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For basics of graph theory and group theory, we refer to [2] and [5], respectively.

Let S be a subset of a finite group G such that 1 ¢ S and, for every x € G, z € S
if and only if 27! € S. The graph Cay(S,G) = (G, E), where E = {{z,zs}: s € S} is
called the Cayley graph of S on G. It is connected if and only if (S) = G.
throughout the paper, if S is a subset of a group G, then (S) denotes the subgroup of G
generated by S.) It was conjectured by many people that every connected Cayley graph
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is Hamiltonian. This conjecture was proven for all abelian groups by several people (see,
for instance, [3]). It was also proven for some classes of non-abelian groups. In particular,
Alspach and Zhang [1] proved the conjecture for cubic Cayley graphs on dihedral groups.
The paper [4] is the most recent survey on Hamilton cycles in Cayley graphs.

In this paper, we introduce addition graphs. Let A be a square-free subset of an abelian
group G, that is, there is not x € G such that z + x € A. The addition graph of A on G
is the graph Add(A,G) = (G, E), where E = {{x,y}: x +y € A}. The graph Add(A, G)
is regular of degree |A|. We show in Section 2 that the graph Add(A, G) is connected if
and only if the set A generates G and the set of all differences a — b of elements of A
generates either the entire group G or a subgroup of index 2. In the latter case, the graph
Add(A, Q) is bipartite.

We make the following conjecture:
FEvery connected addition graph on a finite abelian group is Hamiltonian.

In Section 3 we prove this conjecture for cubic addition graphs on a group G whose
order is divisible by 8 and for bipartite cubic addition graphs on a group G whose order
is divisible by 4. (Note that if Add(A,G) is connected and not complete, then the order
of G has to be even and, if this graph is not bipartite, the order of G has to be divisible
by 4.)

In Section 4 we show that if Add(A,G) is a connected bipartite addition graph, then
it is a Cayley graph on a group G* of dihedral type, which means that G* has an abelian
subgroup H of index 2 such that every element of G* \ H is of order 2. We use this
observation to prove that every cubic connected Cayley graph on a finite group of dihedral
type whose order is divisible by 4 is Hamiltonian.

In Section 5, we apply Witte’s result [6] on Cayley digraphs to show that every con-
nected bipartite addition graph on an abelian group of order 2¢, where ¢ is a prime power,
is Hamiltonian.

2 Preliminaries

All graphs in this paper are simple graphs, that is, without loops or multiple edges. For
any graph I', V(I') and E(I") denote its vertex set and edge set, respectively. We will
call a sequence of vertices (xg,1,...,2,) a walk of length n from vertex zy to vertex
xp if {x;_1,2;} is an edge for i = 1,2,...,n. For walks o = (zg,21,...,2,) and [ =
(T, T 1s -« - s Titn), 0k 3 denotes the walk (zg, 1, ..., Tm, T, - - -, ). 1f the vertices
of a walk are distinct, we will call it a path. If the vertices of a walk (z¢,x1,...,z,) are
distinct, except x¢o = x,, we will call it a cycle. A graph is connected if there is a walk
from any vertex to any other vertex. A cycle that contains all vertices of the graph is
called a Hamilton cycle. A graph with a Hamilton cycle is said to be Hamiltonian.

A subset A of an (additively written) abelian group G is said to be square-free if
r+x ¢ Aforall x € G



Definition 2.1 Let G be a finite abelian group and let A be a square-free subset of G. An
addition graph I' = Add(A, G) is the graph with V(I') = G and E(T') = {{z,y}: v +y €
A},

Figure 1 shows an addition graph Add(A, G), where G = Zs X Zg is the direct product
of a cyclic group of order 6 and a cyclic group of order 2. The elements of GG, that is, the
vertices of the graph are represented by ordered pairs ab witha = 0,1 and b = 0,1, 2, 3,4, 5.
The operation in the group is coordinate-wise addition with the first coordinates added
modulo 2 and the second coordinates added modulo 6. The set A consists of elements
a =10, b = 01, and ¢ = 13. Two vertices of the graph are connected with a thin edge if
their sum is a, with a thick edhe if their sum is b, and with a dashed edge if their sum is
c.

Figure 1

Notation. Let G be a finite abelian group and let A be a nonempty subset of G.
Let W be the free semigroup of words over the alphabet A. For ai,as,...,a, € A,
w = ajay---a, € W, and x € G, (z;w) denotes the walk (zg,z1,...,2,) in Add(A,G)
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with xg =2 and x; = a; — x;_1 fort=1,2,...,n.

For instance, in the graph shown in Figure 1, (02;a?b3c) denotes the following walk:
(02, 14,02, 15, 02, 15, 04).

Notation. For any subset A of an abelian group G, A’ ={a —b: a,b € A,a # b}.
For the graph Add(A, G) in Figure 1, we have A’ = {15,03, 10, 14, 12}. Figure 2 shows
the Cayley graph Cay(A’, G).

Remark 2.2 Observe that 0 ¢ A" and —x € A’ whenever x € A’. Therefore, for any
subset A of an abelian group G, there is a Cayley graph Cay(A’,G). If {x,y} is an edge
of this graph, then y = x +a — b with a,b € A, a # b. Therefore, (x,b— x,y) is a path of
length 2 from z to y in Add(A,G). Conversely, if there is a path of length 2 from x to y
in Add(A,G), then {x,y} is an edge of Cay(A’,G).

Figure 2



The following proposition gives a necessary and sufficient condition for a graph Add(A, G)
to be connected.

Proposition 2.3 Let G be an abelian group and let A be a square-free subset of G. The
graph Add(A, G) is connected if and only if (A) = G and |(A")| > |G|/2.

Proof. 1. Suppose (A) = G and (A’) = G. Then Cay(A’,G) is connected and, by
Remark 2.2, the graph Add(A, G) is connected.

2. Suppose (4) = G and [(A")| = 5|G|. Since Iy = Cay(A’, (4)) is connected, for
each © € (A’) there is a walk from 0 to z in Add(A, G). Since (A) = G, the set A is not
contained in (A’), so we fix a € A\(A’). Let z € G\ (4’). Since [(A")| = 1|G|, a—z € (A').
Therefore, there is a walk from 0 to a — z in Add(A, G). Since {a — z,z} is an edge in
Add(A, G), there is a walk from 0 to z in Add(A, G), so Add(A,G) is connected.

3. Suppose the graph Add(A, G) is connected. Let x € G, x # 0, and let (0,21, 2o, . ..,
x, = x) be a walk from 0 to 2. We prove by induction on n that = € (A). If n = 1,
then z € A. Let n > 2 and let z,_1 € (A). Since x,_1 +x € A, we have z € (A). Thus,
(A) =G.

In order to prove that [(A’)| > $|G|, we define an equivalence relation on G by declaring
x and y equivalent if there is a walk of even length from = to y in Add(A,G). Observe
that if there is a walk of odd length from x to z and a walk of odd length from z to vy,
then there is a walk of even length from x to y. Thus, with respect to this equivalence
relation, the group G consists of at most two equivalence classes. Let O be the equivalence
class that contains 0. It suffices to prove the following two claims: (i) O C (A’) and (ii)
0] > (G2

(i) Let € O. Since there is a walk of even length from 0 to z in Add(A, G), there is
a walk from 0 to x in Cay(A’, G). Therefore, x € (A).

(ii) Let x € G\ O and let (0,z4,...,x, = x) be a walk of odd length from 0 to x in
Add(A,G). Let a € A. Then (0,1, ...,2,,a—x) is a walk of even length from 0 to a — x
in Add(A,G), so a —x € O. Therefore, |O| > |G\ O|, which implies that |O| > |G]|/2. O

The following result was obtained in the course of the above proof.

Proposition 2.4 If Add(A,G) is a connected graph, then, for any x € (A’), there is a
walk of even length from 0 to x.

A graph is bipartite if and only if it has no cycle of odd length. Applying this criterion
to addition graphs yields the following result.

Proposition 2.5 Let A be a square-free subset of a finite abelian group G. The graph
' = Add(A,G) is not bipartite if and only if there exist integers ko, a € A, such that
Y aca kat is a square and Y, 4k, is odd.

Proof. Suppose I' has a cycle (zg,x1,..., 25 1,2 = x9) of odd length. For each
a € A, let k, be the number of indices j € {0,1,...,k—1} such that x; + ;41 = a. Then
Y aen kot =2 S0 @, is a square and Y aca ka =k is odd.
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Conversely, suppose )., ksa is a square and ) _, k, is odd. For each a € A, let

a€A

lo € {0,1} besuch that [, = k, (mod 2). Then )" ., l.,a =2uisasquareand ) I, =k
is odd. Let B={a€ A:l, =1} ={ap,a1,...,ar1}. For j =0,1,... k—1, let
(k—1)/2
Z A2i+j-1
i=1
(with indices taken modulo k). Then (zg,x1,...,Tx_1,2%) is a cycle of odd length in T.

O

The next result characterizes connected bipartite addition graphs.

Proposition 2.6 Let A be a square-free subset of a finite abelian group G. Suppose that
the graph Add(A,G) is connected. Let A" = {a —b: a,b € A,a # b}. Then the following
statements are equivalent:

(i) Add(A,G) is a bipartite graph;

(i) {4")] = 31G;

(i) AN(A) =2

Furthermore, if the graph Add(A,G) is bipartite, then (A’) and G\ (A’) are the bipar-
tition sets.

Proof. (i) = (ii).

Suppose Add(A, G) is a connected bipartite graph. Proposition 2.4 implies that (A’)
is contained in a bipartition set of Add(A,G). Therefore, (A’) # G and Proposition 2.3
implies that [(A")| = 3|G].

(if) = (ii).

Suppose [(A)] = 1G] but AN (A") # @. Let a € AN (A’). Then, for any b € A,
b=a+(b—a) e (A), ie., AC (A'). Therefore (A) # G. This contradicts connectedness
of Add(A, G).

(iii) = (i).

Suppose AN(A’) = @. Then (4’) # G and Proposition 2.3 implies that [(A’)| = 3|G].
Let {x,y} be an edge of Add(A,G). Then y = a — x with a € A. Since a ¢ (A'), (A"
and a + (A’) are the two cosets of (A’) in G. Therefore, if z € (A"), then y & (A’), and, if
x & (A), then y € (A’). Thus, Add(A,G) is a bipartite graph with bipartition sets (A’)
and G\ (A"). O

Three distinct vertices z, y, and z of a graph form a triangle if {z,y}, {y, 2}, and
{z,x} are edges of the graph. A graph that has no triangle is said to be triangle-free.

Proposition 2.7 Let G be a finite abelian group and let A be a square-free subset of G.
The graph Add(A,G) contains a triangle if and only if there exist distinct a,b,c € A such
that a+b-+c is a square. If G = Zy, X2y, X -+ - XL, , where q1,q2, . .., qs are prime powers,
then Add(A,G) has exactly 2%t triangles, where t is the number of 3-subsets {a,b,c} of
A, such that a + b+ ¢ is a square, and k is the number of indices i € {1,2,...,s} such
that q; is even.



Proof. If Add(A,G) has a triangle with vertices z, y, and z, then x+y = a, y+ z = b,
and z + x = ¢ are three distinct elements of A and a + b+ ¢ = 2(x + y + 2) is a square.
Conversely, if a + b+ ¢ = 2u for distinct a,b,c € A, then vertices t = u —b, y = u — ¢,
and z = u — a form a triangle.

Let {a,b,c} be a 3-subset of A such that a + b+ ¢ = 2u for some u € G. Then
a+b+c=2vifand only if u —v =0 or ord(u —v) = 2. Since G =Z,, X Zy, X --- X Z,
has exactly 2F — 1 elements of order 2, the graph Add(A,G) has exactly 2% triangles
{z,y, z} such that {x+y,y+ 2z, 2+2} = {a, b, c}. Therefore, the total number of triangles
in Add(A, G) is 2*t. O

Remark 2.8 Recall that a graph I' is vertex-transitive if for any two vertices u and v
there is an automorphism o of I' such that o(u) = v. Proposition 2.7 implies that an
addition graph does not have to be vertex-transitive. Indeed, let I' = Add(A,G), where
G =2y XLy, X - - - X L, with prime powers qi1,qa, - .., qs and A = {a, b, c} is a square-free
3-subset of G such that a+b+c is a square. By Proposition 2.7, I' has exactly 2% triangles,
where k is the number of indices i € {1,2,...,s} such that q; is even. On the other hand,
if I is vertex-transitive, then each vertex of I is contained in the same number of triangle,
and therefore |G| must divide 3 - 2%. This is possible only if G = Z% or G = ZX x Zs.

Notation. Let A be a square-free subset of a finite abelian group G and let a and b
be distinct elements of A. Let G’ = G/(a — b) and let 7 be the natural homomorphism
from G to G'. If I' = Add(A, G), we will denote by I',, the graph I',;, = (G', E’), where
E'={{n(zx),7(y)}: n(z) + n(y) € A, m(z) # 7 (y)}.

If T" is connected, then so is I'y;. Note that if the set m(A) is square-free, then
Loy = Add(m(A),G).

Proposition 2.9 IfT" = Add(A, G) is a bipartite graph and a and b are distinct elements
of A, then I'yy is a bipartite graph.

Proof. Let (m(x1),m(x2),...,7(z,)) be a cycle in I'y . Then 21 + 25 = a3 + ki(a — b),
To + x5 = as + ko(a — b),...,x, + 21 = an + ky(a — b), where ay,a9,...,a, € A and
ki, ko, ... k, are integers. Let z = a; +ag+ - +a, — > . ki(a —b). Then z =
2(@1+x2+- - +xy) isasquare and z = ), k,a with Y, k, = n. Since I is bipartite,
Proposition 2.5 implies that n is even. Therefore, I',;, is bipartite. O

For an element z of a finite abelian group G, we denote by ind(z) the order of the
factor-group G/(x). The following technical lemma will be used in the sequel.

Lemma 2.10 Let Gy be a finite abelian group of odd order and let G1 be a nontrivial
abelian 2-group. Let G = Go x Gy and let A be a square-free 3-subset of G. If (i) Gy is
not isomorphic to Zy and is not isomorphic to Z3 or (ii) Gy is isomorphic to Z3 and the
sum of the three elements of A is not a square, then there exist distinct a,b € A such that

ind(a —b) =0 (mod 4).



Proof. Let Gy = H; x --- x H,, where H; is a cyclic group of order 2% with 1 < k; <
ko < -+ < k. Forany z € G, ord(z) = 2*-m, where 0 < k < k, and m is odd. Therefore,
if s >3 ors=2andk; > 2, then ind(z) = 0 (mod 4) for all z € G. There are three
special cases to consider.

Case 1: s=2,k; =1, and kg > 2.

We will represent each © € G as x = (xg,r1,%2) with g € Go, 1 € {0,1}, and
ry € {0,1,...,2* — 1}. Among any three elements of G, one can choose two whose last
components are of the same parity. If @ and b are such elements, then ord(a — b) divides
2F2=1 1G], and therefore, ind(a — b) =0 (mod 4).

Case 2: s =2, k1 = ks = 1, and the sum of the three elements of A is not a square.

We will represent each = € G as x = (¢, x1, 22) with xg € G and x1, 25 € {0,1}. Let
A = {a,b,c}. Since a, b, ¢, and a + b + ¢ are not squares, each of these elements has at
least one of the last two components equal to 1. Without loss of generality, we assume
that a3 = b = ¢; = 1 and either (1) as =by =cy=1o0r (2) ag =by =0and ¢ = 1. In
either case, ord(a — b) is odd and therefore ind(a —b) =0 (mod 4).

Case 3 s =1 and k; > 2.

We will represent each x € G as x = (9, 7;) with 29 € Gy, 1 € {0,1,...,2F — 1},
Since the three elements of A are not squares, their last components are odd. Therefore,
one can choose two distinct elements of A, say a and b, whose last components are congru-
ent modulo 4. Then ord(a—b) divides 2¥172-|Gy| and therefore ind(a—b) =0 (mod 4). O

3 Cubic addition graphs

Throughout this section, G is a finite abelian group and A = {a,b,c} is a square-free
3-subset of G such that the graph I' = Add(A, G) is connected. If {z,y} is an edge of T,
we will call it an a-edge, a b-edge, or a c-edge if x + y = a, b, or ¢, respectively.

Let H = (a — b,a — ¢). Then either |H| = 5|G| and T' is bipartite or H = G. The
bipartite case has the following simple characterization.

Proposition 3.1 Graph I" is bipartite if and only if a + b+ ¢ is not a square.

Proof. If a 4+ b+ c is a square, then, by Proposition 2.7, I' contains a triangle and
therefore it is not bipartite.

Suppose I' is not bipartite. Then it has a cycle (zg,z1,...,2, = xo) of odd length.
Fori=1,2,...,n,let a; = ;1 + x;. Then a; + ay + --- + a,, is a square, i.e., there are
integers k, [, and m such that k4 [+ m = n is odd and ka + b+ mc = 2u is a square. If,
say, k and [ are even and m is odd, then ¢ = 2u — ka — b — (m — 1)c is a square. There-
fore, k, [, and m are odd, and then a+b+c = 2u—(k—1)a—(I—1)b—(m—1)c is a square. [J

Let 7 be the natural homomorphism from G to G/{a — b). Since w(a) = w(b), each
vertex of graph I',; is of degree at most 2.



Suppose 7(a) is a square. Then a = 2u + k(a — b), where u € G and k € Z. Since a is
not a square, k is odd. But then b = 2u + (k — 1)a — (k — 1)b is a square. Thus 7(a) is
not a square, and therefore, every vertex of I, is incident with a 7(a)-edge. Since I'y is
a connected graph, it is either a path or a cycle.

Suppose now that m(c) is a square, i.e., ¢ = 2u + k(a — b), where u € G and k € Z.
Since ¢ is not a square, k is odd. But then a+b+c¢ = 2u+ (k+1)a — (k—1)b is a square.
Conversely, if a + b + ¢ = 2u is a square, then 7(c) = 27 (u) — 27(a) is a square.

Thus, if I' is bipartite and connected, then I'y; is regular of degree 2 and connected,
that is, a cycle. If I' is connected but not bipartite, then I, is a path.

If I'yp is a path of length 1, then G = (@ — b) U (a + (a — b)) and I' has a Hamilton
cycle

(0,a,b —a,2a —b,2b —2a,3a —2b,...,(g—1)b— (g — 1)a,ga — (g — 1)b,0),

where g = 3|G|.

From now on, we assume that ind(a — b) = 2n = 0 (mod 4) (cf. Lemma 2.10), so
|G| = 2mn, where m = ord(a — b). Then I'y, is a cycle or a path of length 2n. Let
X1,Y1,X9,Ys5,..., X, Y, be consecutive vertices of I'yp. If I'yp is a path, then, since
m(a) is not a square, we have X; +Y; = w(a). If I'y, is a cycle, we assume without
loss of generality that X; +Y; = m(a). Since the edges of I',;, are alternating m(a)- and
m(c)-edges, we obtain that X; +Y; = 7(a) for j = 1,2,...,n, ¥; + X;41 = 7w(c) for
j=1,2,...,n—1,and, if I',; is a cycle, Y,, + X; = 7(a).

Therefore, if x € X;, thena—z,b—x € Y, and, for j > 2, c—2 € Y,_y; if y € Y}, then
a—y,b—yeX;and, for j<n—-1,c—ye X,y fl,isacycleand z € X,y €Y,
thenc—z €Y, andc—y € Xy. T, isapathand v € Xy, y €Y, thenc—z € X;
and c —y €Y,.

In the next two theorems we construct a Hamilton cycle on I' for the following two
cases: (i) |G| = 0 (mod 4) and T' is bipartite and (ii) |G| = 0 (mod 8) and I' is not
bipartite.

Theorem 3.2 Let A be a square-free 3-subset of a finite abelian group G with |G| = 0
(mod 4). If I' = Add(A, G) is a connected bipartite graph, then it is Hamiltonian.

Proof. Let A = {a,b,c} and let I' = Add(A, G) be a connected bipartite graph. Group
G and set A satisfy the condition of Lemma 2.10, so we assume that ind(a — b) = 2n,
where n is even. Let m = ord(a — b) and let X;,Y7, X5, Vs, ..., X,,,Y, be consecutive
vertices of I'y .

Let H = {(a —b,a —c¢). Then |H| = mn, so n(c—a) € (b—a). Since 7(2c —a —b) =
2m(c — a), we obtain that §(2c —a —b) € (a —b). Let §(2c —a —b) = q(b — a) with
0 <qg<m—1. Let d be the greatest common divisor of ¢ and m and let m = sd.

For each z € X1, let P(2) = (z; ((ba)*'bc)™?((ab)*'ac)™?). For j = 1,2,...,n, let
u;j(z) be the first vertex of P(z) that lies in X;. Then u(z) = 2z and, for j =2,3,...,n,

ui(z) = uj—1(z) +(d—=1)(a—b)+c—b ifj<Z+1,
T wa) +(d-1b-a)te—a ifj>5+1

9



Therefore, for z1, 2o € X; and, for j =1,2,...,n,
uj(z1) — uj(22) = 21 — 2. (1)

By a straightforward calculation, we obtain that the last vertex v(z) of P(z) is v(z) =
24+ 5(2c—b—a) =24 q(b—a). Note that v(z) € X;. Let V(2) be the set of all vertices
of P(z), except the last one. Then, for j =1,2,...,n,

{uj+i(a—>0):0<i<d—-1} ifj<

{u;j —ila—b):0<i<d—1} ifj> (2)

NS I3

and
b—(V(z)NnX;) ifj<3g, )
a—(V(z)NX;) ifj> 3.

Equations (1), (2), and (3) imply that if 2,20 € X; and 2, — 20 = kd(a — b), where
k# 0 (mod s), then V(z;) NV (z) = 2.

Fix x € X; and let 2z = x4+ kq(b—a) for k =0,1,...,s—1. Then sets V (z),V(21),. ..,
V(25_1) are pairwise disjoint. Since S25_{ |V (z)| = 5|V (20)| = 5 - 2nd = 2mn = |G/, the
union of the sets V(z), k =0,1,...,s—1, is the group G. Observe that the v(zx_1) = 2
for k = 1,2,...,5s — 1 and v(zs—1) = 2. Therefore, P(zg) * P(z1) * ... % P(z5_1) is a
Hamilton cycle in T'. O

V(z)ﬂYj:{

Figure 3 demonstrates a bipartite addition graph Add(A,G), where G is the direct
product of cyclic groups ogf order 6 and of order 12. The vertices of the graph are ordered
pairs ab with a = 0,1,2,3,4,5 and b =0,1,2,...,11. For convenience, we use E instead
of 11 and T instead of 12. Theset A = {a,b,c} with a = 10, b = 12, and ¢ = 21. The thick
edges of the graph form a Hamilton cycle obtained according to the algorithm described
in Theorem 3.2
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Remark 3.3 The only case of connected cubic bipartite addition graphs that is not covered
by Theorem 3.2 is Add(A,Zs x H), where H is an abelian group of odd order and A =
{(1,a),(1,0),(1,¢)} with a,b,c € H such that (a —b,a — ¢) = H. Theorems 4.6 and 5.2

cover this case if H is a cyclic group or |H| is a prime power.

Remark 3.4 Observe that the vertex x in the last paragraph of the proof of Theorem 3.2
could be any vertex of Add(A,G). One of the two edges of the Hamilton cycle that are
incident with x is a c-edge and the other is either an a-edge or a b-edge. Since a and b
are interchangeable in the proof, we conclude that for any edge of Add(A,G) there is a
Hamilton cycle that contains this edge.

We will now turn our attention to non-bipartite connected cubic addition graphs. For
such a graph I', every element of X is connected by a c-edge to another element of X;
and therefore | X;| = m is even. This implies that |G| = 2mn is divisible by 4

Theorem 3.5 Let A be a square-free 3-subset of a finite abelian group G with |G| = 0
(mod 8). If ' = Add(A, G) is a connected graph, then it is Hamiltonian.

Proof. Let A = {a,b,c} and let I' = Add(A,G) be a connected graph. Group G
and set A satisfy the condition of Lemma 2.10, so we assume that ind(a — b) = 2n,
where n is even. Let m = ord(a — b). Due to Theorem 3.2, we may assume that I'
is not bipartite, i.e., a + b+ ¢ is a square. Let (X1,Y), X5, Ys, ..., X,,,Y,) be the path
formed by the vertices of I',;. Since every element of X, is connected by a c-edge to
another element of X, m is even. Observe that if z € X, then, for j =0,1,...,n — 1,
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2+ jlc—a) € Xj, 2+ (n+j)(c—a) € Y,_;, and 2+ 2n(c — a) € X;. Therefore,
ord(m(c—a)) = 2n. Since 7(2¢c —a —b) = 2w(c — a), we have n(2c —a —b) € (a —b). Let
n(2c—a—">b) =q(b—a) with0 < ¢ <m—1. Then (n —q)a+ (n+q)b—2nc =0. If g is
odd, then c=(a+b+c¢) — (n—q+ 1)a— (n+ g+ 1)b+ 2nc is a square. Therefore, ¢ is
even. Let d be the greatest common divisor of ¢ and m. Since m is even, we have d > 2.
Let s = md.

For each z € X1, let P(z) = (z; wywy - - - way,), where

be if 7 <n and j is odd,
ac if j <n and j is even,
(ab)¥2ac if j > n and j is odd,
(ba)?2bc if j > n and j is even.
The last vertex of P(z) is v(z) = z 4+ n(2c —a —b) = z+ q(b — a). Note that v(z) € X;

Let V(2) be the set of all vertices of P(z), except the last one. For j =1,2,...,n, let
Vi(z) = V(2) N X;. Then

Vi(z) ={z}U{c—v(z)+i(a—0b): 0<i<d—2} (4)

and, for j =2,...,n,

Vi(z) = Vi_i(z) +c¢—b if jis even, 5
e Viei(z) +c—a if jis odd.

For j =1,2,...,n, we have

b—V;(z) if jis odd,

a—V;(z) if jis even.

vwmm:{ (6)

The order of group G' = G/{(d(a — b)) is d. Let p be the natural homomorphism
from G to G'.

Claim. There exists zy € X; such that p(Vi(z)) = G'.
Since p(v(z0)) = p(20), (4) implies that this claim is equivalent to

p(z0) € {p(c) — p(z0) +i(p(a) — p(b)): 0 <i < d—2},

which is equivalent to
26(20) = p(c) — pla) + p(b).
Let z € X;. Then ¢ —x € Xy, s0 ¢ —2x € (a —b). let ¢ — 22 = k(a — b). Since ¢ is not a
square, k is odd. Let zp = = + %(a —b). Then zy € Xy, 229 = ¢ — a + b, and the claim
is proven.
Let z € X be such that p(Vi(2)) = G'. Then p(V;(z)) = G’ for j = 1,2,...,n. Let
2/ = 2+ kd(a —b), where k # 0 (mod s). Then 2’ € X; and p(V;(2')) = G'. Moreover,
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since p(2') = p(z) and p(Vi(2') \ {z'}) = p(Vi(2) \ {2}), the sets Vi(z) and V;(2') are
disjoint. Egs. (5) and (6) then imply that V(z) NV (2') = @.

Let zy € X; be provided by the above claim and let 2z, = zy + kq(b — a) for k =
0,1,...,s — 1. Then sets V(29),V(z1),...,V(2s_1) are pairwise disjoint. Since
SV (z)| = sV (20| = |G, the union of the sets V(z), k = 0,1,...,5 — 1, is G.
Since v(zp_1) = 21, for k =1,2,...,5 — 1, and v(zs_1) = 29, we obtain a Hamilton cycle
P(z9) * P(21) % ...x P(zs_1) in I. O

Remark 3.6 The only case of connected cubic non-bipartite addition graphs that is not
covered by Theorem 3.5 is Add(A,Z3 x H), where H is an abelian group of odd order and
A={(1,1,a),(1,0,b), (0,1,¢)} with a,b,c € H such that {(a —b,a —c) = H.

4 Bipartite addition graphs and Cayley graphs

In this section we will show that every connected bipartite addition graph is in fact a
Cayley graph. We begin with two group-theoretic constructions.

Let G be an additively written abelian group with a fixed subgroup H of index 2.
Define a multiplication on G as follows:

{y—i—x itye H,
Ty =

y—ax ifyé&H. (7)

This multiplication is associative: for y,z € H, (zy)z = z(yz) = z + y + x; for
yeH z¢gH, (zy)z=a(yz) =z—y—a;foryg H,z € H, (zy)z = 2(yz) = 2 +y — ;
fory,z ¢ H, (vy)z = x(yz) = z—y+x. For the neutral element 0 of G and for all z € G,
we have 20 = Ox = x. For x € H, x(—z) = 0; for x ¢ H, xo = 0. Thus, the elements
of G form a group with respect to this multiplication. We will denote this group by G*.
Observe that H is an abelian subgroup of G* (of index 2) and every element of G* \ H is
of order 2.

Remark 4.1 The group G* is a semidirect product Zio x H.
We follow Curran and Gallian [4] and call G* a group of dihedral type.

Definition 4.2 A group G is said to be of dihedral type if it has a subgroup H of index
2 such that every element of G\ H is of order 2.

Remark 4.3 A nonabelian group G of dihedral type is a dihedral group if and only if the
subgroup H 1is cyclic.

Let G be a multiplicatively written group of dihedral type with respect to an abelian
subgroup H of index 2. Fix a € G\ H and define an addition on G as follows:

if H
pry =t YO (®)
aray ify & H.
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This addition is associative: fory,z € H, (x+y)+2z =x+(y+2z) = xyz; fory € H, z &
H, (z+y)+z=a+y+2) =avyaz;fory g H z € H, (x+y)+2z =2+ (y+2) = avayz;
fory,z ¢ H, (x+y)+2z = 2+ (y+2) = zayaz. This addition is commutative: for z,y € H,
r+y=y+a=ay forx € Hy ¢ H, v +y=azray = (azx) tay = 27y = (z71y)"! =
yr=y+a;forx € Hyy € H,y+x = ayaxr = (ay) tax =y o = (y2) ' =ay =2 +y;
for z,y ¢ H, v+ y = (ax)(ay) = (ay)(ax) = y + x. If e is the neutral element of G, then
r+e=xaforallz€eG. Forr e Hyx+ax t=¢ forx € H, v +axa=e.

Thus, with respect to this addition, the elements of G form an abelian group. We will
denote this group by G™*.

Proposition 4.4 Let A be a square-free subset of a finite abelian group G and let I' =
Add(A, G) be a connected bipartite graph. Let H = (A’) and let G* be the group defined
by (7). Then I' = Cay(A,G*).

Proof. If I' = Add(A, G) is connected and bipartite, then, by Proposition 2.6, |H| =
;|G| and AN H = @. Therefore, for all z,y € G and for any a € A, y = za in the group
G* if and only if y = a — 2 in the group G. Thus, the graphs Add(A, G) and Cay(A, G*)
have the same edge set (and the same vertex set). O

Since all Cayley graphs are vertex-transitive, we obtain that all connected bipartite
addition graphs are vertex-transitive. It is possible to show that all regular bipartite
addition graphs are vertex-transitive. As we have shown in Remark 2.8, not all regular
connected addition graphs are vertex-transitive.

Proposition 4.5 Let G be a finite group of dihedral type with an abelian subgroup H of
index 2 and a fized element a € G\ H. Let AC G\ H and let T' = Cay(A,G). Let G+
be the group defined by (8). If T is connected, then T' = Add(A,G™) and T is bipartite.

Proof. Let T' = Cay(A, G) and A = Add(A,G™T).

If {z,y} € E(I'), then x = yc with ¢ € A. Without loss of generality, we assume that
v ¢ Handy € H. Then z +y = 2y = ycy = (yo) 'y = ¢, so {x,y} € E(A). Since T
is connected, so is A. If b,c € A, then b — ¢ = b+ aca = (ab)(ca) € H. Therefore, the
subgroup generated by A’ in G* is contained in H. Since A is connected and |H| = |G|,
Propositions 2.3 and 2.6 imply that the subgroup generated by A’ in Gt is H, and there-
fore A is bipartite. If {z,y} € E(A), then x +y = ¢ € A, and we assume without loss
of generality that x ¢ H and y € H. Then zy = c and yc = yay = (yx) "'y = z, so
{z,y} € E(I'). Therefore, I" = A. O

We will apply Propositions 4.4 and 4.5 to obtain new results for both addition graphs
and Cayley graphs.

In the paper [1], Alspach and Zhang proved that every connected cubic Cayley graph
on a dihedral group is Hamiltonian. Combining this result with Proposition 4.5 yields the
following theorem.
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Theorem 4.6 Let A be a square-free 3-subset of a group G = Zy x H, where H is a
cyclic group of odd order. If I' = Add(A,G) is a connected bipartite graph, then it is a
Hamiltonian graph.

Proof. Let I' = Add(A,G) be a connected bipartite graph. Since A is square-free,
we can represent its three elements as (1, a), (1,b), and (1,¢) with a,b,c € H. Therefore
(A’Y C H and then Proposition 2.3 implies that (A") = H. Let G* be the group defined
by (7). Then H is a cyclic subgroup of G*, and therefore G* is either abelian or dihe-
dral. In either case, Cay(A, G*) is Hamiltonian. By Proposition 4.4, I' = Cay(A, G*) and
therefore I' is Hamiltonian. O

Theorem 3.2 is instrumental in obtaining a previously unknown family of groups, on
which all connected cubic Cayley graphs are Hamiltonian.

Theorem 4.7 If G is a finite group of dihedral type and |G| = 0 (mod 4), then every
connected cubic Cayley graph on G is Hamiltonian.

Proof. Let G be a finite group of dihedral type, that is, G has an abelian subgroup
H of index 2 such that every element of G \ H is of order 2. Let |G| =0 (mod 4). Let
A = {a,b,c} be a 3-subset of G such that the neutral element e of G is not in A and,
for any z € G, v € A if and only if 27! € A. Let I' = Cay(A, G) be a connected Cayley
graph. Then (A) = G and therefore 0 < |ANH| <2. Leta ¢ H.

Case 1: ANH =@.

Consider the group G* defined by (8). By Proposition 4.5, I' = Add(A,G*). By
Theorem 3.2, I" is Hamiltonian.

Case 2. |ANH| = 1.

Let c € AN H. Then ord(c) = 2.

Let ord(ab) = m. We have ac = (ac)™' = ca, bc = cb, and ba = (ab)~*. Therefore,
H = {(ab)*c: 0 < k <m—1,0 <1 < 1}. If ¢ € (ab), then H is a cyclic group.
Therefore, either G is a dihedral group and T" is Hamiltonian by Alspach and Zhang [1],
or GG is abelian, and again I' is Hamiltonian. Suppose ¢ ¢ (ab). Then |G| = 4m and
G can be decomposed into four cosets of cardinality m: X = {z; = (ab)*: k € Z},
Y = {yr = (ab)ra: k € Z}, Z = {2z, = (ab)*c: k € Z}, and W = {wy, = (ab)*ac: k € Z}.

Observe that

E(F) = {{xlﬁ ?Jk}, {xka yk—l}u {xka Zk}, {?le wk}) {Zk7 wkz}a {zka wk—l}: ke Z}
Therefore, I' admits the following Hamilton cycle:
(iUo, Yo, T1,Y1, - - -y Tm—1, Ym—1, Wm—1, Zm—1, Wm—-2, Bm—2, - - - , Wo, 20, 330)-

Case 3: |ANH|=2.
Then ¢ = b~! and therefore H = (b) is a cyclic group. Then G is abelian or dihedral
and therefore I' is Hamiltonian. U
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5 Cayley digraphs and bipartite addition graphs

Let S be a subset of a group H that does not contain the neutral element. The Cayley
digraph of S on G is the digraph Cay(S, H) = (H, F) with the arc set £ = {(x,xs): s €
S}.

An addition graph I' = Add(A,G) on an abelian group G induces a Cayley di-
graph A = Cay(A’,H), where H = (A’). If T is bipartite and has a Hamilton cycle
(0,90, Z1, Y15 -+ s Tn—1,Yn—1, 0), then (0, 1,29, ..., 2,_1) is a Hamilton cycle on A. How-
ever, Cayley digraphs that can be obtained in this manner are rather special, and the
construction is not reversible. We introduce another relation between bipartite addition
graphs and Cayley digraphs which seems to be more promising.

For a subset A of an abelian group G and an element a of A, let A, = {b—a: b €
Ab#a}. Forbce A,b—c=(b—a)—(c—a),so (A,) = (A). Let I' = Add(A, G) and
let a € A. We denote by I', the digraph Cay(A,, H), where H = (A,).

Proposition 5.1 Let A be a square-free subset of a finite abelian group G and let I' =
Add(A, G) be a connected bipartite graph. Leta € A and let H = (A,). Then the following
two statements are equivalent.

(i) The digraph Cay(Aq, H) is Hamiltonian.

(i) I admits a Hamilton cycle that contains all a-edges of T

Proof. Let H = {xg,x1,...,2,-1}. Since I is bipartite, |G| = 2n and G = HU(H +a).
If (zo,x1,...,%Zn_1,T, = xg) is a Hamilton cycle in the digraph Cay(A,, H), then, for i =
1,2,...,n,x; = x;_1+b;—a with b; € A. Then (z¢,a—zg,x1,a—21,...,Tp_1,a—Tp_1,T0)
is a Hamilton cycle in G. It contains a-edges {z,a—x} for each x € H, that is, all a-edges
of T.

Conversely, if (0 = o, Y0, Z1,Y1,- -+, Tn_1,Yn—1, Tn = 0) is a Hamilton cycle in G that
contains all a-edges, then either xg + yo = a or x,, + y,—1 = a. Without loss of generality
we assume that xo+yo = a and then z;+y;, =afori=0,1,...,n—1. Fort=1,2,...,n,
let b; = x; + y;—1. Then z; — x;_1 = b; — a and therefore (zg,x1,...,x,) is a Hamilton
cycle in the digraph Cay(A,, H). O

In the paper [6], Witte proved that every connected Cayley digraph on a group of
prime-power order greater than 2 is Hamiltonian. This result immediately implies

Theorem 5.2 Let A be a square-free subset of a finite abelian group G such that |G| = 2q,
where q is a prime power. If the graph Add(A, Q) is connected and bipartite, then it is
Hamiltonian.

Remark 5.3 The definition of addition graphs can be generalized in the following way: if
A is a subset of an abelian group G, then Add(A,G) = (G, E), where E = {{z,y}: x+y €
A, x # y}. This generalization does not assume that the set A is square-free. Such graph
Add(A, G) is reqular of degree |A| if and only if A is square-free and it is reqular of degree
|A| =1 if and only if x +x € A for all x € G. In the latter case, it would be interesting to
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know whether all connected cubic addition graphs are Hamiltonian (the set A has to be of
cardinality 4). Note that if Add(A, G) is connected but not reqular, it does not have to be
Hamiltonian. For instance, let G = Zy and let A = {1,2,4}. Then Add(A,G) has three
verices of degree 2, namely, 1, 2, and 4, and four vertices of degree 3. Since the graph has
an edge from 0 to each vertex of degree 2, it is not Hamiltonian.
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