸S·¥±¯¤eª"¸[Ã
M

·¥º5³"³�¸Y®S¤e³�£5¤�¨
±¯¬�¸Y¬¥¤�«§©[³�¨p±µ²JÀ

�

*Â£¥¤�¬
k = n

ÅY³�£¥±¶ªG­¯¤e«§«§©�ªp±¯«�·¥­¶´"¨p¤�ªp³�©[³�¤eª?·]©S¨p³G¸SÃJÒ9¤e«§«§© -YÅY©S¬¥¾
¬¥¸S³�¤�ª
³�£]©@³�³�£¥±¶ª�±¯«�·¥­¶±¯¤�ª?³�£¥©[³�³�£¥¤�ªpº¥°¥«§©[³�¨p±µ²§¹�¸S¬¥ª�±¶ªp³�±¶¬¥®�¸SÃ9³�£5¤-³�¸Y·

2n−1 ¨�¸�Ä�ª�¸SÃ
H

(n)
n

£]©Sª.³�£5¤�ª�©S«�¤�¨�©S¬¥Ô ©[ª
Hn−1

À  ]¸Y¨$¸[³�£¥¤e¨ Æ ©S­¯º¥¤eª.¸SÃ k
ÅG³�£¥±¯ª$­¯¤�«�«§©

±¯«�·¥­¯±¶¤�ª?³�£]©@³�³�£¥¤�ª�º5°¥«v©@³�¨�±í²�¹e¸Y¬¥ªp±¯ªp³�±¯¬¥®�¸[Ã)³�£¥¤�¨�¸�Ä�ª�¸SÃ
Hn

¹�¸Y¨p¨�¤eª�·4¸Y¬¥¾¥±¶¬¥®
³�¸"ª�º¥°5ª�¤e³�ªQ¬¥¸[³Q¹e¸Y¬W³g©S±¶¬¥±¯¬¥®

k
©S­¶ª�¸"£]©Sª�¨�©S¬¥Ô$¤�#�º]©S­Ì³�¸�³�£¥¤Ç¨�©[¬¥Ô.¸SÃ

Hn−1

ÀGÁÎ¬
H

(n)
n

ÅJ³�£¥¤.¨�¸�Ä�ª-¹e¸Y¨�¨p¤�ªp·J¸Y¬5¾¥±¯¬¥®§³�¸vªpº¥°¥ªp¤e³�ª�¬¥¸[³-¹�¸S¬�³�©S±¯¬5±¯¬¥®
k
©S¨p¤$³�£5¤�×]¨pªp³

2k−1 ¨�¸�Ä�ª�¸SÃ7¤ Æ ¤e¨p´�°¥­¶¸N¹gÔ§¸SÃ 2k
¨�¸�Ä�ª�À



� �������	��

���������������������������������
�����AZ������$# � ? H3 * 8 ;A-�? k = 2 * /�; 5.> +.-�2O231 5 2�� + 5 - > /�;�14/ /<;A- L ' +N@C2O? >'EK /�;A- � )=> / 2k−1 = 2

)='�8�>�'EK -G1
LT; > -TL�/ 5 ' ? 'EK
2k = 4

)='�8�>�'EK
H

(3)
3 LG14?

0 - ) -G1 ) ) 14?��
-GFS/ ' � 5 �4-
/<; ) -T-_L ' � 5 - > 'EK
H

(2)
2 U 	 ;A-�? k = 1 * 8 - ' 0 / 1 5 ?

/�;�14/ )='�8�> 1 * 3 * 5 * 14? F 7
'EK

H
(3)
3 / ' �
-�/�;A- ) 1 > 1 > @ 0 2314/ )�576 LG14? 14+ > ' 0 -) -G1 )�) 14?��
-GFR/ ' � 5 �4- /<; ) -T-OL ' � 5 - > 'EK H

(2)
2 U��������������� ����# � -�/ σ = (i1, . . . , in) U�� -�� ? - dσ : {1, . . . , n} → {−1, +1}

0IH dσ(k) = (−1)σ(k)−k = (−1)|σ(k)−k| U \ ;
@ > * dσ F
-�/P- ) 2 5 ? - > 8 ;A-�/�;A- ) 14?
-�+.-�2D-�?A/ 5.> F 5.> � + 1
LT-GF 14? -��4-�? '�) ' F F ?A@
2 0 - ) 'EK � + 1
LT- > 0IH /<;A- �A- ) 2O@
/ 14/ 5 ' ?
σ U��������������� ����# � -�� ? -&/<;A- �A- ) 2O@
/ 14/ 5 ' ? (σ−k)(k) / ' 0 - σ−k

8:5 /<; k � @
/
0 1
LT] 5 ? 5 / >O'�) F 5 ? 1 ) H � ' >�5 / 5 ' ? U %('�) - 6 142�� +.-T*

((1, 3, 2, 5, 4)− 3)(3)) = (1, 2, 3, 5, 4).
+ �
ZMZ����X# � -�/ σ ∈ Sn

8:5 /�; n
' F F U \ ;A-�?

s(σ) =

n
∑

k=1

(−1)k−1s(σ − k) U
� )T' 'EK U Ò*¤e³p³�±¶¬¥® k = ij

Å5ÄQ¤"£]© Æ ¤

s(σ − k) · dσ(k) = s(1, . . . , ij−1, ij+1, . . . , in)dσ(k)

= s((σ − k)(k))dσ(k)
À

¢�£¥±¯ª$ªp³�¤e·¼º5ª�¤�ª�³�£¥¤vÃi©S¹q³�³�£]©[³$³�£¥¤�ªp±¯®Y¬ ¸SÃ�©S¬W´á·J¤e¨�«.º5³�©[³�±¶¸Y¬ ¸Y¬�©Eªp¤e³
±¶ª
³�£¥¤�ª�©S«�¤�©Sª-³�£5¤�ª�±¯®S¬�¸SÃL©�·J¤e¨�«.º5³�©[³�±¶¸Y¬E¸Y¬#©�­¯©S¨�®S¤�¨-ªp¤e³�³�£¥©[³�«�¸ Æ ¤�ª-³�£¥¤
¤�­¶¤�«�¤�¬W³�ª?¸SÃ4³�£¥¤�ªp«v©S­¶­¯¤e¨Gª�¤q³Q±¶¬
³�£¥¤�ª�©S«�¤�ÄQ©�´�©[¬¥¾§­¶¤k© Æ ¤eª�³�£¥¤�¸S³�£5¤�¨�ª�×5²N¤e¾ À
Ò*¤e³

ι1 ◦ . . . ◦ ι|σ(k)−k|

°4¤�³�£¥¤�¹e¸Y«�·J¸Yªp±¶³�±¯¸Y¬�¸[Ã
|σ(k) − k|

³�¨�©S¬5ª�·4¸Yª�±µ³�±¯¸S¬¥ª
³�£]©@³�«§¸ Æ ¤ k

ÃC¨p¸Y«
k
³�¸

σ(k)
±¯¬

σ
À�¢�£]©[³"±¯ªeÅ*¤k©S¹g£

ιi
«�¸ Æ ¤eª k

¸Y¬5¤�«§¸Y¨p¤
·¥­�©[¹�¤$ÃC¨p¸Y« ±µ³�ª-¬]©@³�º¥¨�©S­G·4¸Yª�±µ³�±¯¸S¬E±¯¬

(σ − k)(k) ³�¸�±µ³�ª�·4¸Yª�±µ³�±¶¸Y¬ σ(k)
±¯¬

σ
Å

ª�¸
³�£]©@³
ι1 ◦ . . . ◦ ι|σ(k)−k| ◦ (σ − k)(k) = σ.

¢�£�º¥ª

s(σ) = s(ι1 ◦ . . . ◦ ι|σ(k)−k| ◦ (σ − k)(k))

= s(ι1) · . . . · s(ι|σ(k)−k|) · s((σ − k)(k))

= (−1)|σ(k)−k|s((σ − k)(k))

= dσ(k)s(σ − k)
Å

©S¬¥¾�³�£¥¤e¨�¤qÃC¸Y¨�¤�ÄL¤"£¥© Æ ¤
n
∑

k=1

(−1)k−1s(σ − k) =
n
∑

k=1

(−1)k−1dσ(k)s(σ)

=

(

n
∑

k=1

(−1)k−1dσ(k)

)

s(σ)
À
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� �����6��� � ������� � � �!��� �����
	���������

����� ����	��
� ��� �

¢2¸
¸Y°N³g©S±¶¬�³�£¥¤�¾¥¤�ªp±¯¨p¤�¾%¨�¤�ªpº¥­¶³�Å5ÄL¤�¬¥¸�Ä ¬¥¤�¤e¾�¸Y¬5­¶´v³�¸§ªp£¥¸�Ä ³�£]©[³
n
∑

k=1

(−1)k−1dσ(k) = 1

ÃC¸Y¨�©S­¶­G·J¤e¨�«.ºN³g©[³�±¯¸Y¬¥ª�¸[ÃQ¸M¾¥¾I­¯¤�¬5®S³�£ À�Ò*¤e³
I ∈ Sn

°4¤
³�£¥¤�³�¨p± Æ ±�©S­2·J¤e¨�«.ºM»
³g©[³�±¯¸Y¬½ÃC¸Y¨$¸M¾¥¾

n
À �Q­¯¤�©S¨�­µ´

dI(k) = (−1)0 = 1
ÃC¸Y¨$©S­¯­

k ∈ {1, . . . , n}
À

¢�£�º¥ª
n
∑

k=1

(−1)k−1dI(k) =
n
∑

k=1

(−1)k−1

= 1 − 1 + . . . + 1

= 1 + 0 + . . . + 0

= 1
À

��¸�Ä�ÄL¤$·¥¨p¸ Æ ¤.±¯¬5¾¥º¥¹e³�± Æ ¤�­¶´�³�£]©[³Ç³�£¥±¶ª�¨p¤�­�©@³�±¯¸S¬%±¶ªÇ³�¨�º¥¤"ÃC¸Y¨�©S­¯­9·4¤�¨�«$º5³g©@»
³�±¶¸Y¬¥ªÇ¸Y¬E©�ª�¤e³�¸SÃ�¸M¾¥¾æªp±¯Èe¤SÀ *á¤$©Sª�ªpº¥«�¤$±¶³Ç±¶ªÇ³�¨�º¥¤"ÃC¸Y¨�ªp¸Y«�¤�·4¤�¨p«.º5³g©@³�±¯¸S¬
σ = (i1, . . . , in)

©[¬¥¾�ªp£¥¸�Ä ³�£¥©[³�±¶³�±¶ª�³�£¥¤e¨�¤eÃC¸S¨�¤�©S­¯ªp¸
³�¨�º¥¤�ÃC¸Y¨
τ ◦ σ

Å¥Ä�£¥¤e¨�¤
τ
±¯ª�©S¬W´§³�¨�©S¬¥ªp·J¸Sª�±¶³�±¯¸Y¬�À�Ò*¤e³

x
©S¬¥¾

y
°4¤�³�£5¤�³ÎÄQ¸
¤e­¯¤�«�¤�¬W³�ªQ³�¨�©S¬¥ª�·4¸Yªp¤�¾�°W´

τ
À:�Ç¸S³�¤�³�£]©[³

dτ◦σ = dσ

ÃC¸S¨?©S­¯­¥¤e­¯¤e«§¤e¬�³�ª?¤q²N¹�¤e·5³
x
©S¬¥¾

y
ÅWª�¸�ÄQ¤Ç¬¥¤e¤�¾�¸Y¬¥­¶´

ª�£¥¸�Ä�³�£¥©[³�³�£¥¤.·]©S¨U³-¸SÃ�³�£¥¤$ªpº¥« ±¯¬ Æ ¸Y­ Æ ±¯¬¥® x
©[¬¥¾

y
ªp³�©�´Mª�³�£¥¤.ª�©S«§¤$©[Ã¡³�¤e¨

©S·¥·¥­µ´M±¯¬¥®
τ
Å]±�À�¤SÀµÅ

Í -<Ï
(−1)x−1dτ◦σ(x)+ (−1)y−1dτ◦σ(y) = (−1)x−1dσ(x)+ (−1)y−1dσ(y)

À
�N±¯¬5¹�¤

x
©S¬5¾

y
©[¨�¤vªUÄ�±¶³�¹g£¥¤�¾�º¥¬¥¾5¤�¨

τ
ÅG³�£¥¤q´á«�¸ Æ ¤v³�£¥¤�ª�©[«§¤§¬Mº5«.°J¤e¨.¸SÃ

·¥­�©[¹�¤�ªeÅ�°¥º5³v±¯¬ ¸Y·¥·4¸Yª�±µ³�¤%¾¥±¯¨p¤�¹q³�±¯¸S¬¥ª�ÀÕ¢�£¥¤e¨�¤�©[¨�¤�³ÎÄQ¸ ¹�©Sª�¤eª§³�¸á¹�¸S¬¥ª�±¶¾¥¤�¨ <
dτ (x) = dτ (y)

±¯ª�¤e±¶³�£¥¤�¨
1
¸Y¨

−1
À

ÍiÁUÏ �Nº5·¥·J¸Sª�¤
x
©S¬¥¾

y
°J¸S³�£�«§¸ Æ ¤ j

·5­�©S¹e¤�ª�ÅNÄ�±¶³�£
j
¤ Æ ¤e¬ ÀL¢�£5¤�¬

dτ◦σ(x) = (−1)jdσ(x) = dσ(x)
Å

©S¬¥¾�ªp±¯«�±¯­�©[¨�­¶´�ÃC¸Y¨
y
ÀG¢�£�º¥ª�³�£¥¤�³ÎÄL¸�³�¤�¨p«§ªQ¸Y¬v³�£5¤-­¯¤qÃ¡³�¸SÃQÍ -�ÏL©S¨p¤�³�£¥¤�ª�©S«�¤

©Sª�³�£¥¤�³ÎÄL¸§¸S¬�³�£¥¤�¨�±¶®Y£W³kÅ¥ªp¸�³�£¥¤�¨�¤�­¯©[³�±¶¸Y¬�£¥¸S­¯¾¥ªeÀ
ÍiÁpÁUÏÇÁÎ¬¥ªU³�¤k©[¾½ªpº¥·¥·4¸Yª�¤.³�£]©[³

x
©S¬¥¾

y
«�¸ Æ ¤ j

·¥­�©S¹e¤�ª�Ä�±µ³�£
j
¸N¾5¾ À�¢�£¥¤�¬

°J¸[³�£�³�¤e¨�«�ª"¸S¬I³�£¥¤
­¯¤eÃ¡³-ª�±¯¾5¤�¸[Ã�Í -<Ï-¹g£]©S¬¥®Y¤
ªp±¯®Y¬ Å9ªp¸%ÄL¤
«.º¥ªp³"ªp£¥¸�Ä ³�£]©@³
³�£¥¤eª�¤�³�¤�¨�«�ª$±¶¬¥±¶³�±�©S­¶­¶´æ£]©S¾ ¸Y·5·J¸Yªp±¶³�¤vª�±¶®Y¬¥ª.ªp¸E³�£]©@³.°4¸S³�£ ªp±¯¾¥¤eª.¸SÃ$Í -�Ï�©S¨p¤
È�¤e¨�¸¥À?¢�£¥¤e¨�¤"©S¨�¤�³ÎÄL¸§ªpº¥°4¹k©Sªp¤�ª <Í~©WÏ�ÁaÃ

x
©S¬¥¾

y
©S¨�¤½°J¸S³�£ ¸M¾¥¾ ¸Y¨�°J¸[³�£ ¤ Æ ¤�¬�Å$ª�©k´ °4¸S³�£ ¤ Æ ¤e¬ Å�³�£¥¤�¬

(−1)x−1 = (−1)y−1 À ¢�£�º¥ª§ÄQ¤�«.º¥ªp³vª�£¥¸�Ä ³�£]©[³
dσ(x) = −dσ(y)

À¿ÁÎ¬
I
Å
x
©S¬¥¾

y
«.º¥ªU³�£¥© Æ ¤�°4¤�¤e¬E©S¬�¤ Æ ¤�¬E¬�º¥«.°4¤�¨�¸SÃ7ª�·]©[¹�¤�ª�©S·]©S¨U³Çª�±¯¬5¹�¤�³�£¥¤q´

©S¨�¤�°4¸S³�£I¤ Æ ¤e¬á¬�º¥«.°4¤�¨pª�Å9°¥º5³
τ
«�¸ Æ ¤�¾#³�£¥¤e« ©S¬#¸M¾¥¾#¬Mº5«.°J¤e¨�¸SÃ�·¥­�©S¹e¤�ªeÅ

ª�¸%³�£]©[³"±¶¬
σ
³�£¥¤q´#«.º¥ªp³�°4¤v©S¬I¸M¾¥¾á¬�º¥«.°4¤�¨"¸SÃQ·¥­�©S¹e¤�ª"©S·]©[¨p³kÀv¢�£¥¤§¸S¬¥­¶´

Ä�©k´�³�£¥±¯ª?¹k©[¬§¸M¹�¹eº¥¨?±¯ª?±¶Ã4¸Y¬¥¤Ç¸SÃ
x
©S¬¥¾

y
±¶ª�¾¥±¯ªp·¥­�©[¹�¤�¾§©S¬�¸N¾5¾§©[«§¸Yº5¬�³�°W´

σ©S¬¥¾æ³�£¥¤$¸[³�£¥¤e¨�±¶ª�¾¥±¶ª�·¥­¯©S¹�¤e¾E©S¬�¤ Æ ¤e¬I©S«§¸Sº¥¬W³kÅ]Ä�£¥±¯¹g£æ«§¤�©S¬¥ª�¤c²5©S¹e³�­¶´�³�£]©@³
dσ(x) = −dσ(y)

Å¥©Sª�¾¥¤�ªp±¯¨p¤�¾ À
Íi°ÌÏ *Â±µ³�£¥¸YºN³§­¶¸Yª�ª
¸SÃ�®Y¤�¬5¤�¨�©[­¯±¶³Î´SÅQª�©�´

x
±¯ª�¸N¾¥¾¼©S¬¥¾

y
±¶ª�¤ Æ ¤e¬ ÀÂ¢�£¥¤�¬

(−1)x−1 = −(−1)y−1 Å�ª�¸§ÄQ¤.¬5¤�¤�¾E³�¸vªp£¥¸�Ä ³�£]©[³
dσ(x) = dσ(y)

ÀÇÁÎ¬
I
Å
x©S¬¥¾

y
©[¨�¤�©[¬á¸M¾¥¾ ¬�º¥«.°4¤�¨�¸SÃ�·¥­¯©S¹�¤eª.©S·¥©S¨p³�Å7ª�¸æ±¶ÃQ³�£¥¤e´á©S¨p¤§ªU³�±¯­¶­?©S¬ ¸M¾¥¾



ð�� �������	��

���������������������������������
¾¥±¯ªU³g©S¬5¹�¤�©S·]©S¨U³�±¶¬

σ
ÅÌ³�£¥¤e´�«$º¥ªp³�°J¸[³�£%£]© Æ ¤$£¥©S¾E©S¬�¸N¾5¾�¾¥±¶ª�·¥­¯©S¹�¤e«§¤e¬W³�¸S¨

°J¸[³�£ £]© Æ ¤�£]©S¾�©S¬á¤ Æ ¤e¬�¾¥±¯ªp·¥­�©S¹e¤�«�¤�¬W³kÀ�¢�£¥±¯ª�«§¤�©S¬¥ª
dσ(x) = dσ(y)

Å7©Sª
¨�¤�#Mº5±¯¨�¤e¾ À

�

� � Y�� � � ��Y��$# %('�)
n
' F F�*,/<;A- )T'�8 'EK

Hn + 1 0 -�+.-GF 0IH {1, . . . , n}
5.> 1�+ 5 ? -G1 )

L ' 2 0 5 ? 14/ 5 ' ? 'EK /�;A- ' /<;A- ) )='�8�>O'EK Hn U
� )T' 'EK U 0L´á³�£¥¤�©S°4¸ Æ ¤�­¯¤e«§«§©5ÅG¤�©S¹g£ ¤�¬W³�¨U´�±¯¬ ³�£5¤�­�©SªU³
¨�¸�Ä ¸[Ã

H
(n)
n

ÍC³�£¥¤
¨�¸�Ä�®Y± Æ ¤�¬�°W´�³�£¥¤$ªpº¥°¥ª�¤q³ {1, . . . , n} Ï�±¯ªÇ¤�#�º]©[­)³�¸v³�£¥¤�©S­µ³�¤�¨p¬]©[³�±¯¬¥®�ª�º¥« ¸SÃ
³�£¥¤v¤�¬W³�¨p±¯¤�ª$±¯¬á³�£¥¤vª�©S«§¤v¹�¸Y­¶º¥«§¬½±¯¬ ¨p¸�Ä�ª.­�©S°4¤�­¶¤�¾½°�´áª�º¥°5ª�¤e³�ª�¸SÃÇ©S­¶­�°5º5³
¸Y¬¥¤�¤e­¯¤�«�¤�¬W³�À ¢�£¥¤�¨p¤eÃC¸Y¨p¤SÅ?³�£¥¤�­�©[ªp³�¨p¸<Ä ±¯ª�¤�#Mº¥©S­�³�¸�³�£5¤�¨�¸�Ä ­¯©S°J¤e­¯¤e¾ °�´
{2, . . . , n}

Å?«�±¯¬�º¥ª.³�£5¤�¨�¸�Ä ­¯©S°4¤�­¯¤e¾ °W´
{1, 3, . . . , n}

Å�À�À�ÀeÅL·5­¯º¥ª.³�£¥¤�¨�¸�Ä
­�©S°4¤�­¶¤�¾�°W´

{1, . . . , n − 1}
À

�

�����AZ������$# � ? H3 *�/<;A- )='�8 + 1 0 -�+.-GF 0IH {1, 2, 3} 5.> -��I@�14+A/ ' /<;A- )T'�8 + 1 0 -�+.-GF
0IH {2, 3} 2 5 ?A@ > /<;A- )='�8 + 1 0 -�+.-GF 0IH {1, 3} � +N@ > /<;A- )='�8 + 1 0 -�+.-GF 0IH {1, 2} U

�5À��:72 ¡���	��3Ì�G� 3�5
��������������� ��
 # 	 - > 1 H /<;A-R2314/ ) 576 Hn � ' >T> - >T> - > /<;A- ·¥¨p¸Y·4¤�¨p³Î´I¸SÃ�£]©S­¶Ã�»
«v©<²5±¶«v©[­J¨�©S¬¥Ô 5 K /�;A- � )=> / 2n−1 )T'�8�>Q'EK

H
(k)
n ;�1 �4- ) 14?�] 2n−2 K '�) 14+<+ k U

�QWX��� Y��
Z[#�\ ;A- ) 14?�] 'EK Hn

5.>
2n−1 U

� )T' 'EK U *½¤�·5¨�¸ Æ ¤"³�£¥¤�³�£¥¤e¸Y¨�¤e« °�´�±¶¬¥¾¥º¥¹q³�±¶¸Y¬ ÀQ¢�£5¤$¨�¤eª�º¥­µ³�±¶ª�±¯«�«§¤e¾¥±�©[³�¤�­µ´
Æ ¤e¨�±¶×¥¤�¾�ÃC¸Y¨ H1

©S¬5¾
H2

ÅÌ©S¬5¾%±µ³�¹k©S¬%©S­¶ª�¸
°4¤�Ãi©[±¯¨�­µ´�¤k©Sªp±¯­¶´v¹g£¥¤�¹gÔ[¤�¾EÃC¸Y¨
H3

À
Ò*¤e³

n ∈ N
©S¬5¾¿©Sªpª�º¥«�¤�³�£]©[³

rank(Hi) = 2i−1 ÃC¸Y¨�©S­¯­
i < n

À 0�´
Ò*¤�«�«v© �5Å�³�£5¤.¨�©S¬5Ô�¸SÃ?³�£¥¤$×]¨pªp³

2n−1 ¨�¸�Ä�ª�¸SÃ H
(k)
n

±¯ª-¤�#�º]©S­7³�¸v³�£¥¤$¨�©S¬¥Ô
¸SÃ

Hn−1

À90L´æ±¶¬¥¾¥º¥¹q³�±¶¸Y¬ ÅÌ³�£¥¤.¨�©S¬¥Ô%¸SÃ
Hn−1

±¶ª
2n−2 Å�ªp¸ Hn

·4¸Yª�ªp¤�ªpª�¤�ª�³�£¥¤
·¥¨�¸S·J¤e¨p³Î´
¸SÃ�£]©S­¶Ã�»a«v©<²5±¶«v©[­M¨�©S¬¥ÔÌÀG¢�£¥±¶ªL«�¤k©[¬¥ª�³�£]©[³?³�£¥¤�ªpº¥°¥«§©[³�¨p±µ²
¸[Ã

H
(n)
n¹�¸Y¬5ª�±¯ªU³�±¶¬¥®
¸SÃ9³�£¥¤�×]¨pªp³Ç£]©S­µÃ2¸[Ã2³�£¥¤�¨�¸�Ä�ª�£]©Sª�£]©S­µÃ�»Î«§©@²N±¯«§©S­]¨�©S¬5Ô4Å¥³�£]©[³�³�£¥¤

ª�º¥°5«v©[³�¨�±í²æ¸[Ã
Hn

¹�¸S¬¥ª�±¶ªp³�±¶¬¥®�¸SÃ7³�£¥¤$×¥¨�ªp³�©S¬¥¾E³�£5±¯¨�¾ #Mº¥©S¨p³�¤�¨�ª�¸SÃ�³�£¥¤$¨�¸�Ä�ª
³�¸Y®S¤e³�£5¤�¨�£]©Sª�£]©S­µÃ�»Î«§©@²N±¯«§©S­9¨�©S¬5Ô4Å9³�£¥©[³�ª�º¥°5«v©[³�¨�±í²�¸SÃ

H
(n)
n

¹�¸S¬¥ª�±¶ªp³�±¶¬¥®�¸SÃ
³�£¥¤�×]¨pªp³kÅ�³�£5±¯¨�¾�Å�×5Ã¡³�£ ÅN©S¬¥¾§ª�¤ Æ ¤�¬W³�£�¤e±¯®Y£W³�£¥ªL¸[Ã�³�£5¤�¨�¸�Ä�ª?³�¸Y®S¤e³�£5¤�¨�£]©Sª�£]©S­¶Ã�»
«v©<²5±¶«v©[­Ç¨�©S¬¥ÔÌÅÇ¤e³�¹[À ��­¯­�¸Y·4¤�¨�©@³�±¯¸S¬¥ªvªpº¥°¥ª�¤�#�º¥¤�¬W³�­µ´Â·J¤e¨pÃC¸Y¨p«§¤e¾¿¸Y¬

H
(n)
n·¥¨�¤eª�¤e¨ Æ ¤"³�£¥¤eª�¤"·¥¨�¸S·J¤e¨p³�±¶¤�ªeÅ]©Sª�³�£¥¤�¨p¤k©S¾¥¤e¨�«v©k´ Æ ¤�¨p±¶Ã¡´YÀ

0L´§Ò*¤�«�«v©,-YÅMÄL¤-Ô�¬¥¸�ÄÂ³�£]©@³Q³�£5¤�³�¸Y·v£]©S­¶Ã ¸SÃ
H

(n)
n

¹�¸Y¬5ª�±¯ªU³�ªL¸SÃ9¹�¸Y·5±¯¤�ªL¸SÃ
H

(n−1)
n−1

©S¬¥¾%³�£]©@³�³�£¥¤�¨p¤�±¶ª�©S¬5¸S³�£¥¤e¨�¹e¸Y·W´%¸SÃ
H

(n−1)
n−1

©@³�³�£¥¤�­¶¤eÃ¡³Çª�±¶¾¥¤"¸SÃ7³�£¥¤
°J¸[³�³�¸S« £]©S­µÃ�À
¢�£¥¤�¨p¤eÃC¸Y¨p¤SÅ9ÄQ¤�ª�º¥°N³�¨�©[¹e³"³�£¥¤
³�¸Y·#£]©[­¶ÃL¸SÃQ³�£¥¤
¨�¸�Ä�ª�¸[Ã

H
(n)
nÃC¨�¸Y« ³�£¥¤�°4¸S³�³�¸Y« £]©S­µÃ4¸SÃ�³�£¥¤�¨�¸�Ä�ª�ÅM¹k©S¬5¹�¤�­¶±¯¬¥®�¸YºN³�³�£¥¤

H
(n−1)
n−1

±¯¬�³�£¥¤�­¶¸�ÄQ¤e¨
­¯¤qÃ¡³-¹�¸S¨�¬¥¤e¨�Å9©S¬¥¾�¸S°5³g©S±¶¬Eª�¸S«§¤

2n−1 × (n − 1)(n − 1)!
«§©[³�¨p±µ²JÅÌÄ�£¥±¯¹g£�ÄL¤

Ä�±¯­¶­J¹�©S­¯­
Rn

Å5±¯¬�³�£5¤-­¯¸�ÄL¤�¨�¨�±¶®Y£W³�¸SÃ9³�£5¤�¨�¤�ªpº¥­¶³�±¯¬¥®$«v©[³�¨�±í²�À�*á¤-³�£¥¤�¬�¹k©[¬¥¹�¤e­
©S­¯­)°¥º5³�³�£¥¤.­¶¤eÃ¡³�«§¸YªU³-¹e¸Y·W´E¸SÃ

H
(n−1)
n−1

±¯¬æ³�£¥¤$³�¸Y·�£]©S­µÃ?°�´æª�º¥°N³�¨�©[¹e³�±¶¬¥®v³�£¥¤
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����� ����	��
� ��� ðpð
­¯¤qÃ¡³�«�¸Yªp³�¹e¸Y·W´�ÃC¨�¸S« ³�£5¤"¸[³�£¥¤e¨�ª�À�*½¤�©S¨�¤�­¶¤eÃ¡³�Ä�±µ³�£�³�£¥¤-ÃC¸S­¯­¯¸�Ä�±¶¬¥®.«§©[³�¨p±µ² <







H
(n−1)
n−1 0

0 Rn







À

��¸�Ä¿ÄL¤�¤c²¥©[«§±¶¬¥¤�³�£¥¤Çªp³�¨�º¥¹q³�º¥¨p¤�¸SÃ
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