THREE TERM IDENTITIES FOR THE
COEFFICIENTS OF CERTAIN INFINITE PRODUCTS

WEI REN

1. INTRODUCTION

Let N be an integer. For non-negative integers n, let Py(n) be the coefficients of the
series defined by

oo 1 oo "
nl;[lm:;PN(n)q .

and let Py (r) = 0 for a rational number r not equal to any non-negative integer.
Recently Farkas and Kra presented five three-term identities for the coefficients Py (n).

Theorem 1[F-K]|. For all non-negative integers n, we have

(1.1) Poou(2n+1)= 2P o, (” — 1) —23.3P_su(n),
(1.2) Po1s(3n+1) = —3°P_15 (” _ 1) —22.3P_15(n),
(1.3) Ps(n+1) = —52P_g (”_ 1) —2.3P_g(n),
(1.4) P_y(Tn+1) = —7P_, <” _ 1) —22P_4(n),

(1.5) Poo(13n+1)=—P_, <”;3 1) —2P_,(n).

Also in the paper, Farkas and Kra mentioned that Mordell [M] proved that for all primes
[ and all positive integers n, we have

(1.6) Poos(in —1) = Poos(l — 1)Pogs(n — 1) — "' P_o, (% - 1) .

It is clear that (1.1) is a special case of (1.6) with [ = 2 and n replaced by n + 1. The
authors state that “it is not at all clear whether (1.2), (1.3), (1.4) and (1.5) are also special
cases of more general identities.” The purpose of this paper is to show that each of the

The author thanks The Colgate Division of Natural Sciences and Mathematics for its generous support.
1



2 WEI REN

above-mentioned three-term identities is just one of an infinite family of identities. Recall

that (%) is the Legendre symbol defined for primes p and integers a as follows:

1 if a is a quadratic residue mod p and p 1 a,

(2)2 0 ifp]a,
p

—1 otherwise.

Our main result is

Theorem 2. For all primes | and all positive integers n, we have
i e ra () () (e (1),
() () () (e ()
i e () (B (1)
(1.10) P, (1”1;1) =P, (l;—21> P_g( - ) ( .

From Theorem 2, it follows that

(i) our technique also gives a proof of (1.6),

(ii) the statements in (1.2)-(1.5) are all special cases of Theorem 2. For example, if we
let | =5 and replace n with 4n + 1 in (1.8), we get (1.3).

The next corollary follows from Theorem 2.

S
I
—

Corollary 1. For all primes [ and all positive integers n,

if l#£ 1 (mod 4), then P_g (ln4—1) - _ (__4) 12p_, <% —1)’

ifl 1 (mod 6), then P_y (l”_l) :_(376) lp_4(?— )

6
ifl# 1 (mod 12), then P_, (1”1; 1) _— (_736) P, ( - 1) .

2. PRELIMINARIES

We now briefly introduce modular forms. For complete details, see [K]. Let H denote
the upper half of the complex plane, H := {z € C |Imz > 0} . The set SL2(Z) is defined as
SLy(Z) = { (ch Z) | ad — bec = 1;a,b,¢,d € Z} and is sometimes denoted by I'. Let IV be
a positive integer. One important subgroup of SLy(Z) is

To(N) ::{(Z Z) el |c=0 (modN)}.
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Given an element v = (Z Z) € SL5(Z), we define the following transformation for z € H:
. az+b
vz = ey

Let f be a holomorphic function on the upper half-plane H, and let k be an integer. If ~
is a 2 X 2 matrix with rational entries and positive determinant, then we define f(z) | [y]x
as

F) | [k = (dety)*/?(cz + d) % f(v2).

It is easy to verify that

(2.1) F) [ nvele = (F(2) [ [nle) | Dalk-

Let f(z) be a holomorphic function on H. Let &k be an integer and N be a positive integer.
Recall that a Dirichlet character mod N is a function x(n) : Z — C, not identically zero,
which satisfies, for all integers n and m,

(i) x(n) = x(m) if n =m (mod N),

(ii) x(n) =0 if ged(n, N) > 1,

(iii) x(nm) = x(n)x(m).

Let x be a Dirichlet character mod N. Then f(z) is called a modular form of weight k
for T'o(N) with character x if

b
22) PO = x@1() foratt 2= (¢ ) era()
and if for any vo € T,
(2.3) f(2) | [v0]x has a Fourier expansion of the form Z a(n)q, where qy := €2 /N,
n=0

A modular form f(z) is called a cusp form if in addition we have
(2.4) a(0) =0 in (2.3) for all 7y € T

The set of such modular forms is denoted My (I'g(IV), x), and the set of cusp forms is denoted
Sk(To(N), x). Every modular form has a Fourier expansion at infinity,

f(z) = Z a(n)q™,  where q := *™*,
n=0

We will identify f with its expansion.

Note that the conditions (2.2), (2.3) and (2.4) are preserved under addition and scalar
multiplication, so the sets of modular forms and the sets of cusp-forms of fixed weight,
character and N are complex vector spaces.
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Another important ingredient in our study are the Hecke operators. For each space
My(To(N), x), there exists a family of Hecke operators T'(p), one operator for each prime p.
These are linear operators which preserve the space of cusp forms:

(2.5) T(p) : Sk(To(N),x) = Sk(To(IN), x)-
They can be defined explicitly as follows: If f(z) =3 " a(n)q™ € My(To(N),x), then

oo

F) I T(p) == (a(pn) + x(p)P* 'a(n/p))g", where a(n/p)=0if pfn.
n=0

A modular form f(z) is called a primitive eigenform if for every prime p, there exists a scalar
Ap such that

(2.6) f(2) [ T(p) =Apf(2).
3. PROOF OF THEOREM 2

We first establish the relationship between the coefficients of modular forms and the
coefficients of the functions Py(n). We will use Dedekind’s n-function,

oo

n(z) = fﬁ1 1—q"), q=e""
=1
For positive integers n, define 1nteger a(n),b(n), c(n) and d(n) by

Za(n)qn._ 12 2Z :qH 1_q2n 12:q_12q3+54q5_88q7_99q9+,
n=1

n=

8

1

b(n)q" (1-— =q—6¢° +9¢° + 10¢*® — 30¢*7 + - - -
n)q" : H q")° =q—6¢" +9¢° + 10q g+

1 :

n

2 1[V]8

C(n)(J” H 1— ¢ =q—4¢" +2¢" +8¢" —5¢* +---

Zd 122 _qH 12n _q_2q13_q25+2q37+q49+.__

We now state a Theorem that 1mphes Theorem 2.

Theorem 3. For all primes | and positive integers n, we have

(3.1) a(ln) = a(l)a(n) —1° <%) a <%> ,
(3.2) b(in) = b(l)b(n) — 12 (‘74) o(%).
(3.3) e(in) = c(l)e(n) — 1 (?) (%),

(3.4) d(in) = d(1)d(n) — (_T%) a(h).

The following Lemma shows that Theorem 3 implies Theorem 2.
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Lemma 1. For all positive integers n, we have

2

n—1

b(n) = P_6 ( 4 ) N
n—1

c(n):P_4< 6 ),
n—1

=P
d(n) 2 ( B )
Proof of Lemma 1. By the definitions of Py(n) and a(n), we have
7712(22) =q H (1 N q2n)12 _ qz P_12(n>q2n _ Za(n)qn
n=1 n=0 n=1

Therefore, we get a(n) = P_15 (“%5+). The same technique can be applied to 1°(4z),n*(62)
and 1%(12z) and the other three statements in Lemma 1 can be proved similarly. [

We now define a family of characters which will be used in our proofs. If 4 | N, then
define xn by

(=) if ged(d, N) =1,
o (d) = { 0 if ged(d, N) # 1.

We also define the trivial character mod N as the following:

. 1 if ged(d,N) =1,
W@ = {

0 if ged(d, N) # 1.

triv

Clearly, xn (as well as x\'V) is a Dirichlet character mod N.
To prove Theorem 3, we need the following two Lemmas:

Lemma 2.
n'2(22) € Se (To(4),X4™) ,
n%(4z) € S5 (To(16), x16)
n*(62) € S5 (o(36), x5") »
n?(122) € Sy (To(144), x144) -
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Lemma 3. All four functions in Lemma 2 are primitive eigenforms.

Proof of Lemma 2. Let f(z) = n5(42). By the definition of cusp-forms, we have to show
that with V = 16 and x = x14, the statements in (2.2), (2.3) and (2.4) hold. We will use
the famous transformation formula for the n-function: (see, for example, [D-K-M] or [R]):

If v = (? Z) € SLy(Z), and ¢ is positive, then 7 (vz) = e(a, b, ¢, d)(cz + d)*/?n(z),

where e(a,b,c,d) = { o (%(_36 ~bd(e = 1)+ ela+ d)>) if ¢ is odd,
T L e (3 (Bd =3 —ac(d® 1) +d(b—¢))) if dis odd.

We remark that in the definition of €, + is explicitly determined, but the value is not
important for our purpose.

Suppose v = (? Z) € I'g(16), and ¢ > 0. Then d is odd, and we have

f(yz) = n°(4y2)
6 a-4z +4b
(35) =" (e 1)
=%, 4b,c/4,d)(cz + d)>n°(42),
where

d—1

(3.6) £%(a,4b,c/4,d) = exp (%(Sd— 3—c/d-a(d®—1)+4b-d—d- c/4)) =(-1)=

That is, we get £%(a,4b, ¢/4,d) = x16(d). Using (3.5) and (3.6), we have verified (2.2) when
c>0:

(3.7 ity = (¢ ) ero1e), then 1) bla = xasd) )

Note that we still need to consider the cases when ¢ = 0and ¢ < 0. If c =0, thena = d = £1.
Therefore, (3.7) still holds.

If v = (Z Z) € I'g(N) and ¢ < 0, then by (2.1) and (3.7) we have

(re1 (3 %) Yil=re (70 0.

= x16(—d) f(2)
= —x16(d) f(2).

While on the other hand, we also have

a1 (5 Y), e
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Therefore, we proved that f(z) | [v]s = x16(d) f(z) holds for all matrices v € T'y(16).
Next we have to check conditions in (2.3) and (2.4). Let g(z) = n°(2). So we have

1) = t42) = -9 (5 1) -

Then for vy = (ao bo) € SLy(Z), where as above we may assume ¢y > 0, the identity (2.1)

co do
£ 1ok = 5 (931 (5 1) )1 ol

_1 4&0 4b0
S ECHGE N

To find the Fourier expansion of f(z) | [y0]s, we first prove that there exist positive integers
A, D and an integer B, such that

(3.8) = (46‘;0 Ltll)()()) (61 g)_l € SLy(Z).

By multiplying out, we get

gives

o 4@0/14 (4b0A — 4CLQB)/AD
N ( CO/A (doA—CQB)/AD )

Let A = ged(cp,4) and D = 4/A, then A, D € Z* and AD = 4, so

o CL()D boA — CL()B
Y=\ /A (doA—coB)/4 )"

and dety = 1. Also it is clear that cy/A, the lower-left entry of «, is an integer. Now
we show that the there exists B such that the lower-right entry is also an integer. Since
A = ged(co, 4), we have ged(co/A,4/A) = 1. Thus there is a solution to the congruence
(co/A)x =dy (mod 4/A). So there exists B € Z such that (dyA — coB) /4 € Z. This shows

ab > Note that since ¢y > 0, we have ¢ > 0. Then

that matrices as in (3.8) exist. Let v = (c p
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we have

) 1o = a1 (40 40

~361601(5 1),

_ A B
(o) (5 5.

wbed® (61 (5 3) )

e(a, b, e, d)® <43/2D—3n6 <AZT+B))

¢ [Az+ B
D

OOI}—\ ooI}—\ ool — ooI}—\ ool}—\

:M-n

1
) where M = gs(a,b, c, d)643/2D_3

: 1/4 Al n
:M,<27T7/A +B> H(1_<627T7/AD+B> )6

= 6
_ 7rzB/2DM q H < 27ran/D 2An> ., where ¢qp = eQTriz/D'

It is now clear that the Fourier expansion of f(2) | [y0]s has a(n) = 0 for n < 0. Therefore,
conditions in (2.2), (2.3) and (2.4) are satisfied, and f(z) = n°(4z) is a cusp-form of weight
3 on I'g(16) with the character xi16. In other words,

f(z) € S3(I'0(16), x16)-

The same techniques can be applied to n'2(2z),7%(62) and n?(12z), and the other three
statements in Lemma 2 can be proved similarly. [J

Proof of Lemma 3. Since the four functions are all cusp-forms, we thus can use the follow-
ing formula [C-O] to compute the dimension of their spaces. Let dim My (To(N),x) and
dim S (I'o(NNV), x) denote the dimension of the space of corresponding modular forms and
cusp-forms, respectively. Then we have

dim S (To(N), x) — dim My_4, (To(N), x)

= %N (1 + 1) — % [T 2p: sp,0) + & > x@) + > x (),

p p|N x mod N z mod N
$2+IEO mod N x2—|—$—|—150 mod N

where 7, (resp. s,) denotes the exponent of p in the factorization of N (resp. of the



THREE TERM IDENTITIES 9

conductor of the character x), and A(rp, sp,p), € and p are defined as

pr4pT T if 28, <1y = 20,

Arp, $psp) =14 2p” if 2s, <7, =2r"+1,
2p"r 5P if 2s, > 1y,
0 if k is odd, 0 ifk=1 (mod 3),
er:=1{ —71 if k=2 (mod 4), pii=1{ —3 if k=2 (mod 3),
1 ifk=0 (mod 4), 3 if k=0 (mod 3).

Note that
dim M, (To(N),x) =0 if k< 0or k=0 and x is not the trivial character x"";
dim Mo (To(N), x™V) = 1.
And we also know that the conductor of the trivial character is 1, and the conductor of
XN, where 4 | N, is 4.
Since 7°(42) € S3(I'g(16), x16), we have dim M_1(T'y(16),x16) = 0,72 =4, 55 = 2,63 =0
and usg = % We get by the formula above
dim S3(T'o(16), x16) = (1/6) - 16 - (3/2) — (1/2) (2> +2) = 1.

Similarly, we can find that dim S3(I'(36), x{4V) = 1 and dim Sg(T'o(4), x{Y) = 1. In addi-
tion, by (2.5), there must exist a scalar A, for every prime p such that f(2) | T'(p) = \pf(2),
i.e. n12(2z2), n°(42) and n*(62) are all primitive eigenforms. By [S], we know that n?(122) is
also a primitive eigenform. [J

Since Theorem 2 immediately follows from Theorem 3, we will conclude our argument by
proving Theorem 3.

Proof of Theorem 3. Let f(z) = n%(4z). Since it is a cusp-form of weight 3 on I'g(16) with
the character xi6, by lemma 3 it is a primitive eigenform. We know by (2.6) that for each
prime [, there exists a scalar \; such that

FEITA) =D (bn) +x6(WPb(n/D) ¢ = Xuf(z) = Y Mib(n)g".
n=1 n=1
It is clear that for all non-negative integers n and primes [, we have
Nb(n) = b(In) + x16(D)I%b(n/1).
Since b(1) = 1, we get A\; = b(l). Noticing that x15(l) = (5*) for all primes I, we have
—4
b(1)b(n) = b(In) + (T) 1%b(n/1),

for all primes [ and positive integers n. Thus we obtain the desired identity (3.2). By
applying the same technique, (3.1), (3.3) and (3.4) can be proved in a similar way. O
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