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Abstract

A (v;k;, ) di®erenceset D in a group G is a subsetof G such that every nonidentity elemert of G is
covered exactly , times by quotients d:d, *; di;d» 2 D: In the group ring, this meansthat D obeys the
equation DD Y = k¢1+ (G 1). An (m;n;k;,) relative di®erenceset R is a di®erenceset relativ e
to a normal subgroup N of G satisfying the similar equation RR( ¥ = k¢1+ (G| N). Di®erencesets
may be usedto construct symmetric designswith a nice automorphism group; relative di®erencesets
are usedto construct square divisible designswith a nice automorphism group. Symmetric designsand
divisible designsare important combinatorial structures.

We will describe various seart techniques for relativ e di®erencesets (RDS), including the exhaustive
seardh method for small groups using the computer program GAP, aswell asthe multiplier theorem and
group represertations methods used for larger groups. We will provide a catalog of RDS found, as well
as those eliminated, using these methods. A proof is preserted of the non-existence of (2m; 2; 2m; m)
relativ e di®erencesets in quaternion groups of order 4m where m is odd. In conclusion, we will state
seweral interesting results found for speci ¢ parameters, including (12,2,12,6) and (12,3,12,4).

1 Intro duction - Di®erence Sets and Symmetric Designs

An important topic in the "eld of discrete mathematics is the study of block designs. A (n;k;, ) block
designis a set of v points arranged into b blocks of size k where any 2 points are together on exactly ,
blocks. A designis called symmetric if v = h.

Symmetric designsmay be constructed using di®erencesets. Given a di®erenceset D in a group G,
de ne the points of the design asthe elemerts of G and the blocks as the translates gD for g 2 G of the
di®erenceset. This construction givesa symmetric design with an automorphism group acting sharply
transitiv e on the points of the design ([3], p. 8-10).

A group divisible designis a combinatorial structure with a slightly weaker condition than a symmetric
block design ([3], p. 3). A group divisible design may be constructed from relativ e di®erencesetsin the
sameway that symmetric designsare constructed from di®erencesets.

Much of the researtr on RDS has focused on families of semiregular di®erencesets (see[3], p. 40).
This paper will survey small parameter sets for semiregular RDS and describe seweral semiregular RDS
which were previously unknown.

In this paper, we exhausively determine the existence of RDS with certain small parameters and nd
new semiregular RDS.
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2 Basics of Di®erence Sets and Relativ e Di®erence Sets

Throughout this paper, we use de nitions and notation basedon those of Alexander Pott [3].

De nition 1. A (v;k;,) di®erence set D is a subset of a group G of order k such that in the list of
quotients d; ¢dj, L with distinct elemerts di;d, 2 D eac nonidentit y elemert of G occurs exactly , times.

De nition 2. An (m;n;k; ) relative di®erence setR in a group G of order m ¢n relativ e to a forbidden
normal subgroup N (jNj = n) is a k-subsetof G with the following property: the list of quotients rq d¢rj*
with distinct elemerts ry;ri* 2 R contains ead elemert in G=N exactly , times and does not contain
the elemerts of N. Thus, the following formula in the group ring ZG must be satis ed:

RRUD = ke¢1+ (G N):

Di®erence sets are homomorphic images of relative di®erencesets (RDS). One can show that the
existence of an (m; n; k;, ) relative di®erenceset implies the existence of an (m; k;n, ) di®erence set.
Supposea group G contains a relativ e di®erenceset R relativ e to a normal subgroup N, then if a normal
subgroup H of G is contained in N, there exists a relative di®erenceset in G=H relative to N=H.
Furthermore, if R has parameters (m; n; k;, ) then the RDS in G=H will have parameters (m; {;k; ,h)
where jHj = h: Hence, G=N will contain an (m; k;n, ) di®erenceset which is said to be a contraction of
R. R is said to be an extension or lifting of this di®erenceset. The contraction of a semiregular RDS is
the trivial (m; m; m) di®erenceset.

The existenceof a (v; k;, ) di®erenceset implies the existenceof a (v; k;, ) symmetr ic design. Simi-
larly, the existence of an (m; n; k;, ) RDS implies the existence of an (m; n; k;, ) divisibl e design. (See
Section 1.1 of [3].)

De nition 3. An (m;n;k;, ) divisible designis an incidence structure with mn points and the same
number of blocks such that every block has k points and every point is on k blocks. Also, every pair of
points will be together on , blocks except the points corresponding to the cosetsof the normal subgroup
N to which the (m; n; k;, ) RDS is relative.

Let the elemerts of a group G form the points of a divisible design. The translates of a relative
di®erenceset R in G form the set of blocks B of the design, sothat B = fgR : g2 Gg.

Divisible designs are often useful in projective geometries. If we are given a projective plane and
remove one of the blocks and all those parallel to it, we are left with a divisible design [?].

Lemma 1. Given a group G and a normal subgroup N of G, R may contain no two elemerts of the
samecosetof N .

Pro of. Let x 2 G and Nx be aright cosetof N. Supposer; and r, are distinct elemerts of R such that
r. = nix and ro = npax whereny;n, 2 N. Then
raryt = (nux)x' *nyt = ninb* 2 N;

but rirj * is not supposedto bein N, a cortradiction. 2

Lemma 2. Givenagroup G with normal subgroup N and RDS R, then any translate Rg:= frg:r 2 Rg
of R is also a RDS.

Pro of. If x = ryri® forri;r, 2 R then x = ri(gg' *)r2 = (r10)(r20)' * and r1g;r.g 2 Rg: 2
De nition 4. A relativ e di®erenceset is said to be semiregular if m = k= n, .

Theorem 1 (Prime powers in RDS) . (p*;p°; p%;p* °) RDS exist whenever p is a prime and a, b

[2].



3 Search Techniques

In this section we describe the various techniques we used to searc for relativ e di®erencesets in nite
groups.

3.1 The Bose-Connor Theorem

Theorem 2 [3]. Let R bean (m;n;k;,) RDS in a group G with respect to a subgroup N. If k> , mn,
and k > 0 then

(1) if m is eventhen k? i mn, is a square. Moreover, if m~ 2 mod 4 and n is even, then k is the
sum of two squares.

(2) if m is odd and n is even then
(2a) k is a square and
(2b) the equation
(kzi mn, )XZ + (I 1)m(mi 1)=2n=y 2 - Z2
has nontrivial integer solutions (X; y; z):

(3) if both m and n are odd then the equation
kX2+ (i 1)n(ni l):2ny2 - Z2
has nontrivial integer solutions.

The Bose-Connor theorem is useful in ruling out RDS parameters. For example, there exist no
nontrivial integer solutions to the equation

lOXZ + ((l 1)5(5i 1)=2 ¢5)y2 — 22;

which corresponds with the (19;5; 10; 1) parameter set, where m and n are both odd. This implies that
no (19;5; 10; 1) RDS exists.

3.2 Groups, Algorithms, and Programming (GAP)

For groups of small order, an exhaustive seard can be the most e®ective method for "nding all possible
RDS. The computer program GAP [1] provides a complete listing of groups, along with the capability
to seard them for RDS. By modifying a GAP program written by Dr. Ken Smith, it was possible to
seard for RDS with various parameters, the results of which can be found in section 4.1.

The program chedks all groups corresponding to a given set of parameters for a RDS. Within ead
group G, it nds eac normal subgroup N of the appropriate order and also generatesthe cosetswith
respect to N: Each relativ e di®erenceset has at most one elemert in a given cosetof N, and soa RDS
R is a subset of a transversal (a system of coset represertativ es) of N. If the RDS is semiregular, then
it is equal to a transversal.

The GAP program choosesa transversal and cheds to seeif it provides a RDS. If not, it chooses
another transversal. There are n™ transversals for a given subgroup N, but the seard can be reduced
to n™i 2 possibilities by xing two elemerts of R: the identity elemert and one elemert x from another
coset. This is allowed by the following argument. Assume x 62N : Then there existsri;r; 2 R such that
x = riry ' Since R is a RDS, sois Rrh *: But sincers;r, 2 R then x = riri* and 1= rori ! arein
Rri*: Thus the RDS R can be replaced by the RDS Rr}, *; which contains both 1 and x.

If the initial transversal choice fails, the elemerts in the cosetsare permuted until a RDS is found
or all possibilities have been exhausted. The problem, however, is that as the order of the group grows
and the number of groups of the orders grow, the number of possibilities for transversals increases
exponertially . For this reason, the exhaustive method should only be used for small groups. For larger
groups, other methods had to be implemented. Exhaustively searcing a group for an (m; n; k;, ) RDS
required chedking n™i 2 putativ e di®erencesetsto seeif they satis ed the basic equation from de ni on
2. If n™ 2 was on the order of a million, this processtook seweral hours on a Mac G3 laptop computer.



3.3 Multipliers

Lemma 3. If A is an Abelian group written in additiv e notation and t is relatively prime to the order
of A, then a 7! ta for all a2 A is an automorphism of A.

De nition 5. If tD = g+ D for someg 2 G, then t is said to be a multiplier .

Conjecture.  Supposet is relatively prime to the order of A and, in addition, tj(kj ,) in a di®erence
setor if tj(k?; mn, ) in a RDS. Then, if there exists a (v; k;, ) di®erenceset or an (m; n; k; , ) RDS then
there is a di®erenceset or RDS xed by t (see[3], pp. 29-30).

Supposewe are searding for a (7; 4; 2) di®erencesetin Z7; then t = 2 is a multiplier. The multiplier
t = 2 generatesthe orbits f0g;f1;2;4g;f3;5;6g in fZ;;+g. We pick f0g and one of f1;2;4qg or f 3;5; 6g
to be our di®erenceset. Note that the setsf0; 1;2; 4g and f 0; 3; 5; 6g are isomorphic to one another under
a7l 3a.

A multiplier may also be \lifted.” If we wereto lift the (7;4; 2) di®erenceset from the above example
into a (7; 2; 4; 2) RDS, then the multiplier t = 2 would belifted to t = 9wherea 7! 9a is an automorphism
of Z14 and "xes a (7;2;4;2) RDS.

3.4 Representations

A representation © of a group G is an operation-preserving map from (G; =) into (GL,(C); §. Represen-
tations will be usedto distinguish betweenthe elemerts in eac cosetwhile building a RDS.
A represenation © is said to be trivial on a subgroup N of G if ©(x) = 1for all x 2 N:
Represenations of nite groups may be built from a special set of represertations called \irreducible
represertationsﬁ (see[6])..We extend a represertation © on G to a represertation of the group ring ZG
by de'ning ©( agg) := ag©(g). Thus,©:ZG! Matn (C) is an algebra homomorphism.

Theorem 3. Let N bexal normal subgroup of G; let © be an irreducible represertation of G. Then

either © is trivial on N or ©(x) = 0:
x2G

In the casewhere ©(N) is trivial on N, ead elemert in a cosetof N is treated the same. This only
reiterates the fact that one elemert must be chosenfrom eac cosetwithout providing new information
Ig aid in the actual selection of elemerts. Thus for the given purposes,the casesof interest occur when

w26 ©(x) = 0: (For further reading and exampleson this topi'g, see[6] and [7

When © is not trivial on N, it should be noted that both  ,;©(g) and ,\ ©(n) = 0, and so

©(Gij N)=o0.

Example:

Seard for an (8,2,8,4) RDS inthe group G = Qg =< x;y: x¥=y* =1, yxyi 1= xi 1y x* = y2>
with respect to the unique subgroup of order two: N = f1;x*g: Let 3 be a primitiv e 8th root of unity.
Here are the represenations of G and their action on N.

Represenations
X y N
1 §1 2 trivial on N
u -1 q y 81 T lp 2 q trivial on N
© 30 0 1 0 0
1 .
w0 éﬂ wil Oy |0 O
* 0 0 1 20 trivial on N
2 .
y O 2y wil Og |0 2
© 330 0 1 0 0
2 o # i1 0 00

Since©; and ©; are the only caseswhich are non-trivial on N, they are the only two that needto be
considered.
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First, let us consider ©1. The cosetswith respectto N are:

1 x [ x2|x®] y | xy | x¥y | x%
x4 x5 | x8 | x7 | x%y | xBy | x®y | X7y
These elemerts map as follows under ©1:
A ! A ! A ! A 1
o ol s EV 22 0 23 0 Ky 1w 0, 51 o 22 o 3
0o 1 0 -0 ) -0 ) i1 0 i 0 3 0 3 0
A ! A ! Al ! Al !
Hia ol Hia ol a2 0 ;a3 0 Mo .1V Mo isﬂ 0 {32 0 33
0 i1 0 P 0 ;42 0 ;43 1 0 3 0 32 0 43 0
H f H il

a b a

Let R 7! q and RG D 71 b g ,wherea= 25+ 2,3 + 2,324 2,33 gnd b= 2, + 2.3 +

2632+ 2,33: Here?; = § 1; where 1 indicates the elemen from top row of a cosetand -1 indicates
the elemen from bottom row of a coset. The elemeris ¢ and d follow from the valuesof a and b.

Han+ b ag+ ba“ _ Hg oﬂ

(1 71 =
Therefore, RRY V70 o L 4b &+ dd 0 8°

In other words, jjajj2 + jjbjj2 = 8 and ca+ db= 0.

One solution to these equationsis 2; = (1;1;1;1;1;1;j 1;1), i.e. all of the elemers for the
relative di®erenceset are from the top row in the cosetsexcept for the secondto last one.

Using these choices,a= 1+ (p§+ 1)i and b= 1+ (pii 1)i.
Sojjajj? = 4+ P 2, jibjj? = 4 2’ 2, and jjajj? + jjbjj2 = 8, as desired.

By working badk through the mappings,we nd that R = 1+ x+ x2+ x3+ y+ xy + x3y + x%y
is an (8;2;8;4) RDS in Qs.

4 Results
4.1 GAP

The following tables describe the results of an exhaustive seart in GAP, grouped according to
the type of relative di®erenceset. In ead table we list parameters of relative di®erencesets
and determine the existenceof a RDS with those parameters. If we found the di®erencesets
using GAP in an exhaustive seard, we included, for ead group with a RDS, the number of
the group in GAP's small group library. For example,\16.2,3,4,5,9,10,11,12,13"in the \GAP

library number" column in the rst table indicates that of the fourteen groups of order sixteen,
the groups numbered 2-5 and 9-13 have (8; 2; 8; 4) relative di®erencesets.

(m; 2; m; m=2)

Parameters | RDS? GAP library number

(6,2,6,3) no

(8,2,8,4) yes | 16.2,3,4,5,9,10,11,12,13
(10,2,10,5) no
(12,2,12,6) yes 24.3,4,11
(14,2,14,7) no

(m; m; m; 1)



Parameters | RDS? | GAP library number
(4,4,4,1) yes 16.2,6, 12
(5,5,5,1) yes 25.2
(6,6,6,1) no
(7,7,7,1) yes*
(8,8,8,1) yes*

*These exist by Theorem 1. No further search was performed.

Other
Parameters | RDS? GAP library number
(8,2,8,4) yes 16.2,3,4,5,9,10,11,12,13
(8,4,8,2) yes | 32.21,23, 25, 26, 28, 29, 32, 33, 35
(9,3,9,3) yes 27.2,3,4,5

4.2 Quaternion Theorem

The quaternion groups, Qom =< X;y : x2M = y4 = Lyxyi 1 = xi ;x™ = y2 > area particularly
interesting casefor the (2m; 2; 2m; m) parameters. We found the following when consideringthese
groups:

Parameters | RDS? Reason
(4,2,4,2) Yes
(6,2,6,3) No Exhaustive seart (GAP)
(8,2,8,4) Yes

(10,2,10,5) No Exhaustive seard (GAP)

(12,2,12,6) | Yes

(14,2,14,7) No Bose-ConnorTheorem

(16,2,16,8) | Yes

(18,2,18,9) No | Exhaustive searh (GAP)

(20,2,20,10)| Yes

(22,2,22,11)| No Bose-ConnorTheorem

(24,2,24,12) | Yes

There is an obvious pattern in the existenceof a RDS when m is even and nonexistencewhen
m is odd. With this in mind, the following theorem arose.

Theorem 4. There do not exist any (2m; 2;2m; m) RDS in Q,,, when m is odd.
Pro of. For (2s;2;2s;s) RDS in Q,s when s is odd, ched two represenations:

© :x7il, y7i

il O ;
where3 is a primitiv e 2s" root of unity.
By constructing R from the cosetsof Q. with respectto N, it is obvious that
X1t X1t
R= ax'+( hx)y:

i=0 i=0

Therefore, RR( D = 2s¢1+ | (0) = 2s ¢1.



M1 M1
ai3| O h3| O
For ©,, R 7! Bi=0 5 1 E + RBi=0 5 1 Ey;
0 a ¥ 0 b3
i =0 i=0
_”A Oﬂ+“B o' o n
-0 A 0B 10"
_HA Bﬂ
- B A
u 1
So,RRGD 71 AA*BB 0

0 AA + BB

Therefore AA + BB = 2s 2 (2) but 2 (4).

By (2) and (4), we mean the ideals generatedby 2 and 4, respectively. While A and B
are cyclotomic integers,the given statemert still holds. For further reading on this topic, consult
Ireland and Rosen[5].

1
Now, A = 4 a;3', wherea; = §1, the indicator within ead coset.
i=0
X1 X1
A+0= a3+ (i1
i=0 i=0
X1 o
= (a+(i1))"

i=0
) A2 (2) and similarly, B 2 (2).
) Since(2)(2) = (4), we have that AA + BB 2 (4), a contradiction. 2

This leavesthe caseswith m even open. We have not yet beenable to prove the existenceof
a (2m; 2;2m; m) RDS in this case,but do beliewve it is true. We conjecture that there exists a
(2m; 2;2m; m) RDS in all Q2 whenm is even.

After reading this conclusion,wefound Ito's conjecture, which statesthat there are (4t; 2; 4t; 2t)
RDS in Qg; for all t such that 2tj 1or 4t 1is aprime power [4]. This conjectureis strong and
hasbeenveried for all t - 46[2]. It isimportant to point out that a proof for this conjecture
would alsoimply the Hadamard conjecture, which has remained open since posedin 1893.

4.3 Speci c Parameters
431 (122;12,6)
It is worth noting that we found only three (12;2; 12;6) RDS, all in nonabelian groups: SL »(3),
Q12, and Z3 £ Qg4, which are all generatedby three elemerns, X; y;z suc that:
SLo(3) = < x;y;z:ix*=y*=273=Lx?=yZyxyi = xi Lizxzi 1 = y;zyzi = xy >,
Qu=<xy,z:x*=y*=23= L;x?=y%yxyi 1 = xi Lixzxi 1 = z2%;yz = zy >, and
Quf Zz=<xy;z:x*=y*=23= 1;x2=y%yxyi L = xi Lixz = zx;yz = zy >.
This points out that investigating RDS in only Abelian groupswill not give a full analysis of
all working parameters. Nonabelian groups cortain RDS that are also quite interesting.
A (12;2;12;6) relative di®erenceset in all three groupsis:

R= (x*+ x+y+xy)(L+2)+ (L+ x+y+ xy)(x*2?):

The idea that one \magic" formula will produce a RDS in all three groups is exciting. It
suggeststhat all other RDS should be investigated to seeif this phenomenonoccurs with any
other parameters.



432 (123,124)

Alexander Pott stated, \( m; 2; m; m=2) are the only examplesof semiregularrelative di®erence

setsin groups which are not p-groups: All known exampleswith n 6 2 live in p-groups” [3], p.
103.

Howewer, we found (12; 3; 12;4) RDS in the three following groups: Qs £ Z3, A4 £ Z3, and
(Z6 £ Z,) £ Z3. These groups provide examplesoutside p-groups which do corntain RDS. This
opensthe door to a seard for many other RDS. Notice alsothat all three groups are splitting,
meaningthat Z3 = N in ead group.

A (12;3;124)RDSIN Qg £ Z3= < x;y;z:x8=y*=Lyxyil=xi ,x3=y%:z8=1,z2x =
XZ;zy = yz > is:
L+ y+ x2y+ x%y+ x®+ xy) + (X3 + x3y + x2 + x%y)z+ (x4 + x)z2.

A (12;3;124) RDS N A4 £ Z3 =< X;y;;¥2 . X3 = y2 = y2= Ly, =y ¥i =1y > £ < z:
22=1>is:
(1+ x%y1+ xya+ xy2 + Yo + X%) + (Y1 + XPy1y2 + Y1ya + X2Y2)Z + (Xy1y2 + X)z%:

A (12;3;12,4) RDSin (Zg £ Z5) £ Zz =< x;y;z:x8 = y2= 23> is:
1+ X2y + x3+ x%) + (x+ xy)z+ (y+ x2+ x3y + x* + x%y + x%y)z%

433 (12,6,12,2)

The next logical step is to attempt a lift of the previous two parametersto a (12;6; 12, 2) RDS.
In order to be eligible for such a RDS, a group G of order 72 must have a normal subgroupN of
order six where the subgroupsH, and H3 of N, of orders two and three respectively, give factor
groups corresponding to those which have (12;3;12;4) and (12; 2;12; 6) RDS.

Using GAP, it was determined that the possibility of such a RDS only exists in two groups:
SL2(3) £ Zz and Q4 £ Z3.

An exhaustive seard of thesegroups, using GAP, would require, for eady normal subgroupN
of order six, examining 6'° ¥ 60 million transversalsand running a relative di®erenceset chedk
on ead transversal. Our current program would take approximately a month of computer time
to exhaust one group. Therefore, at this time, the existenceof a (12; 6;12; 2) RDS is still open.
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