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1 Intro duction

Gameshave beenof interest to mathematicians for many yearsbecausethey can be math-
ematical models of simple real life situations. Baris Tan used this conceptin his article
ertitted \Mark ov Chains and the RISK Board Game." In his paper, a model is presened
for the board game RISK using modi ed rules. Tan de ned the loser as the personwho
has zeroarmies. In order for this condition to occur, the attacker is allowed to attack with
only one army, which cannot happen in the actual game of RISK. Baris Tan also assumed
that multiple rolls in a battle are independen everts, whenin fact they are not. When the
dice are rolled, they are then placed in descendingorder and thus are no longer indepen-
dert. This paper will introduce a new model that is consistert with the rules of the game
and discardsthe assumption of independert events. We will explore several mathematical
aspects of the gameRISK using mathematical tools, such as Markov chains and probability
theory, to answer two main questions: What is the prokability that if you attack a territory,
you will capture that territory? and If you engagein war, what is the expected number of
lossesbasal on the number of defending armies on that territory? Before these questions
are answered, the rules of the gameneedto be explained.

2 Rules of the Game

As the sloganfor the gameclaims, RISK is the \game of global domination." The objective
of the gameis to attack and capture eneny territories in order to wipe out the opponert
and becomethe ruler of the world. This gameis played on a board that is divided up
into 42 territories and ead player is given multiple tokenswhere ead token represerts one
army. The number of armies is determined at the beginning of ead turn and is based
on the number of territories that the player occupies. In order to win the game, a player
must conquer all the territories. On ead turn, a player may attack an adjoining territory

controlled by the defender. The attacker must have at least two armiesin order to attack
so that at least one army remains in the currently occupied territory and one army can
attack the defendingarmy. An attacker may chooseto withdraw from war at any time but
if they remain in battle until the end, there are two possible outcomes. The rst is that



the defendingarmy will be destroyed and the attacker will now have a new territory in its
possession.The secondoption is that the attacker will only have one army left and will be
unable to engagein battle, resulting in a failure to conquerthe territory .

In order to determine if a battle is won or lost by the attacking army, both playersroll
dice. The number of dice dependson the number of armies the player has. If the defender
has one army, one die is rolled but if the defenderhas two or more armies then two dice
may be rolled. An attacker rolls either one, two, or three dice depending on the number of
armieshe/she has. The attacker must have at least onemore army in the territory than the
number of dice to be rolled. For example, if an attacker has three armies, he/she can roll
a maximum of two dice. A player doeshave the option of rolling lessthan their maximum
number of die allotted. This would decreasehe potential number of armieslost but would
reducethe odds of winning. In this paper, the number of dice rolled will be the maximum
allowed to a player on that turn.

Once the dice are rolled, they are placed in descendingorder. The attacker's highest
die is then comparedto the defender'shighest and if eat player has at least two dice then
the secondlargest for both sidesis compared. The attacker losesone army for every die in
the compared pairs that is lessthan or equal to the defender'sdie and the defenderloses
one army for every compareddie that is lessthan the attacker's die. Armies are remaoved
from the board when they are lost and the dice are rolled again until one side can no longer
engagein battle. Throughout the courseof a single battle, armies are lost and can never
be gained. For more information, refer to the rules of RISK. [5]

There are seeral interesting mathematical questionsthat cometo mind when studying
the gameof RISK. As a player of the game, it would be helpful to know the probability of
winning and expected loss of armies and so a method for determining the answersto these
questionswill be shown. It would also be interesting to seeif the attacker's probability of
winning or expectedlosswould be a®ectedif a di®erert sizedie is used. The answersto all
of these questionsasked are important in dewveloping a strategy to win the game of RISK.

3 Mark ov Chains and State-Space Mo dels

A Markov chain is a mathematical model usedto describe an experiment that is performed
multiple times in the sameway where the outcome of ead trial of the experiment falls into
one of seweral speci ed possibleoutcomes. A Markov chain possessethe property that the
outcome of onetrial dependsonly on the trial immediately precedingthat trial[4]. Markov
chains are very useful when deweloping a state-spacemodel. This model is a sequenceof
probability vectors that describe the state of the system at a given time. Before answers
can be found for the questionsasked above, a state-spacemodel needsto be developed for
a single battle. Let A be the total number of attacking armiesand D be the total humber
of defendingarmies. The state of the systemat the beginning of ead battle is described in
terms of A and D. Let X, be the state of the system at the beginning of the nth turn in
the battle where a, is the number of attacking armies and d,, is the number of defending
armies:
Xn=(an;dn);1- an- A;0- dy - D:

The initial state of the systemis Xg = (A; D). If the number of armies for ead side is
known at the beginning of a given turn, the probability of moving from state X, = (an;dn)
to state Xp+1 = (an+1;dn+1), referred to asthe transition probability, can be found using



the Markov property:
P[Xn+1 = (@n+1;dn+1)jXn = (an;dn); Xnj 1= (@nj 1;0n; 1) 55 X0 = (A; D)]
= P[Xn+1 = (@n+1:0n+1)jXn = (@n;dn)] .

Therefore, X, : n = 0;1;2;::: is a Markov chain and has a state spaceof (a;d) : 1 -
a- A;0- d- D. The transition probabilities for a Markov chain can also be formulated
as a transition matrix, P. In matrix P, the rows are the possiblestates at the beginning
of turn n (X,) and the columns are the possible states at the beginning of the next turn
(Xn+1). Also, the ertry P;; represerts the probability of moving from the state in the ith
row to the state in the jth column. For more information on Markov chains, refer to [3] or
[4].

A battle endswhen one of the following statesis reached: X, = (a,;0) and a, , 2 (at-
tacker wins) or X, = (1;dn) and d, > 0 (defenderwins). Thesestates are called absorbing
states. In general,a state in the ith row of P is absorbingif P;; = 1. Sinceone side hasto
either win or losea battle, the state (1,0) can never be reached. All statesthat are not one
of the two typesof states given above are called transient states.

The total number of possiblestatesis A¢D + A - 1 where A ¢D j D areall the transient
statesand A + D - 1 are the absorbing states. For example,let A = 3and D = 2. Using
the formula above, there should be 8 possible states for this example. The possible states
of this system given in the form (a,d) are (2,1), (2,2), (3,1), (3,2), (2,0), (3,0), (1,1), and
(1,2). The rst four stateslisted are all transient and the last four states are absorbing.

Q R
0 |
A ¢D + A - 1 columns. Q is a matrix whoseertries are the probabilities from moving from
onetransient state to another transient state. Using the example above, it was stated that
the transient states are (2,1), (2,2), (3,1), and (3,2). To form Q, these states are the rows
and columns. The rows are the possibletransient statesat the beginning of turn n (X ) and
the columns are the possibletransient statesthat can be reached at the beginning of next
turn (Xp+1). Matrix Q will take the form given below with ?'s represering probabilities
of successfullymoving from onetransient state to another and 0's whereit is impossibleto
move to another transient state. The method to nd these probabilities are given in the
next section.

The transition matrix hasthe form P = where P hasA ¢D + A - 1 rows and

21) | (22) | (31) | (3,2
(2,1) 0 0 0 0

Q=22 » 0 0 0
G| » 0 0 0
G2 | 2 0 0 0

R is a matrix whoseerntries are the probability of changing from a transient state to an
absorbing state. Using the exampleabove, the rows of this matrix are the possibletransient
states at the beginning of the turn and the columns are the possible absorbing states at
the beginning of the next turn. As with matrix Q, ?'s and 0's are going to be usedto show
whereit is and whereit is not possibleto move from a state on a row to a state on a column.



(2,00 | (3,0) | (1,1) | (1,2)
(2,1) ? 0 ? 0

R=1(22)| 0 0 0 ?
B1) | o ? 0 0
B2 | O ? 0 ?

Matrix O contains the probability of moving from an absorbing state to a transient state
and thus all of the entries of this matrix are 0's. Matrix | cortains the probabilities that a
state movesfrom absorbingto absorbing and so the identit y matrix is produced.

Now that ead entry of P is known, let's seeall of the entries put together using the
sameexamplewith A = 3and D = 2.

21) 122 @1 B2 (20 ]GB0]|11)] (12
20| o 0 0 0 ? 0 2 0
22| 2 0 0 0 0 0 0 ?
@Bl | 2 0 0 0 0 ? 0 0
P=[@3@2 | 2 0 0 0 0 ? 0 2
20 0 0 0 0 1 0 0 0
30| 0 0 0 0 0 1 0 0
@1 o 0 0 0 0 0 1 0
12| o 0 0 0 0 0 0 1

Onecanusematrix Q or R to determine the probability of going from a speci ¢ transient
state to a speci ¢ transient or absorbing state respectively. If a state becomesabsorbingon
the nth turn, then the previous nj 1 turns were states that remained transient and thus
they are elemerts of matrix Q. The nth turn is an elemert of matrix R sincethe state went
from transient to absorbing. Thus, the probabilities of reaching an absorbing state on the
nth turn is found by Q"i 1R. Sinceit is possibleto enter an absorbing state at any turn n,
the probability of a turn ending in an absorbing state is found by sq{,nming the products of
Q" 'R fromn = 1to 1 . Therefore, the ertries of the matrix S=  >_, Q"i IR represer
the probability of starting at a speci ¢ transient state and ending at a speci ¢ absorbing
state. The rows of S will be the possibletransient states and the columns will be the pos-
sible absorbing states.

R
is an eigenvalueof Qg < 1, then S = Q"lR= (1 Qi'R.
n=1

Theorem. If maxfj,j:

5

For a proof of this theorem, see[1].

4 Determining the Probabilities

The transition between states depends on the number of dice rolled by the attacker and
defender, which depends on the number of armies cortrolled by the attacker and the de-
fender. There are six possible casesfor a state (a,d). The rst caseisa= 2andd = 1.
The secondcaseis that a= 3andd = 1. Case3isthat a, 4 andd = 1. The fourth case
occurswhena= 2andd, 2. CaseS5iswhena= 3andd, 2. The nal caseoccurswhen
a, 4andd, 2. Sincetwo is the maximum number of armiesthat either side can lose,a
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state (a,d) can changeto one of the possiblestates (aj 2,d),(aj 1,d),(adi 1), (adi 2),
and (aj 1dj 1)if both a and d are greater than or equal to two.

For example,considerCase5 wherethe attacker rolls two dice and the defenderrolls two
dice. Let Y1 and Y2 be the outcomesof the attacker's dice and Z; and Z, be the outcomes
of the defender'sdice. Let Y1 and Y @ be the maximum and secondlargest, respectively,
of the attacker's dice and similarly Z® and Z©@ be the maximum and secondlargest of
the defender'sdice.

For ead value of Y and Y@, the probability that Y = Y@ is Z. However, if
Y® > Y@ then the probability is Z. For example, the evert (Y1 = 5, Y, = 4) hasthe
sameprobability asthe evert (Y, = 4, Yo = 5) and sothe evert (Y® = 5, Y® = 4) has
the probability of Z. Thus the probability distribution for Y@, Y@ is

-
3
f VD@ = % YO = y@:
’ 3&6 Yd s v@:

Likewise,the probability distribution for the defenderis
-
3

7z 5 7

&gl

Recall that in the game of RISK, the attacker's and defender'sdice are compared in
order to determine the transition state on ewery turn. Therefore, a joint distribution is
neededto comparethe attacker's and defender'sdice. There are four possibleconditions to
consider:

YD =v@ andz® = 2@, (1)
YD =v@ gndz® > z@- 2)
YD > y@ andz® = 2@, (3)
YD > y@ and z® > 7@ 4)

Sincethe rolling of two setsof dice is an independert even, the probability of condition
lis
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Using the sameprocessfor conditions 2, 3, and 4, the joint distribution is
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Now that the joint distribution is known, let's look at how this applies to the game
RISK. In Caseb, wherea = 3 and d, 2, there are three possible outcomes. When the
rolling of the dice occursand Y&®) > z® and Y® > z@  then the defenderlosestwo
armies. To nd the probability of this outcome, we need to count the number of ways
Y® > 7@ and Y@ > Zz®@ can occur in conditions 1 through 4. For example, let's look
at the possiblerolls for the rst condition:

A D
1,1) | (1,2)
(2,2) | (2,2)
(3,3) | (3,3)
4,4) | (4,4)
(5,5) | (5,5
(6,6) | (6,6)

There are 15ways for YD) > z(M and Y@ > z?) asseenin Figure 1.

@y o (€3N)

2.2) 2.2)

3.3) 3.3)

(4,4) (4.4)

(5,5) (5.9)

(6,6) o (66)
Figure 1

Since condition 1 has a probability of s and there are 15 ways for Y® > z@ and
Y@ > 7@ to occur, the probability of YU > ZzM and Y@ > 7@ in this condition is
335. There are 20 ways for Y >z and Y@ > 7@ in the secondcondition, 20 ways
in condition 3, and 50 ways in condition 4. Therefore, the probability of Y > z(1) and

Y@ > 7@ s 15¢35 + 2062 + 20¢45 + 50¢ 56 = 0.2276. Thus,

P[Xns1 = (&;di 2)jXn = (@d)]=P[(Y® > zW)\ (v® > z@)]

0:2276

Using the sameprocedure, the probability for the secondoutcome,Y® . z® and Y@ .
Z@, of Case5 is found to be

PXnu = (@i 2d)jXn = (a;d)] = P[(Y® . zW)\ (v@ . z@)

0:4483



Sincethe total probability of the 3 outcomesmust equal 1, the probability of the third
outcome where both the attacker and defenderlose an army is found by

PXna = (@i Ldi 1)jXn=(a;d)] =1i P[Xna1 = (a;di 2)iXpn = (a;d)];
P[Xn+1 = (ai 2,d)jXn = (a;d)]
=1 0:2276; 0:4483
=0:3241

Case6 is di®erert from all the other casesbecausethe attacker rolls three dice. A new
variable, Y3, must be included to represern the value rolled on the third die. Let Yi, Y2, and
Y3 represen the outcomesof the attacker's dice. Let Y@ be the maximum, Y@ be the
secondlargest, and Y @ be the minimum of Y1, Yo, and Yz. The probability that Y@, Y@
and Y® areequalis g. If YO = Y@ > Y©® there are three possibleways to achieve this
result. For example,Y® = 6, Y@ = 6, Y® = 5 This evert can be written as (6,6,5),
(6,5,6), and (5,6,6). Therefore, the probability of this event occurring is 535 Using the same
processfor the other two conditions, the probability distribution is

8
% ZA].G Y(l) = Y(Z) = Y(3)’
3 ,
¢ Y(l)'Y(z)'Y(3) _ 2i16 Y(l) = Y(2) > Y(3);
Y 3% YO > YO = Y0,
6

YO s> v@ s vyvO:

N
[e2]

1

The next stepis to nd the marginal distribution sincethe valuesof Y® and Y@ are
being comparedto the numbers on the defender'sdice. To nd the marginal distribution,
the probability distribution for Y| Y@ and Y® needsto be summed over all possible
valuesfor Y@ . For example,if Y& = 5and Y® = 5, then

3 4 3

P YD=5andY@=5 =p Y(l) =5Y@=5Y®=1
+P Y<1)—5Y<2)—5Y(3)—2

+ 1+ P Y(l)-5Y(2>—5Y<3>—5
3 3 3 3 1
—t —+ ——+ ——+ —
216 216 216 216 216
In general,

1 4 3 ¢(Y(2)i 1) YO =v@;

f(Y(l);Y(z)) = 16"

2_1;*6 216 Y@ 1) YO >YQ:

In Case6, the distribution for the defender'sdice,ZM) and Z@, is the sameasin Case
5: ; (

3
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The joint distribution for Y&, Y@ Zz® and Z®@ will be found the sameway as



described in Case5 above and haséthe form

140 1 3 2) . YO =vY®@ and .
%ﬁqﬁﬁ 2is 601 1) 7W = 7@ !

Y@ and
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+ 3 0y@ 1) Y
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fy®.y@.20.20 = (218 zM > 7@
1 1 ’ Loo(S3+ LY@ 1)) YO > Y@ and .
% 36 *\216 ' 216 I 70 = 7@ ;
2 ¢(3 4 6 2) . Y® > Y@ and

As with Case5, there are three possible outcomes when one player attacks another
player. Again, let's look at the probability that Y® > Z® and Y® > zZ®@ for condition
1. Sincethe joint distribution function dependson the value of Y (), the probability for this
part of the distribution needsto be summedusing all possiblevaluesfor Y@ . As in Case
5, the number of ways YD) > z(® and Y@ > z®@ for condition 1 needsto be found. The
results for Y@ = 3, 4, 5, and 6 are found in the following table which shawvs the number of
ways this condition is satis’ed givenany Y @ :

Y@ | numberofwaysY® > zW and Y@ > 7@
1 0
2 1
3 2
4 3
5 4
6 5

Therefore, the probability of Y1) > Z(l) and YO > 7@ occurring in condition 1
usmg the joint dlstrlbutlon is (0 ¢4 ¢(575 + 2%6 ¢1i 1))+ (@@ ¢36 t]:(zl6 + 202 1) +
(2 ¢36 & 216 + 2%6 ¢Bi 1)) + BC3 ot 75 ¢4i 1)+ (4 ¢36 C(516 + 216 ¢ 1) +
5 ¢% C(515 + 715 ¢(61 1)) = 0.0231. Using the samecourting argumert for conditions 2
through 4, a probability was found for eac condition. The probability of Y1) > z() and
Y@ > 7@ js found by summing up thesefour probabilities.

PXn+1 = (a;dj 2)jXn = (a;d)]

PI(YW > zWy\ (v@ > 7@y
0:0231+ 0:0707+ 0:0463+ 0:2316
0:3717%.

To nd the probability of the attacker losing both rolls, usethe sameprocedureasabove.

P[Xns1 = (@i 2d)jXn = (@d]=P[Y® - zW)\ (v@ . z@)]

0:2926

The probability of the last outcome where both the attacker and defenderlosean army
is
PXn+1 = (@i Lidj 1)iXn = (a;d)] =1 P[Xns1 = (a;dj 2)jXn = (a;d)]
i PXna = (ai 2d)jXn = (a;d)]
1j 0:3717; 0:2926
0:3357



The transition probabilities for Casesl through 4 can be found in a similar manner.
The results are listed in Table 1. Included in this table are the generalformula for "nding
the probabilities using dice with s faces.

6 sided dice Transition General Formula
Case| a d | From state | To state | Probability | (s= # of faceson die)
2] 1] @y (20) | 04166 51
) 0.5834 sl
]3] 1 (3.1) (3,0) 0.5787 (si Dds+1)
(21) 0.4213 (s+D)2 s+1)
-1, 4] 1 (a1) (a,0) 0.6597 (si DEs+)
(@-1,1) 0.3403 ()?
vV 12 1.2 (20 (2,d-1) 0.2546 (51 D2si 1)
(1,d) 0.7454 %251_1)
Vo3 ].2] @4 (3,d-2) 0.2276 (1 D@5’y 251 1)
(1,d) 0.4483 %
(2,d-1) 0.3241 %ﬁ_l)
Vi, 4], 2 (ad) (@d-2) | 0.3717 (51 1)(ES%; 371 Ssi 2)
(a-2,d) 0.2926 (s+1)@@ s+§2)§ s2+3si 1)
(a-1,d-1) 0.3357 (s+1)(si 1)6(3.58452+15s+8)
Table 1

The generalformulas provided shav what happenswhen rolling dice with s sides. One
can nd theseformulas by using similar cournting techiquesto those presered for 6-sided
dice.

For example,in Casel, the attacker and the defenderboth roll onedie. The probability
of going from state (2;1) to state (2;0) is the probability that Y > z® |f both the
attacker and the defender are rolling a die with s sidesthen the number of ways that
Y > 7D js P iilli = s(si 1)
s?,

. Sincethe total number of ways to roll thesetwo dice is

s(si 1) _sj 1
252 25
In Case2, the attacker rolls two dice and the defenderrolls onedie. In orderto determine
the probability of going from state (3;1) to state (3;0), one must again determine the
probability that Y1) > Z@  In this case,the number of ways that Y® > z(D js

P[Xns1 = (2:0)Xpn = (2,1)] = P(Y® > z®) =

1
X, 2o S(si D@s+ 1),
S

i=1




This is dueto the fact that eadroll (Y1 = i; Yo = ) isequivalert to theroll (Yy=j; Yo=1i)
forany 1- i;j - s, wherei 6 j. Sincethe total number of ways to roll three dice is s2,

S(si @s+1) _ (si s+ 1),
6s3 - 6s? '
Similar ideascan be usedto calculate the generalformulas for Cases3 through 6.

From these generalresults, it can be concludedthat when s is large, the probability of
winning increasesand the expectedlossfor the attacker decreasesTherefore, if the attacker
was allowed to choosea set of dice, it would be in his/her best interest to choosethe set
with the largest number of sides.

PXns1 = (3;0)jXn = (3;1)]= P(Y®D > zW) =

5 Capturing a Territory and Exp ected Loss

There is now enoughinformation to answer the two main questionsof interest in this paper.
The rst question asksabout the probability of capturing a territory . Now that the entries
of matrices Q and R can be calculated, thesenumbers are usedto nd the matrix S formed
from the formula (I | Q) 'R. Sincethe elemeris of S consistof the probabilities of a turn
ending in an absorbing state, the probability of the attacker winning is found by looking
at the intersection of the bottom row (A,D) and the columns where the attacker wins and
summing these probabilities. For instance,let A = 4and D = 1. The matrix S would look
similar to this:

(2,0) | (3,0) | (4,0) | (1,2)
(2,1) a b c d
(3,1) e f g h
(4,1) [ j k I

To nd the probability of the attacker winning from an initial state (A,D), look at row
(A,D), in this caserow (4,1). Now, sum up the probabilities found at the intersection of
that row and the columnswhere the attacker wins, in this examplethe rst three columns.
In this example, the winning probability would bei + j + k.

The next question asksabout the expected loss for the attacker. As done above when
calculating the probability of winning, the only row that is looked at is the row with the
initial state (A,D). As stated before, the columns of S are the possibleabsorbing states.
For eath column, determine the number of armies lost for the attacker. Using the same
exampleas above with A = 4 and D = 1 and looking only at row (4,1), the attacker wert
from state (4,1) to (2,0) in the rst column and so the attacker lost two armies. In the
secondcolumn, the attacker lost 1 army and in column three, zero armies were lost. In the
last column, three armies were lost. To nd the expected loss, sum up the product of the
number of armieslost for ead column multiplied by the probability in that column for each
column in row (A,D). In this example, the expected losswould be equalto 2 ¢i + 1 ¢j +
0¢k + 3¢l

Now that the processof nding the probability of capturing a territory and expected
lossis known, let's seean example of a battle.

6 Example

Let A= 4and D = 3. The matrices Q and R for this example are shavn below.
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21 | 22 | 23) | 31 | B2 | (B3| 41) [ (42| (43
2,1) 0 0 0 0 0 0 0 0 0
(2,2) | 0.2546 0 0 0 0 0 0 0 0
(2,3) 0 0.2546 0 0 0 0 0 0 0
(3,1) | 0.4213 0 0 0 0 0 0 0 0
(3,2) | 0.3241 0 0 0 0 0 0 0 0
(3,3) 0 0.3241 0 0.2276 0 0 0 0 0
4,1) 0 0 0 0.3403 0 0 0 0 0
4,2) 0 0.2926 0 0.3357 0 0 0 0 0
(4,3) 0 0 0.2926 0 0.3357| O 0.3717| O 0
Matrix Q
(20 | B0 | 40 | 11) | 12) | (13
(2,1) | 0.4166 0 0 0.5834 0 0
(2,2) 0 0 0 0 0.7454 0
(2,3) 0 0 0 0 0 0.7454
(3,1) 0 0.5787 0 0 0 0
(3,2) 0 0.2276 0 0 0.4483 0
(3,3) 0 0 0 0 0 0.4483
4,1) 0 0 0.6597 0 0 0
(4,2) 0 0 0.3717 0 0 0
(4,3) 0 0 0 0 0 0
Matrix R

Using the formula (I j Q)i 'R, the resultant matrix, S, is calculated and is given below.

20 | G0 | 40 | 1) | 12 | 13
(2,1) | 0.4166] 0 0 |05834] 0 0
(2,2) | 0.1061] 0 0 |0.1485|0.7454| 0
(2,3) | 0.0270] © 0 |0.0378] 0.1898| 0.7454
(31) | 0.1755| 0.5787] 0 | 0.2458] 0 0
(32) | 0.1350| 0.2276] 0 | 0.1891] 0.4483| 0
(3,3) | 0.0743] 0.1317] 0 | 0.1041] 0.2416] 0.4483
(4,1) | 0.0597| 0.1969| 0.6597| 0.0836| 0 0
(4,2) | 0.0899] 0.1943 0.3717| 0.1260] 0.2181| 0
(4,3) | 0.0754 0.1496 0.2452 0.1056| 0.2060] 0.2181

Matrix S

To nd the probability that the attacker wins, the probabilities from the row that is the
initial state X, = (A,D), in this casethe row (4,3), and the columns where the attacker is
victorious, in this casethe rst three columns, needto be summed. In this example, the
probability that the attacker conquersthe territory is 0.0754+ 0.1496+ 0.2452= 0.4702.
This meansthat there is a 47.02% chancethat if a player attacks a territory , he/she will
conquerthat territory .
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The expectedlossfor the attacker is found using the ertries in matrix S. The columnsof
this matrix correspond to the headings(1,0), (2,0), (3,0), (4,0), (0,1), (0,2), and (0,3). For
eat column, determine the number of armies that the attacker lost from the initial state.
For example, in column one the attacker goesfrom four armiesto two armies, resulting in
a lossof two armies. Once all of these valueshave beenfound, multiply the probability in
the bottom row of eadh column by the number of armies lost for eat column and add all
of these new valuestogether. This will give you the expected number of armieslost by the
attacker in this battle. In this example,the expectedlossof armiesfor the attacker is 1.8895.

7 Conclusion

Each individual player has their own strategy in mind when playing the game of RISK.
Hopefully, the information producedin this article will be of assistanceto playersin adapt-
ing their strategy or creating an ertirely new strategy. The useof Markov chains to create
a state-spacemodel was key in nding the probabilities of conquering a territory and ap-
proximating expected lost. From this model, further researt was doneto determine if the
number of sideson the dice would have an e®ecton the probabilites calculated to answer
the rst two questions.

Further researt that would be of interest to a RISK player would be the decisionto
conquer an entire continent. One would have to look at the expected loss of capturing the
courtries on a cortinent that are currently not in that player's possessionAlso, one would
have to keepin mind that in order to be awarded extra armies due to the possessiorof
an ertire cortinent, a player hasto fortify its armiesin courtries that border territories in
other continents in order to defend against possibleattacks from opponerts. One possible
aspect to considerwhen trying to decide on a strategy is comparing the expected lossto
the expected gain (i.e. ruling a cortinent) and deciding if it's worth the risk to attack a
territory . One other area of possiblefurther researt involvesthe use of the cards. In the
gameof RISK, a player receivesa card at the end of his/her turn if at least oneterritory is
conqueredduring the turn. On this card is an icon and a territory . There are three possible
icons and oncea player has a matching set of cards (either three of the sameicon or one of
ead icon), the player canturn in the cards at the beginning of their next turn and receivwe
extra armies. A player must turn in a set of cards after earning v e or six cards. If the
player occupiesany of the territories shown on the set of cardsturned in, extra armies are
earned. It would beinteresting to seehow an attacker's strategy would changewhen he/she
turns in a set of cards and receivesextra armies.
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