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In 2000Singhand Sarthosh [2] de ned the conceptof a divisor graph. They
de ned a divisor graph G asan orderedpair (V;E) whereV % Z and for all
u;v2V,ué v,uv 2 E if andonly if ujv or vju. Singhand Sarthosh shoved
that every odd cycle of length v e or more is not a divisor graph while all
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Abstract

For a nite, nonempty set S of positive integers, the divisor graph
G(S) of S has vertex set S, and two distinct verticesi and j are
adjacent if and only if ijj or jji, while the divisor digraph D(S) of S
hasvertex setS and (i; j) is an arc of D(S) if and only if ijj. A graph
G isadivisor graph if there existsa set S of positive integerssuc that
G is isomorphic to G(S). It is shown that for a divisor graph G with
a transitiv e vertex, G £ H is a divisor graph if and only if E(H) = ;.
For m;n 2 N, Py, £ P, is a divisor graph. Also, givenm; n 2 N with
m , 5 there exists a non-divisor graph G, of order m + n, that hasm
neighborhoods that are divisor graphs and n neighborhoods that are
not divisor graphs.

Intro duction

ewven cycles,completegraphs,and caterpillars are divisor graphs.

In 2001,Chartrand, Muntean, Saenpholphah and Zhang[1] also studied
divisor graphs. They let S be a nite, nonempty set of positive integers.
Then, the divisor graph G(S) of S hasS asits vertex set, and verticesi and
] are adjacen if and only if either ijj or jji. A graph G is a divisor graph
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if G2 G(S) for somenonempty, nite setS of positive integers. Hence, if
G is a divisor graph, then there exists a function f : V(G) ! N, called a
divisor lakeling of G, sud that G 2 G(f (V(G))). Then the divisor digraph
D(S) of S hasthe vertex setS and (i;j) is an arc of D(S) if and only if
ijj. The results of [2] are con rmed in [1], whereit was shavn that trees
and bipartite graphsare divisor graphsand a characterization of all divisor
graphswas given.

In this paper, we will de ne divisor graphsin terms of a nonempty nite
set of positive integersasin [1]. See[3] and [4] for basicde nitions. For the
graph G givenin Figure 1, the verticescan be labeledwith S = f2; 3; 4; 6g to
produce the divisor graph G(S) and the divisor digraph D(S). The divisor
labelingf : V(G) j! Nisde nedas

f(a)=2,f(b)=6;f(c)= 3;f(d) =4

Obsene that the labeling f°%: V(G) j! N with fq{x) = cf(x) forc2 N is
also a divisor labeling of G. Therefore, any divisor graph G has in nitely
many divisor labelings.

G: G(S): DS

Figure 1: A graph G, a divisor labelling of G, the resulting digraph.

The goal of this paper is to explore seeral families of divisor graphs, as
well aslooking at divisor graphsand their relationship with their neighbor-
hoods, their complemers, and products.

2 Classi cation of Divisor Graphs

In this section, we state the characterization of divisor graphs given in [1],
and give someresults basedupon this characterization. Let D be a labeled
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divisor digraph. A transmitter of D is a vertex having indegree0 and a
receiver of D is a vertex having outdegree0. For a vertex u of D, let

N*(u) = fxj(u;x) 2 E(D)g and N' (u) = fxj(x;u) 2 E(D)g:

A vertex v in D is transitive if its outdegreeand indegreeare both greater
than zero, and for every x 2 Ni (u) andy 2 N¥(u), necessarily(x;y) 2
E(D). In [1] it wasshown that:

Theorem A Let G beagraph. Then G is a divisor graphif and only if there
existsan orientation D of G suchthat everyvertex of D is a transmitter, a
receiver, or a transitive vertex.

UsingtheoremA onecaneasilyverify that all odd cyclesof length greater
than three are not divisor graphs. Hence,the v e cycle, Cs, is not a divisor
graph.

Theorem 2.1 An orientation of a divisor graph, G, contains no transitive
verticesif and only if G is a bipartite graph.

Proof: Let G be a divisor graph. If an orientation of G cortains a tran-
sitive vertex, G must cortain a 3-cycleand therefore could not be bipartite.
Conversely if an orientation of G doesnot cortain a transitive vertex then
ead vertex is a transmitter or a receiwer, soG is a bipartite graph. ¥

The following can be proven as a corollary to Theorem 3.3 and Proposition
2.3in [1]; howewer, we preset the following independert proof.

Theorem 2.2 Let G be a divisor graph with an orientation that contains a
transitive vertex. The graphGE£ H is a divisor graphif andonlyif E(H) = ;.

Proof: Let G be a divisor graph with an orientation that cortains a
transitive vertex. If H is a graph of ordern 2 N, sud that E(H) = ;, then
G £ H is composedof n individual copiesof G and is a divisor graph.

Assume,to the cortrary, G£ H with orientation D and induced labeling
f :V(GE H)! Nisadivisor graphand E(H) 6 ;. SinceE(H) 6 ;, let
h.:h, 2 E(H). Also, sinceG cortains a transitiv e vertex, say g;, ead copy of
G in G£ H cortains a transitiv e vertex, (g;; h;). Then, in the rst copy of
G, there exist vertices (g; h;) and (gs; hy) sud that f (gy; hy)jf (g5 1) and
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f (g1; h)jf (g3; h1), where,sinceE(H) 6 ;, (g:; hy) is adjacert to (g;; hy). We
must considertwo cases.

Casel: Weassumd (gi; hy)jf (gu; h2). Thereforef (gp; hi)jf (gi; h2). How-
ewer (gp; hy) is not adjacen to (g;; h2) and G £ H is not a divisor graph.

Case2: Weassumd (g;; ho)jf (gy; h1). Thereforef (g:; hy)jf (gs; hy). How-
ewver (gi1; hy) is not adjacert to (gs;h;) and G £ H is not a divisor graph. ¥

Corollary 2.3 K, £ K5 is not a divisor graph for eachn | 3.

Corollary 2.4 K,£ G is adivisor graphfor eachn if andonly if G contains
no edges.

3 Some General Results

In this sectionwe will look at seeral results concerningdivisor graphs. We
begin by making the following obsenation that appearsin [1]. Since our
proof is di®erer and shorter, we include it.

Theorem 3.1 Every bipartite graphis a divisor graph.

Proof: Let G be a bipartite graph with partite setsU and W. Without
lossof generality we let any isolated verticesof G bein W. Label ead vertex
w 2 W with a distinct prime, and ewery vertex u 2 U with the product of
the labelsof its adjacen vertices. Multiply the label of eat vertex of U with
a prime distinct from the labels of the verticesin W. No two vertex labels
from the samepartite set divide ead other sincethey have distinct prime
factorizations with at least one uncommonprime. Vertex labels divide eat
other if and only if they correspnd to an edgeof G. Thus this is a divisor
labeling of G, and ewery bipartite graph must be a divisor graph. ¥

Singh and Sarthosh shaved that all graphs of order lessthan ve are
divisor graphs. We extend this result by shawing that Cs is the unique graph
of order lessthan six that is not a divisor graph.

Theorem 3.2 All graphsof order lessthan six are divisor graphswith the
exeption of Cs.



Proof: It hasalready beenshown that all graphsof order lessthan ve
aredivisor graphs. To extendto order 6, we simply must shawv that all graphs
of order 5 are divisor graphsexceptCs. Actually we only needto look at the
connectedgraphs of order ve. Any non-connectedgraph or order 5 must
be a divisor graph, sinceall graphs of order lessthen 5 are divisor graphs.
For the connectedcomponerts a divisor labelling must exist, and then label
any isolatedverticeswith distinct primesnot seenin any of the other labels.
Figures 2 and 3 illustrate that all connectedgraphs of order v e are divisor
graphs(Welet p, g, r, s, and t be distinct primes. For a table of all graphs
of order ve see[3].). Thereforeall graphs of order lessthan six are divisor
graphswith the exceptionof Cs. ¥
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Figure 3: order Ve and size 7, 8, 9, and 10.

We now turn our attention to look at products of paths.

Theorem 3.3 P, £ P, is a divisor graph.
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Proof: We clearly seethat P, £ P, is a bipartite graph and thereforeis
a divisor graph. ¥

We alsopresert an alternative proof.

Proof: Construct P, £ P, and think of P, £ P, asam by n grid graph.
Start in the top left hand cornerand label this vertex v;.;. In asimilar fashion
label the vertex in the i™ row and j™ column asvi; . We now introduce an
oriertation D. For ewery vertex vi; sud that i + j = 2n for somen 2 N
make v;; atransmitter. Thereforeewvery vertexv;; sucthati+j =2n+1
for somen 2 N must be areceiwer. SeeFigure 4 for the resulting orientation,
D, of P, £ P4. The orientation D is sud that the only directed edgesare
from a transmitter to a receiver. Therefore, by TheoremA, P, £ P, is a
divisor graph. ¥

Figure 4 An example of the orientation givento P4 £ Pj.

Theorem 3.4 Let G be a divisor graph. Construct H from G by addingan
edgebetween any two verticeswhosedistanae apart is an evennumter greater
than 2, then H is not a divisor graph.

Proof: Let G be adivisor graph. Construct H from G by adding an edge
between any two vertices whosedistance apart is an even number greater
than 2, say v; and v,. Then the inducedsubgraphcortaining v; and v, along
with the odd number of vertices correspnding to the even number of edges
on the path connectingv;, and v, is a cycle of odd length greaterthan three,
and thereforeH is not a divisor graph. ¥
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4 Complemen ts and Neigh borho ods

For a graph G, we denote the complemen of G by G. Someresults arise
when we ask about the relationship that exists between a graph and its
complemen with regardsto divisor graphs. Considerthe following corollary
of Theorem 3.2.

Corollary 4.1 Except for Cs, all graphs of order lessthan six and their
complementsare divisor graphs. Furthermore, Cs and its complementare
non-divisor graphs.

Note that when we look at graphs of order six this property does not
hold. By Corollary 2.3, K3 £ K, is not a divisor graph, but Kz £ K, = Cq
is a divisor graph.

We also have the following:

Theorem 4.2 K, £ K, is not a divisor graph, but K, £ K, is a divisor
graphfor eachn , 3.

Proof: From Corollary 2.3 we know that K, £ K, is not a divisor graph
foready n, 3. SinceK, £ K, is a bipartite graph, it is a divisor graph. ¥

Note that sinceK, = nK; andKy, = K[ Ky, if G= K, or G = Ky,
then G and G are both divisor graphs. On the other hand, Cs is not a
divisor graph and its complemen, Cs, is not a divisor graph. However, some
graphs, for example, K, £ K5, from Theorem 4.2, are divisor graphs but
their complemers are not.

We now focuson neighborhoods of a vertex. For v 2 V(G), we de ne the
neighborhood of v in G as, N (v) = fujuv 2 E(G)g. The induced neighbor-
hood of v, denotedhN (v)i, is the induced subgraphof N (v). When talking
about an induced neighborhood we will simply referto it asa neighborhood.
Note that if G is a graph sud that the neighborhood of ewvery vertex is a
divisor graph, then G doesnot have to be a divisor graph. Clearly Cs is sut
a graph. We also can have a graph for which the neighborhood of no vertex
is a divisor graph.

Theorem 4.3 For eachn | 10 there existsa graph G of order n with the
property, for all v2 V(G), N (v)i is not a divisor graph.
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Figure 5: G is such that for each v 2 V, hN (v)i is not a divisor graph.

Proof: We rst show that this is true for a graph G of order 10. Let U
and V be the partite setsof Ks.5, and G be the graph obtained by adding 5
edgesin ead U and V to form a copy of Cs in both U and V. SeeFigure 5.
We seethat the neighborhood of eat vertex of G contains the inducedcycle
Cs sois not a divisor graph.

Let n > 10and considerG asde ned above. Add nj 10 verticesinto the
setU without interfering with the 5-cyclethat hasalready beenconstructed,
making eat new vertex adjacert to eat vertex in the setV, and call the
graph G% We onceagain seethat the induced neighborhood of ead of the n
verticesin GPcortains an induced 5-cycleand thusis not a divisor graph. ¥

Theorem 4.4 Givenm;n 2 N with m , 5, there existsa non-divisor graph
G that hasm induced neighlmrhoods which are divisor graphsand n induced
neighlmrhoods which are not divisor graphs.

Proof: Let m;n 2 N with m , 5. We will build a graph of order
m + n that hasthe property that m neighborhoods are divisor graphsand n
neighborhoods are not divisor graphs. First considerK .., . Then select ve
verticesin the partite set of order m, and add 5 edgessothat the subgraph
induced by those v e verticesis Cs. SeeFigure 6. Then ewery vertex in
the partite set of order m has a nite collection of isolated vertices as a
neighborhood, sowe have m induced neighborhoods that are divisor graphs.
Also, the neighborhood of every vertex in the partite setof order n cortains
the induced subgraphCs and sois not a divisor graph. Therefore we have
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a non-divisor graph G that has m induced neighborhoods which are divisor
graphsand n induced neighborhoods which are not divisor graphs. ¥

Figure 6: G has m induced neighborhoods which are divisor graphs and n induced neighborhoods
which are not divisor graphs.

5 Open Questions

Early onin [2] it wasshawvn that C,y+1 IS not a divisor graph for eadin 2 N
with n , 2. Howewer not much more is known about non-divisor graphs,
with the exceptionof seeral familiesbasedupon the crossproduct of graphs,
Theorem2.2. It would be nice to know more families of non-divisor graphs.
Is there a characterization of non-divisor graphs not depending upon odd
cycles? Similarly, is there a characterization of all graphswhich are divisor
graphs but their complemers are not? Is there a characterization of all
graphswhich are not divisor graphsand their complemers are not divisor
graphs?For a givenintegern , 5 what is the maximum integer m for which
there is a non-divisor graph of order n and sizem. These appear to be
dizcult problems.
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