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Abstract

We construct two families of low-density parity-check codes sing
point-line incidence structures in PG(3;q). The selection of lines for
each structure relies on the geometry of the two classical cadratic
surfaces inP G(3; g), the hyperbolic quadric and the elliptic quadric.
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1 Introduction

With an ever-growing number of applications including deeppace communi-
cation, cellular technology, and ber optics, just to name a fe, the study of
error-correcting codes is becoming increasingly importanError-correcting
codes o®er a way of increasing the reliability of a digital sigh The basic
concept behind error-correcting codes is to use mathematidachniques to
encode a \message" that the user wishes to transmit. The act of ertiog a



message creates a longer signal, a codeword, with the extra pgof infor-
mation used to help identify and correct any errors that may awr during
the transmission of the codeword. The codeword is sent over a chahand,
should errors occur (for instance by a scratch on a CD or atmosplheimnter-
ference with a cellular transmission), the received message capéfully be
decoded to retrieve the original message.

The theory of error-correcting codes was originally introaced by C. E.
Shannon [12] in the late 1940s. In his paper, Shannon showedugbly)
that up to a special constant called the \channel capacity,” itis possible to
transmit information with an arbitrarily small probability o f error by using
long enough codewords. Shannon used probabilistic techniquesis paper
and did not provide any method for actually constructing such @des. The
world was enlightened in the early '90s when a group of reselaecs in France
produced the rst codes [1] that came close to the limit set by Shaon.

Linear block codes are de ned simply as a subspace of a vector spac
Binary linear block codes are subspaces of a vector space over thite eld
GF(2). These codes are the most widely used and can be represented in
several ways. The most useful representation for our purposes isdahgh a
parity-check matrix. A parity-check matrix is a matrix whoserows generate
the subspace that is orthogonal to the subspace that representsraode.

In the 1960s, the concept of low-density parity-check (LDPC)ares was
introduced by Gallager [3]. Quite simply, these codes are geated by a
sparse parity-check matrix. The codes were forgotten for manyears, but
rediscovered when it was shown in [7] that these codes performitguwell
under a technical decoding algorithm known as belief propation [10]. In
2001, Fossorier, et al [6] examined a class of codes generatednbidence
structures in nite geometries and showed that these codes pide wonderful
examples of LDPC codes with good performance under iteragivdecoding.
Other mathematicians have since produced other LDPC codesdsal on var-
ious incidence structures in discrete mathematics (see [5]],[BL1], [13], for
instance). A common technique in describing these codes reli@s their



graphic representation, called the Tanner graph, introduakin [14].

In this paper, we examine two new classes of LDPC binary linearrer-
correcting codes and investigate their e®ectiveness in compan to an un-
coded signal holding the same information. We study the mathertieal
properties of these codes and provide simulation data to exliiltheir e®ec-
tiveness.

2 Finite Projective 3-space

We start by providing a bit of background on nite geometry. Pojective
geometry is formally de ned as a collection of objects catlepoints and
other objects called lines with some incidence relation beden them. We
use the notationP G(3; g) to represent the classical three-dimensional nite
projective geometry of orderq. There are axioms that de ne the space;
however, due to a theorem of Veblen and Young [15], we can mbdaite
projective 3-space using a four-dimensional vector space ov¥eF (q) with
vectors of the form (;x;y;z) for w;x;y;z 2 GF(g) (where g is a prime
power). In this model the one-dimensional subspaces represewirgs, the
two-dimensional subspaces represent lines, and the three-dirsemal sub-
spaces represent planes. Since scalar multiples of a non-zei@oregenerate
the same one-dimensional space, we left-normalize our vecttosrepresent
the points of P G(3; ). This means that the rst non-zero coordinate of every
vector is a one, regardless of the nite eld with which we are evking.

In nite projective 3-space, we can use counting arguments taetermine
the number of points and the number of lines. Forw;x;y;z) 2 V we have
g choices for each coordinatev; x; y; and z. However, we must subtract one
from this number in order to disregard the zero vector since theero vector
does not generate a one-dimensional subspace. Finally we déviay (qj 1),
the number of scalar multiples of any non-zero vector, yieldg the nal count
of % = g2+ ¢ + g+ 1 points. By counting the number of two-dimensional
vector subspaces through a given one-dimensional subspace we easily



‘nd that the number of points on a line isq+ 1 and we can use this fact
to count the nL&mber of lines. Since two distinct points deternme a unique
line, 'q3+q22+q” is a good starting point for counting the lines; however,
since every line has at least three points on it we will have cowed each
line multiple times. Hence, we divide this number by| q+21 , the number of
ways to choose two of the+ 1 points on any given line. Therefore, we have
lq3+q22+ g ! 1= (?+ q+1)(g? +1) lines. We can use similar arguments
to show that the number of planes in nite projective 3-space i+ o+ q+1,
the same as the number of points.

An important characteristic of projective geometry (in compason to
Euclidean geometry) is that there are no parallel lines. Hencé two lines
lie in a common plane, they must intersect in a point. Notice thatour
model follows this axiom. If two distinct two-dimensional subsaces (i.e.,
two distinct lines) lie in a common three-dimensional subspace (@ane),
then they must meet in a one-dimensional subspace (a point). This the
distinguishing feature of projective geometry and one which evwill make
use of down the road. Also, since the coordinates of our geometing dased
on nite elds, there is no notion of distance in a nite projecive space.
Hence, we never make use of the notion of angle, distance, lengitc. when
working in nite projective spaces. Our geometry will be based kdy on

three objects, points, lines, and planes, and incidences betweahem.

3 Quadratic Surfaces of P G(3;0)

Just as we do in Euclidean space, we can consider sets of points getisfy a

guadratic equation. For instance, in the real plane, we havedr \nondegen-
erate quadratics,” the conic sections. (Can you name them?) RG(3;q),

there are just two nondegenerate quadratics. In projective spas, we must
modify the de nition of quadratic slightly (to that of a quadratic form). We

will not address this in detail, but rather jump right to the heart of the

matter.



There are two quadratic surfaces that live i? G(3; g), the so-called hyper-
bolic quadric, and the elliptic quadric. We form the hyperbbc quadric, H,
by looking at normalized vectors {; X; y; z) representing points ofP G(3; )
that satisfy the condition wy = xz. We can count the number of points that
satisfy this condition. If w = x = y =0, then z must be one so there is only
one vector, (Q0;0;1), of this form. If w= x =0 and y 6 0, then y must
be one and there are choices forz. Also, if w =0 and x 6 0 then x must
be one,z must be zero, and there are choices fory. Finally, when w 6 0O,
w = 1, there will be g choices for any two of the three remaining coordinates,
X;y; or z, and the third will be uniquely determined by those two, yielthg ¢?
points. Combining all of these cases, we have a total gf+2q+1=(q+1)2
points in H. Lines that lie in H are two-dimensional subspaces of the form
I = fh(1;0;0; b); (0; 1; b;0)i : b2 GF(g)g[fh (0;0;0;1); (0;0; 1; 0)ig or of the
form my = th(1;b;0;0); (0;0;b;1)i : b2 GF(g)g|[fh (0;1;0;0);(0;0;1;0)ig.
One can easily check that any two lines of the forrh) are skew. Also any two
lines of the formm; are skew. Finally, any line of the forml; meets every
line of the form m; in a unique point. For a linel;, we know that there are
g+ 1 points that lie on it. Also, for each of theq+ 1 points on |;, there is
a line m; running through it, also containingq+ 1 points. Thus we observe
that the (g+ 1)? total points in the hyperbolic quadric are ruled by these
two families of lines (i.e., every point lies on exactly onane from each of
these families). Since there arg+1 lines of the form|; and q+1 lines of the
form m;, the total number of lines is 21+ 2. It is not hard to check that no
other lines ofP G(3; g) lie in H. While we can discuss numerous properties of
the hyperbolic quadric, the complex geometry of the ellipti quadric strictly
limits our discussion of its characteristics.

We form the elliptic quadric E by looking at vectors (v; x; y; z) that satisfy
the condition dw? + wx + x?> + yz = 0 where 1j 4d is a non-square whem
is odd. Whengq is even, a trace condition ord gives us the non-degenerate
elliptic quadric. The trace condition is not pertinent to this discussion but
the interested reader can nd further detail in [4]. One can shothat E has



¢ + 1 points and exactly one tangent plane at any point orE. Moreover, no
three points of E are collinear. The cross section resulting wheh is cut by
a plane is an oval, a set ofj+ 1 planar points also with the property that no
three points are collinear.

Using the properties of these two quadratic surfaces we generdbsv-
density parity-check codes as discussed below, beginning wittethyperbolic
quadric.

4 Codes generated by a hyperbolic quadric

In order to generate codes from the quadratic surfaces, we rsttioduce
the notion of an incidence matrix We construct an incidence matrix for
H by labeling the columns of a matrix with the @+ 1)? points of H and
the rows with the 2q0+ 2 lines. We place a one in a positionj if the line
corresponding to rowi runs through the point corresponding to columry,
and a zero in that position otherwise. We note that any arithmat involving
the matrix is performed modulo 2. We then obtain a matrix withrow weight
g+ 1, since there areq+ 1 points on every line, and column weight two,
since two lines (one of the form; and one of the formm;) run through
every point. This yields a sparse matrix which we will use to gerage a low-
density parity-check code. We us€};, to denote this LDPC code generated
by the hyperbolic quadric of P G(3;q). Similarly, we useHy, to denote its
corresponding parity-check matrix.

Example 4.1 Let gq=2. Then the hyperbolic quadric contains nine points
(0;0;0;1); (0, 0; 1, 0); (0; 1, 0; 0); (1, 0; 0; 0); (0; 0; 1; 1);
(1;1;0;0); (1;0;0;1);(0;1; 1, 0); (1; 1, 1; 1):

There are three points on a line and a total of six lines. Usinthese nine
points and six lines we create the following incidence matrixhich will be



our parity-check matrix:

2 3
111000000
00011100
Hy = 0000O0O011 2
? 10010010
01001001
0010010001

Each row has weight three (the number of points on a line) andaé column
has weight two (the number of lines through a point).

For every low-density parity-check code, there is a correspading bipartite
graph called the Tanner graph. Our hyperbolic quadric creas a bipartite
graph with one partition class representing points, the othereapresenting
lines, and edges determined by incidence. The girth of thisaph is the
length of the shortest cycle. There is evidence that it is idedbr this girth
to be high (at least six) for a code to be excient under iterativadecoding.
The hyperbolic quadric is of special interest because we can shihat the
resulting bipartite graph does not contain any cycles of leiig six or less,
and so has girth at least eight.

Lemma 4.2 The lines of a hyperbolic quadric never form a triangle.

Proof: Suppose there exists a triangl@ in our hyperbolic quadric. ThenT
contains three lines and since we know that our lines are only oo forms,
li and m;, by the pigeonhole principle two of these three lines must be thfe
same form. However, this is a contradiction since we know that riwo lines
of the form |; can meet and likewise for linesn;. Thus we have shown that
the hyperbolic quadric contains no triangles. [ ]



5 Mathematical properties of Gy,

When q is relatively small, the software packageMagma [2] was used to
‘nd the coding parameters, the mathematical properties thatare used to
de ne the code, for the codes generated by the hyperbolic girc. These
parameters are the length, dimension, and minimum distance thfe code and
are listed in that order to identify a code. The length, commoly denoted
asn, is exactly as it sounds, the number of bits, both information It and
extra decoding bits, in each codeword from that code. The dimsion, k,
of the code indicates the number of bits within each codewottiat contain
information, as opposed to the additional bits used in decodin Thus, if H
is the parity-check matrix of the code thenk = nj rank(H). Finally, the
minimum distance, d, of a code is the minimum number of bits that di®er
when comparing any two codewords. A codeword with parameters k, d
is usually denoted by ih; k; d]. A summary of the data found for these codes
is given in Table 1. We noticed an obvious pattern in the dimesion and
minimum distance of the codes in the table.

The geometry of the hyperbolic quadric is quite structured. Asa result,
the geometry lends a hand in proving properties of the assocak code. We
were able to prove that the code formed from the hyperbolic qulric is a
[(a+ 1) ¢f; 4]-code.

Lemma 5.1 Gy, has dimensioncg.

Proof: ConsiderH, the parity-check matrix. To nd the dimension of our
codes we will rst try to create the smallest possible linearly degdent set
of rows ofH. Let B be a basis for the row space dfi (consisting of rows
of H) and suppose the row corresponding th is in B. Then we know that
there will be g+ 1 ones in the row corresponding td;. In order to cancel
these ones out to obtain the zero vector, we need to include gl 1 of the
rows corresponding to the linesn; (which run through the g+ 1 points on
l1). However, in including these lines we have covered ati € 1) 2 points in
the hyperbolic quadric and there ared+ 1)2 i (q+1) = g(q+ 1) ones in
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g | length | dimension| minimum distance
2 9 4 4
3 16 9 4
4 25 16 4
5 36 25 4
7 64 49 4
8 81 64 4
9 | 100 81 4
13| 196 169 4
16| 289 256 4
17| 324 289 4
19| 400 361 4
23| 576 529 4

Table 1: Parameters forG,,

the vectors of B that have not been canceled out to yield the zero vector.
Thus we now must include the remaining lines of the fornk, i 6 1 each
containing g+ 1 points to give us the g(q+ 1) ones needed to cancel those
mentioned above. Only in this manner will we obtain the zeroactor giving
us a linearly dependent set. However, this set of vectors contaievery row of
our parity-check matrix. Thus the largest linearly indepenént set is found by
taking only one of these vectors out. But; was completely arbitrary. Thus
any 29+ 1 rows of H are linearly independent. Now, recall the dimension
theorem from linear algebra, which stateslim(V) = dim(S) + dim(S?)
for any subspaceS of V. Let S be our codeC. The dimension ofV is
(q+ 1)2 and we found that the dimension ofS? is 20+ 1. Thus we have
o?+2q+1= dim(S)+2qg+ 1, or equivalently ¢ = dim(S). [ |

Lemma 5.2 G, has minimum distance four.



Proof: Let H; represent thei™ column of H, the parity-check matrix, for

i =1;2::5(9+ 1)2 Lelg C = (C1;C;::1;Gqeny2) be a codeword. Then
Hc? = 0, or equivalently i GH; = 0. We will now consider the existence
of codewords of small weight. Supposeis a codeword of weight one and
suppose the one occurs in thé" position of c. Then, whenc is multiplied
by the parity-check matrix, the result will be the correspondig columnHj,
which we know has weight two, and thus cannot be equal to the evector.
Hence there is no codeword of weight one.

Supposec is a codeword of weight two. Then we know that; and ¢, for
somei 6 j, contain a one, and all other positions contain zeros. When we
multiply this codeword c by the parity-check matrix we obtain zero. This
implies that H; + H; = 0. However, in order forH; + H; to equal zero,
H; and H; must have ones in the same positions, and so be equal. But we
assumed 6 j and that each column represents a distinct point. Therefore,
it is impossible to have a codeword of weight two.

Now suppose is a codeword of weight three. Then by similar arguments
as above there exist three columnBl;; H;;Hy;i 6 j;j 6 k;k 6 i such that
Hi + H; + Hy = 0. In order for this sum to be 0, each pair of lines must go
through a common point so that two ones can sum to zero. The onlyay for
each pair of lines to go through a common point is if the lines@ concurrent
or the lines form a triangle. Clearly the lines cannot be concrent since any
point of H has exactly two lines through it. As we discussed in Lemma 4.2,
the hyperbolic quadric contains no triangles. Hence it is im@sible to have
a codeword of weight three. We have shown that the minimum weig of
our code cannot be two or three. However, we can construct a ceaed of
weight four as follows.

We begin by choosing a quadrangle ¢1 and letting P;; P;; Py; P, be the
points of this quadrangle. These points are chosen so thgf; P; are on a
line of the form|; as arePx and P,. Similarly, P;; P are on a line of the form
m; as areP; and P,. Then let c be the characteristic vector corresponding
to the points on this quadrangle. In other wordsg is the vector with ones in

10



positionsi; j;k; and | and zeros in all other positions. Since every line &f
contains either zero or two points of the quadrangle, the suni these columns
is zero. Hence, we have found a codeword of weight four. We cattead
this argument to nd numerous other examples of weight four adewords
depending on which quadrangle is chosen. Thus the minimum dasice of
our code is four. |

Theorem 5.3 Gy, is a[(q+ 1)?; ¢?; 4] code.

Proof: The proof of this theorem follows from Lemmas 5.1 and 5.2. |

6 Codes generated by an elliptic quadric

We now examine a class of codes generated by an elliptic quadrFor our
discussion, we will be using several properties of the elliptic adric that can
be found in [4]. We chose to consider points and lines not incittewith E.
We can easily count the number of points o®. There are @+ 1)(o? + 1)
points in 3-space,? + 1 of which are on the elliptic quadric. Hence, there
are g(cf + 1) points o® E. We can again use a simple counting argument
to nd the number of lines that are skew toE. We know that there are
¢? + 1 planes tangent to E (one for each point) and there areg+ 1 lines
through a point in each such plane, yielding a total ofq+ 1)(o? + 1) lines
that meet E in exactly one %oint. Also, since any two points determine a line
in PG(3; ), there are'ng1 lines that meet E in two points. No lines can
meetE in three points. Now recall that the total number of lines inP G(3; q)
is (o + q+ 1)(cf + 1). Thus we nd that the number of lines skew toE is
(P+a+1)(R+1) i T (@+1)(R+1)= LA(c+1).

We form codesC, by using the points o®E along with all lines skew to
E to create an incidence matrix that will be our parity-check matrix Hg,.
We begin by labeling the columns oHg, with the 2¢?(¢? + 1) lines and the
rows with the g(¢? + 1) points (note that we swapped the roles of points and

11



g | length | dimension
3 45 17

5| 325 196

7 | 1225 877

9 | 3321 2584

11| 7381 6041
13| 14365| 12156
17| 41905, 36976

Table 2: Parameters forC,, g odd

lines in our matrix). Hence, the column weight oHg, is g+ 1 since there
are q+ 1 points on a line in PG(3;g). We can also nd the row weight, the
number of lines through a point, by multiplying the number oflines by the
number of points on a line and dividing by the number of point®® ofE as
follows: 2c?(o? +1)(g+1) =(o*+ q) = 3q(g+1). Note that this follows because
the number of lines through a point is a constant (this is a progrty of the

elliptic quadric which can be found in [4]). Note that the row weight will

be oddifqg” 1 (mod 4) and evenifg” 3 (mod 4). A summary of the
coding parameters obtained througiMagma computations, whenq is odd,
is given in Table 2. We observe a pattern based on this data andrcéorm a
conjecture about the dimensiork of the codeCg, whenq is odd.

Conjecture 6.1 For g odd, Gg, has dimensionk = n j (of + q) + + where
+=1ifg” 1 (mod4)andx=2if g~ 3 (mod 4).

Using this conjecture, we can actually prove a bound on the dimsion
of these codes. We observe that whemis odd, the sum of the rows oHg,
is the zero vector. This follows from the fact that the columrmweight, g+ 1,
is even in this case and leads us to the following proposition Ilfich agrees
with the conjecture).

12



Proposition 6.2 For g odd, the dimension of&, is at leastn j (FP+q+1.

Proof: The rows of Hg, in this case sum to the zero vector. Hence, the
rank of Hg, is at mostq® + i 1. Therefore, by the dimension theorem, the
dimension ofG, is at leastnj (¢®+ g) + 1. |

Example 6.3 Let q=3. Then the number of points o® is q(¢? + 1) = 30
and the number of lines skew t& is %qz(q2 +1) = 45. Thus the parity-check
matrix is a 30£ 45 matrix. We know that the column weight iggj+1 = 4
and the row weight is%q(q +1) = 6. Magma con rmed that, in accordance
with our conjecture the dimensionk, is 17.

A summary of the data found for codes wheq is even is given in Table
3. Note that we have no conjecture on the dimension for these cadehenq
is even.

Example 6.4 Whenq= 2, the number of points o® is g(¢?+1) = 10 and

the number of lines skew td& is $¢?(q? + 1) = 10. Hence the parity-check
matrix is a 10£ 10 matrix. Magma was used to nd this matrix explicitly,
and we provide it here.

2 3
1100100000
0001100001
101000100
01 0101000

HE2:0001000101
0O000OO0OO1110O0
001 0O0O0O011
1000010001
01 00O0O0O1O00
0010100001

The column weight of the parity-check matrix igj+ 1 = 3 and the row
weight is%q(q+ 1) = 3. Using the software packag®Magma[2] we found the
dimension, k, is four. Also we found the minimum distance to be four.

13



g | length | dimension
2 10 4

4 | 136 92

8 | 2080 1774

16| 32896| 30352

Table 3: Parameters forG,, g even

g | minimum distance
2 4
3 8
4 6

Table 4: Minimum distances forCe,

When q is really small, the software packag&lagma [2] was used to nd
the minimum distance for codes from the elliptic quadric. We are only able
to nd data for very small values ofq due to the computation time required
for larger values. A summary of the data found for these small vadg ofq is
given in Table 4.

7 Simulating the codes

In order to test the performance of our codes, we ran simulationsing R.H.
Morelos-Zaragoza's iterative probabilistic decoding of lear block codes [9]
on the 72 node parallel-processing and visualization system nowokvn as
the\lmmersive Visualization System"(IVS) operated by the Depatment of
Mathematics and Statistics at James Madison Universify We ran 500,000

1a special thanks to Jim Sochacki and Josh Blake for their help in running these sim
ulations and making their system available to us
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or more codewords through the simulation code depending onetliength of
the code. We wanted to test codes of length about 50, 100, and05fbom
both the hyperbolic and elliptic quadrics. We ran the simulatbns with a
signal-to-noise ratio ranging from one to six and compared thessults to
those of an uncoded message to observe how the codes performedt, ith
how accurately the code detected and xed any errors that oeoed. As
the signal-to-noise ratio increases, that is, the signal grows strger than
the noise that might interfere with it, the performance of thecoded signal
greatly improves. On the graphs, thex-axis represents the signal-to-noise
ratio while the y-axis represents the number of bit errors per codeword that
go uncorrected. Hence, the better the performance of the cqodee lower the
graph of the coded message will drop.

The results of the simulations are given in the Excel charts bah. We
note that the simulation results for the code<x, are quite good. This could
be due to the complex geometric nature of the incidence struce and the
extreme sparseness of the parity-check matrix. The cod€gs,, on the other
hand, do not perform as well. The column weight of the paritgheck matrix
for the codes of the elliptic quadric grows withg, whereas the column weight
of the hyperbolic quadric is a constant. This could explain t disparity in
the performance of the two families of codes.

15
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8 Conclusion

Through our research we found that the use of quadratic surfacas3-space
proves to be an e®ective method of code construction. The gexing-based
structure of these codes makes them appealing and provides aamefor prov-
ing mathematical properties about the codes. While the hypbplic quadric
is a simpler construction the elliptic quadric outperforms itin practice. Even
the codes(, of shorter lengths perform competitively. Although we have no
simulation results for codes of practical lengths (1000 or m&y, we can hope
that longer length codes will perform well in the real world.
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