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Introduction

Newton's method is generally introduced in Calculus | courses as a useful tool for
finding the roots of functions when analytical methods fail. This method works well
becausg, if the initial guessis close enough to the actual root, iterations will converge
quickly to theroot. The student is usually warned against picking a point where the
derivativeis zero because the function used in Newton’s method is undefined at that
point. Polynomials used for Calculus | problems don’t tend to have any further
complications, but polynomials with interesting behavior do exist.

If we expand our study of the dynamics of Newton’s method to the complex
plane, we find lots of interesting properties. Fractals, chaos, attracting periodic cycles,
Mandelbrot sets, and other phenomena are present, depending on what type of functions
we study. We will focus on cubic polynomials with real coefficients for the actual
analysisin Sections Il and 1V, but we begin with some background on the properties we

will use for analytic functionsin Section | and rational functionsin Section Il.

I. Iteration and Newton’s method
A sequence of points can be created by functional iteration which, given a
functiong: C —» C and aninitia value py, is defined by the successive evaluation of the
results of the function starting with theinitial value. The sequence obtained is of the
form {po, P1=9(po),---.Pi=9(pi-1),-..}. Itispossible for the sequence to yield a periodic n-
cycle where g™(p) = p for some p O C, where g denotes the nth iteration of g. One
special case of thisisafixed point, which occurswhen n= 1. A periodic point p can be

classified depending on the value of A = (g™)' (p).



Definition: ([Cr], p. 203)

The periodic point p where g™ (p) = p is
superattracting if A =0,
attracting if |A| <1,
neutral if A| =1,

repellingif A|>1. e
Since A=(g")(p) = |‘l g'(p)

by the chain rule, each point in the periodic cycle will have the sasme A. Thus, the cycle
can be described with the above terminology.

If apoint p isattracting or superattracting, then thereis a collection of points such
that functional iteration of g with any of these points as theinitial value will converge to
p.

Definition:
The basin of attraction for afixed point pis
A(p) ={z0C: ¢g"(2) ~ pasn ~ w}.
The basin of attraction for a periodic cycle P={ps, pz,..., pn} Of lengthnis
A(P)={z0C : ¢""(2) - p«for somek{1,2,...,n} asi — cwo}. o

We would like to be assured that attracting periodic and fixed points, based on the

definition using A, actually have basins of attraction.
Theorem 1:
Suppose p is an attracting or superattracting periodic point for an iterative

function, g. Then there exists a neighborhood U of p such that U [0 A(p).



Proof:

Suppose afixed point, p, is attracting or superattracting, so that [A| < 1 (recall A =
g (p). (If pisaperiodic point, asimilar argument could be applied to g™(p).)

We can expand g about p using a Taylor approximation.

02 = 9(p) + 9 (Pz-p) +9 Pz -p) .

For valuesof z 0 C near p

9(2) =g(p)+g'(pP)(z-p)
92 -a9(p)=lg'(p)|(z-p)|=A|lz-p

This shows that g(z) and g(p) = p are approximately closer together than z and p
since |]A\| < 1, so the iteration would eventually converge to p. However, we would
like this to be more rigorous.

Let p O R suchthat A |<p<1.

now 1M|(9(2-9(P)/(z-p) =|g'(P)|=|A| <u<1
z-p

By the definition of the derivative, (16 such that |z-p| < & implies

(9@ -9(p)/(z-p) <
Let pi O C suchthat | pi-p| < 3, i.e. pi 1 Us(p) (the neighborhood of points within a

distance of & from p) and recall pi«1 = g(p;) .

Then |(9(R)—9(P)/(R —P) <KD |p.,~P=|9(R)~9(P) <HR -
Since U < 1, pi+1 0 Us(p) and the same argument holds.

Now let po (I Us(p). Then,



Pi+1-pl < Mipi-p| = plg(pi-1)-pI
< Wpi.-pl

< Wlpi2-pl

<" po-pl
Since U < 1, this value approaches zero asi goesto infinity, so po L1 A(p).
Therefore, Us(p) O A(p). L 4
Now we would like to understand the difference between attracting and
superattracting. Suppose afixed point p is superattracting so A = 0. Again, we can use

Taylor’s approximation to expand g about p.

9(2) = 9(p) +g'(P)(z - P) +9"2(!p) (z-p)? +.

For values of z [ C near p
9(2) = g(p)+0+g"(p)(z- p)*/2
9(2) - g(p) =" (p)/ 2|(z= p)| =M |z~ p|
where M = [g” (p)/2!].
Suppose po 0 C and [pe-p| < 1M, and piy = g(p;) for i = 0,1,2,.... then
IP-Pl = [9(Po)-9(P)| = Mpo-pl° < M.
Now
[Pea-pl = (UM)(Mpi-p)*

= (UM)(Mpr.1-p))*



= (UM)MIpo-p)"2"™ < UM.

Thisis converging to zero, but faster than in the attracting case. Unfortunately,
the above heuristic argument is more difficult to prove. If we were working in R, then we
could have used Taylor's Theorem to get  [9(2)-9(p)| = |9’ (x)/2! |lz-pF for some x between
z and p. However, the simplest case of Taylor’s Theorem, the Mean Vaue Theorem, is
not valid for complex valued functions ([Co], p. 305). A more rigorous argument can be
found in Proposition 8 in ([K], p.64).

We can classify the two types of convergence without relying on the value of A.
Definition:

A sequence [pn] convergeslinearly to apoint p if there existsan M < 1 such that,

forali=0,1,2,...,[ps-pl <M |p-pl. .

Definition:

A sequence [pn] converges quadratically to apoint p if thereexistsanM O R

suchthat, forali=0,1,2,..., |p:1-p| <M |pi-pf. *

Again, quadratic convergence is faster than linear convergence, which explains
the term “ superattracting.”

Newton’s method is an iterative function with quadratic convergence that is used
to find roots of an analytic function f.

Definition:
For an analytic functionf: C - C and some z [ C, Newton’s method is the

functional iteration of

N (2=2-1(3/T'(3



(The subscript will be omitted when it is clear from context.) .
Theorem 2:

If pisasimpleroot of f, then p is a superattracting fixed point of N.
Proof:

Suppose that p isasimple root of f so that f(p) = 0 and ' (p) # O.

f
Nfu»=p—7%%=p—0=p

_[E (I - f(p)f"" (p)

=1-1+0=0
[ (p)]*

N;'(p)=1

So p isasuperattracting fixed point for Ny. 4

Thisisthe property that makes Newton’s method work so well. Once you get
inside a certain neighborhood of the root of f, the iterations of Nf will converge quickly to
theroot. When we study the basins of attraction for Newton’s method, we find some

quite interesting behavior.

[l. Rational functions and Julia sets

The study of Newton’s method, and all rational functions, is interesting because
the attracting basins are not the only sets of points present in the plane.
Theorem

For any attracting fixed point p of a continuous function g, the basin, A(p) is open.
Proof:

From Theorem 1 we know that there is a neighborhood U of p such that U O A(p).

Since U isaneighborhood, it is open. Since g is continuous, g*(U) is open and g

™(U) isopenforal n=1,2,.... Then



5aW)
isopen. Suppose we have apoint uinthisunion. Then iterating g with u asthe

initial point will eventually yield a point in U, and thus will converge to p.

h w
Therefore, nglg—(n) (U) ] A( p)

Now suppose we have apoint ain A(p). Thenthereexistsann J{1, 2,...} such

that g"(a) O U. Then o
e a0 g™ (V)

h w
Therefore, nglg_(n) (U) O A(p)

Therefore, the union and the basin are equal, so A(p) is open. L 4
Then, the complement of A(p) must be closed.

There are points in the complex plane that are not members of basins of attraction
for attracting fixed points of arational function R. Based on agebra, there are solutions
to R™(p) = p, yielding periodic points. These points can not be in the fixed point basins,
because that would imply that they converge to the fixed point, contradicting the
periodicity. Itisdifficult to find these periodic points because they usually are repelling,
sothat [A\| > 1. The closure of these repelling periodic points forms the complement of the
attracting basins.

Definition: ([K], p.64)

The Julia set Jr for therational function R: C — C isthe closure of the repelling

periodic points.

(The subscript will be omitted when it is clear from context.) .

Theorem 3: ([PS], p. 208)



For arational function R, that has attracting periodic points, z3,25,...,z,

JR=0A(z),i=12,...k.

Thistellsusthat, if we are on the boundary of one basin of attraction, then we
must be on the boundary of all basins of attraction. We can bring much of what we have
discussed so far together by looking at Figure 1. (See Appendix for programs used to

create figures.)

Figure 1
q(2) = (z-i)(z+i)(z-1.7320508)

Thisisthe dynamic plane of apolynomial p with roots at i, -i, and 1.7320508
(approximately V3) in the complex plane. Each pixel isused as aninitial value for
iterating Np. Once iteration yields a value within the white circle around aroot, the initial
value pixel is colored according to that root. Green represents A(i), red represents A(-i),
and blue represents A(1.7320508). We can see that the boundary of each basin touches
each of the other basins. The boundary is aso where we find the Julia set, which has

even more interesting behavior.
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Definition: ([Cr], p. 149-50)
Let g: X —» X bean iterative function where X is ametric space (X, d). The
function g is chaotic X if
» g hassensitive dependence on initial conditions:
(00> 0suchthat if x 0 X and U is an open set containing X, then O
n>0andy O U such that d(g™(x), g™ (y)) > 3,
* gistrangsitive:
[J nonempty open U, V, On = 0 such that g”(U) n V 2,
e periodic points of g aredensein X:
O x O X, O neighborhood U of x, at least one periodic point
p such that p O U. .
Theorem 4: ([K], p. 62)
If Jr isthe Juliaset for arational function R and z O Jg, then [, R™(2) is dense
inJr.
We will not prove Theorem 4, but use it to prove chaos.
Theorem 5:
If Jr isthe Juliaset for arational function R, then R is chaotic on Jr.
Proof:
Let R: Jr — Jr bearational function.
By Theorem 4, 0 z0 Jr U, R™(2) isdensein Jg, i.e. O neighborhood U, Dat
least one point x 0 O, R™(2) such that x O U.

* R has sensitive dependence on initial conditions:

11



By Proposition 4 in ([K], p. 62), there are infinitely many repelling
periodic pointsin the Julia set. Choose two distinct repelling periodic
cycles, C; = {C11,C12,...,C1r} and C; = {€21,C22,...,Cos} -

Defined < [min{[CiaCop|: L<a<r,1<b< s}]/2.

Let x (I Jr and U be a neighborhood of x, and let j [0 C;and k O C,. Then,
On such that R™(j) O U and Om such that R“™(k) O U.

Let u=R™(j) and v = R"™(k). Without loss of generality, suppose m > n.
Now consider R™(v) and R™ ™M) = R™M(u).

R™(u) O C; and R™(v) O C, so R™(u)- R™(v)| > 25.

Now consider R™(x).

Suppose, for contradiction, R™(u)- R™(x)|< dand | R™(v)- R™(x)| < &.
Then, by the Triangle Inequality,

R™(u)- R™W)| < [R™(U)- R™q| + | R™(v)- R™(x)| < 28.
Contradiction: 26 < 20.

Therefore, either [R™(u)- R™(x)| > dor | R™(v)- R™(x)|> .

* gistrangsitive:

Let U, V be nonempty open setsin Jr and let x (1 V. Then, Oat least one point u
0 O, R™(x) such that u O V. So x = R™(u) for omem O {1, 2,...}
impliesx 0 R™(U). Therefore, R™(U) n V z 0.

e periodic points of g aredensein Jg:

Let ) 00 Jk and U isaneighborhood of j. Then, by definition of Jr, Oat

least one point x such that x [1 U and is arepelling periodic point. 4

12



Now that we know some information about the behavior of repelling periodic
points, isit possible to have attracting periodic points? It turnsout that it is possible, so
how can we find them?

Theorem 6: ([K], p.66).

If Risarational function with an attracting periodic cycle, then the basin of

attraction of the periodic cycle contains at least one critical point of R.

Now we can use this information to study the dynamics of the rational iterative
function used in Newton’s method, and specifically where we can find attracting periodic

cycles.

[11. Cubic polynomialswith real coefficients
We will focus on the dynamics of cubic polynomials with real coefficients. By
the Intermediate Vaue Theorem, every polynomial of odd degree with real coefficients
has at |east onereal root. Thisalows cubic polynomialsto be written in the form q(z) =
(z-r1)(az’+bz+c), wherer; isthereal root and a, b, c O R. Using the quadratic formula,

the remaining roots are

I, =(-ot/r —4ad/2a

The cubic can have three distinct real roots, two real roots where one has multiplicity two,
or one real root with multiplicity three. Since any polynomial with real coefficientsand a
complex root must also have aroot at the complex conjugate, the only other possibility is

one real root and two complex conjugate roots.

13



An affine mapping can be used to write the polynomial in aform with only one
parameter instead of four.
Theorem 7:
For any cubic polynomial, g(z), with real coefficients, there exists a,3,yCR and
a,y # 0 such that yg(az + B) is equal to one of
9@ =7,
q(2) = 2%(z-1),
q(z) = z(z-1)(z-c) for0O<c<1,
q(z) = (z-1)(z+i)(z-c) for c O R.
Proof:
Case 1: q(z) has one real root with multiplicity three.
Then, q(z) = k(z-r)® for somek, r O R.
Lety=Vk,a=1,B=r.
Then, oz + )= a(z+1) = (2 +r =1)° = 2°
Case 2: q(z) has one real root with multiplicity two and one real root with
multiplicity one.
Then, q(z) = k(z-r)*(z-s) for somek, r, sO R.
Lety=1/(k(s1)?,a=sr,B=r.

Then,

14



y(az + B) = al(s—r)z+r)

k(s-r)?
= k(S_r)a((s—r)z+r—r)z((s—r)z+r -9
= S_rz)z(s_rz+ ' _S)zzz(z—l)

s-r  's-r s-r

Case 3: g(z) has three distinct real roots.
Then, q(z) = k(z-r)(z-9)(z-t) for somek, r, s, t [0 R wherer < s<t (without
loss of generality).
Lety= 2/(k(t-r)%), a =t-r, B =r, ¢ = (s1)/(t-r).

Then,

-1 _
)q(GZ+B)—k(t_r)3Q((t rjz+r)

L S (- _ (- _
_k(t—r)3((t rz+r=r)({t-r)z+r=-s)(t-r)z+r-t)
_t-r_t-r_ r=s t-r_ r-t
IR e
=2z(z-¢c)(z-)

Case 4: g(z) hastwo complex conjugate roots and one real root.
Then, q(2) = k(z-(r+si))(z-(r-s))(z-t) for somek, r, s, t OR.
Lety=1/(ks>),a=s B=r, c=(tr)s

Then,

»q(az+l3)=k—13q(sz+r)
S

=k—k3(sz+r —r—g)(sz+r—-r+s)(sz+r-t)
S

:(sz;si)(sz+si)(sz+r—t)

S S
=(z-i)(z+i)(z-¢)

These four cases exhaust all possibilities. 4
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The dynamics of Newton’s method on a given analytical function are preserved by
affine mappings.
Theorem 8:
If f isanalytic and g(z) = yf(az+p) where a,3,yCR and a,y # 0, then
To Ng o Tt = N,
where T(z) = az+p3.
Proof:

Let f be analytic and g(z) = yf(T(2)) = yf(az+B) where a,3,yCR and a,y # 0.

. g (T "'(2))
T —_
R e

T oN,oT *(z)

:a[z—,B_ Vf(T(TI_(_Zl))) ]+ B
a y(f oT ) (T *(z))
2B f(2) .
o} f (T (T "' (z)) OT (T "*(z))
_ z- B _ f(z)
=al— (TP
_ _ f(z)
= z B f'(Z)+ﬁ
(2
=z 7 (2) N (z)
2

Since the dynamics of Newton’s method are unchanged by the affine
transformation and scaling, we can use our new parameterizations to study each of the
four cases of cubic polynomialswith real coefficients. Thiswill make our job much
easier since we only have to deal with one parameter, c, for the last two cases, and no
parameters for the first two cases. We can begin by looking at some representative

examples for each case.

16



Let usfirst consider the case in which a polynomial has one real root with
multiplicity three. We know from Theorems 7 and 8 that we only need to study the
behavior of q(z) = zZ°. Newton’s method for this polynomial gives us

zZ 2z
N(2)=z-_— =
(2 32 3

S0, using any point in the complex plane as an initial value for N(z), iteration will
converge to the root at zero.

For the case of apolynomia with areal root with multiplicity two and areal root
with multiplicity one, we can study the dynamics of q(z) = zZ%(z-1). Aswe can see from
Figure 2, the dynamic plane for this g(z), there is a curve that separates the basins A(0)

and A(D).

Figure 3
q(2) = 2%(z-)
It appearsthat all points belong to one of these two basins or to the Julia set that forms

the dividing curve.

17



An example of the dynamic plane of a polynomial with three distinct real rootsis

givenin Figure 3 where q(z) = z(z-1)(z-c) and c = .5.

Figure 3
d(2) = z2(z-1)(z-0.5)

Along the boundaries, there are “bulbs’ of agiven basin, which are covered in smaller
bulbs of another basin. Zooming in on these bulbs, we find that there is an infinite
pattern of “bulbs upon bulbs’ of alternating basins. We know from Theorem 3 that these
bulbs result from the shared boundary of the three basins.

We saw one example of the case with two complex conjugate roots and areal root

in Figure 1. Another example of q(z) = (z-i)(z+i)(z-c) isgivenin wherec = 2.7.

18



Figure 4
a(2) = (z-i)(z+i)(z-2.7)

Again we notice the result of Theorem 3 that d(A(i)) = 0(A(-i)) = d(A(2.7)). A student
using Newton’s method to find a root would like to know that, upon picking areal initial
value and calculating iterations, they would not obtain something strange, such as one of
the complex roots. Newton's method is closed under the reals. With probability one,
picking areal valueto iterate under Newton’s method will yield convergence to the real
root. Itispossiblethat thereisapoint onthereal line that isamember of the Julia set.
However, these points are repelling and the Julia set has measure zero, so they do not
present a problem ([B] p. 145).

What other behavior could a student encounter when using Newton’s method?
We will find in the next section that some polynomials have attracting periodic cycles.

Instead of just looking at examples, we will try to find these cycles analytically.

19



V. Attracting periodic cyclesand critical points
We know that the only cubic polynomials with real coefficients that could have
attracting periodic cycles fall under either the case with three distinct real roots or the
case with two complex conjugate roots and one real root. Now we need to determine
which values of ¢ for each case give polynomials with attracting periodic cycles. Since
any attracting periodic cycle must attract at least one critical point by Theorem 6, we need
only to find whether the critical points of the Newton’s method function for that

polynomial attract to a periodic point or aroot.

. q@
Ao

N () =12 9 @A @D -a@a @)
‘* [ @)

N () = 320°Q)
@)

The critical points of the Newton’s method function arewhereq(z) =0or q’(z) =0. The
condition g(z) = 0 occurs at each of the roots, which are fixed points of the Newton’s
method function, so thiswill not yield an attracting periodic cycle. Thuswe only need to
consider the inflection point where g’ (z) = 0 in order to find which polynomials have
attracting periodic points.

First, we can assure ourselves that the case with one root of multiplicity two and
one root of multiplicity one does not have any attracting periodic cycles, as we concluded

from Figure 2. The form for this caseis q(z) = zX(z-1).
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92=7(z-) =2 -7
q'(2) =32 -2z
g'(2=6z-2=0

, <1
3
Newton's method yields the sequence { .3333, .1111, .0519, .0252, .0124, .0062, .0031,
.0015, .0008, .0004, .0002, .0001, 0} which convergesto zero. (These values are rounded
to four decimal places from values obtained using Mathematica.)

For polynomials with three real roots, we have the form q(z) = z(z-1)(z-c).

(2 =z(z-1)(z-c) =2° -7 —cz* +cz
q'(2) =3z" -2z-2cz +c
g''(z2)=6z-2-2c =0

_c+1

-3

Using this zy as our initial point in Newton’s method, if it convergesto aroot, then there
are no attracting periodic cycles.
Theorem 9:

For all polynomials of the form q(z) = z(z-1)(z-c) where 0 < c < 1, there are no
attracting periodic cycles having period greater than one. (i.e. The only attracting
periodic cycles are the fixed points at the roots.)

Lemma:

For all polynomials of the form q(z) = z(z-1)(z-c) where 0 < ¢ < 1, the sequence

obtained using Newton’s method with the initial value (c+1)/3 will convergeto c.

Proof:

21



Let q(z) = z(z-1)(z-c) where 0 < c < 1. Wewant to show |Ng' (2)| < 1for z
between (and including) ¢ and (c+1)/3 so that the region fallsinto the
neighborhood of ¢ described in Theorem 1 and is, therefore, contained in A(c).

We must show -1 < Ny'(2) < 1.

22(z—-1)(c* —4zc +c +37 -2)
(—2zc +c +32* 22)*

N,'(2) =

Theregion of interest, 0 < ¢ < 1 and z between (and including) c and (c+1)/3is

shown:

Left inequality:
Theinequality -1 < N’(q) isequivaent to

0 < 157"-20cZ>-202°+6¢*2*+24¢2*+62°-6¢°2-6CZ+C°
We define this quantity as hopePos(c, z) and look for its critical points. Using
Mathematica, we find that the only real-valued critical points on thisregion are at
the points (0,0), (Y2, ¥2), and (1,1). We find hopePos(0,0) = 0, hopePos( Y2, ¥2) =
1/16, and hopePos(1,1) = 0. Since any relative extremum on the region must be a

critical point of hopePos(c, z) by Theorem 12.16 in ([LHE], p.887), we know that

22



extreme values must occur on the boundary, which includes the three points
above. Our region only includes 0 < ¢ < 1, so having hopePos(0,0) = hopePos(1,
1) = Oisnot aproblem for having strictly positive values on the region. Now we
must check the borders of the region.

Let ¢ = z. Then hopePos(z) = z%-27°+z*. The critical pointsareat z =0, ¥, and 1,
which correspond to the points found above.

Let ¢ = 3z-1. Then hopePos(z) = (3z%-3z+1)%. Theonly real critical pointisat z =
Y. Again, this corresponds to ¢ = 3(¥2)-1 = %.

Let ¢ = 0. Then hopePos(z) = 62°-20z°+15z". For this border, 0 < z< 1/3. The
critical point inthisrangeisz = 0.276393 and we cal cul ate hopePos(0.276393) =
0.123607. We also must check the endpoint at z = 1/3, and we find hopePos(1/3)
=1/9.

Let c = 1. Then hopePos(z) = 1-12z+367%-40z°+15z". For thisborder, 2/3<z <
1. Thecritical point in thisrangeisz = 0.723607 and we find hopePos(0.723607)
=0.123607. Again, we must check the endpoint at z = 2/3 and we find
hopePos(2/3) = 1/9.

Since the polynomia only reaches a minimum of zero at (0, 0) and (1, 1) on the
boundary surrounding the region, we know that hopePos(c, z) > 0 for all valuesin
our region.

Right inequality:

Theinequality N'(g) < 1lisequivalent to

0 > -32*+4cz’+473-26%7%- 4c2?-27°+2¢% 2+ 2c2-¢2
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We define this quantity as hopeNeg(c, z). Theroots of hopeNeg(c, z) havec
values equal to (22°-27%+7 + V(-22°+62°-72*+47%-7%))/(22°-2z+1). The expression
under the radical simplifies to (z-1)°z%(2z>-2z+1), and the latter quadratic
polynomial ispositive for al real z. This shows that the expression under the
radical isnegativefor 0 <z < 1, so therootsin our region are complex. Thus,
hopeNeg(c, z) always has the same sign on our region. We can choose the value
of hopeNeg(c, z) a any point in our region and values at all points will have the
same sign. We find hopeNeg((c+1)/3, c) = -(1-c+c?)?/9, so hopeNeg(c, z) < O for
all valuesin our region.

Therefore, [Ng' (2)] < 1 on the desired region. 2

Proof of Theorem 9:

Let 9(z) = z(z-1)(z-c) where 0 < c < 1. By the Lemma, Newton’s method with the
initial value (c+1)/3 convergesto the root c. By Theorem 6, q(z) has no attracting
periodic cycles. 2
Since no polynomials with three distinct real roots have attracting periodic cycles,

the dynamic planes for all 0< c <1 will have similar behavior to Figure 3.
For polynomials with two complex conjugate roots and one real root, the formis

q(2) = (z-)(z+i)(z-C).

A2 = (2=1)(z+i)(z-C) =2 —cZ +7z -
q(2=3z -2cz+1
q'(z) =6z-2c =0

C
70 =
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We can use thiszp as an initia point in Newton’s method in order to create a parameter
axis of al values of ¢ so that we can find which polynomials of this type have periodic

cycles. Figure5 isone such parameter axis for values of ¢ between -6 and 6.

Figure5
c-axisrange (-6, 6)

For each value of ¢ on the axis, the point ¢/3 is used as the initial valuein Newton's
method on the polynomial with the given c. If this convergesto aroot, thelineat cis
colored green. If noroot is reached after a given number of iterations, it may converge to
an attracting periodic cycle, and the line at ¢ remains black.

From the parameter axis, we have chosen two c valuesthat fall in the black area
for examples. Figure 6 shows the dynamic plane for Newton's method on the polynomial

d(z) = (z-1)(z+i)(z-c) where c = 2.95.
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Figure 6
q(2) = (z-i)(z+i)(z-2.95)

Again, each color represents the basin of attraction for agiven root. If agiven pixel used
asan initial value in Newton's method does not converge to one of the roots after a
certain number of iterations, that pixel remains black. We can see that the areas of black
intersect the real axis, yielding intervals of points that can be chosen asinitial values for
Newton’s method that will not converge to aroot. Thisshowsthat, if aninitial valueis
chosen at random from some bounded region on the real axis, the probability of that value
being in ablack region is greater than zero. In Figure 7, we have zoomed in so we can
see more of these black areas. (The large black areatowards the right is the same as the

black areatoward the center of Figure 6.)
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Figure 7
a(2) = (z-i)(z+i)(z-2.7)
zoomed

We can calculate the periodic cycle that the critical point attractsto. Using zo = ¢c/3 =
0.98333, we obtain a sequence which converges to the period-3 cycle { 1.014, -1.05479,

-0.253687} after about 65 iterations.
The second ¢ value that we chose from the parameter axisis ¢ = 4.6. The dynamic

plane for the polynomial q(z) = (z-i)(z+i)(z-4.6) can be seen in Figure 8.
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Figure 8
q(2) = (z-i)(z+i)(z-4.6)

Again we see areas of black that intersect the real axis. Here we see an interesting pattern
formed by the largest area of black. We calculate the sequence using the critical point zy
= ¢/3 = 1.5333 and obtain the period-4 cycle { 1.71915, -0.196079, 1.50999, -0.164821}
after about 80 iterations.

We can get a better idea of what periodic cycleswill occur for agiven c valuein
the case q(z) = (z-1)(z+i)(z-c) if we create a bifurcation diagram. We create this diagram
by plotting iterates of Newton’s method using ¢/3 asthe initial value. At each iteration,
for i = 101 to 200, we receive the value z;, and plot the points (c, z). Thisdiagram can be
compared to Figure 5, expecting the green areas to correspond with aplot of theliney =c¢
and the black areasto correspond with points representing a periodic cycle.

We only need to study values where ¢ = 0 due to symmetry. Consider the

polynomial g.(z) = (z-i)(z+i)(z-c) and the iteration of Newton’s method for g.(z) with the
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initial value z,. Now consider the polynomial g.(z) = (z-i)(z+i)(z+c) and the iteration

under Newton's method for g..(z) with initial value -z,.

3 2
7y —zc+z ¢

N (z,)=12z
o (2) =2 3z," —2z,¢ +1
-z3+2°% -z, +C
N (-z)=-z, —>—" L
0. (72) 0 3z,° —2z,¢ +1
:_ch(zo)

This shows that the dynamics for the polynomial with parameter —c will be the same as

those for ¢. Figure 9 shows the bifurcation axisfor 0 < c < 6.

Figure 9
Bifurcation axis (0, 6)

Using the zoom function of the program, we look at the area surrounding ¢ = 2.95

as shown in Figure 10.
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— e = I

Figure 10
Bifurcation axis (2.89, 3.01)

We see the three points that represent the attracting periodic 3-cycle that we found by

iteration. Figure 11 showsthe area around c = 4.6.

T
e = -w'*,—-%ﬁ'
L] )

Figure 11
Bifurcation axis (4.45, 4.75)

Again, we get the expected periodic 4-cycle. We see that there are intervals of ¢ values
that share the same period in the attracting cycle. These split (or bifurcate) which leads to

aclassic diagram of period doubling to chaos. These figures can be used to study more
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properties of the polynomials q(z) = (z-i)(z+i)(z-c), their attracting periodic cycles, and
more occurrences of chaos.
Conclusion and further study

When asked to find the roots of a cubic polynomial with real coefficients, we do
not need to worry when picking an initial valueif all three roots arereal. The periodic
points are always repelling and they comprise a Julia set that has measure zero. However,
when there are two complex conjugate roots and areal root, picking an initial value is not
so smple. Depending on the value of our parameter ¢, we do have to consider the
possibility of attracting periodic points. Figure 9 helps usto determine which of these c
values have attracting periodic cycles.

It would also be very interesting to study the behavior of the dynamic plane for
different values of c in the case with two complex conjugate roots and one real root. As
we saw from Figure 8, some ¢ values give more interesting regions of points that
converge to the attracting periodic cycle. Further study could discover why this happens
and if different “bulbs’ of the black region have different meanings. The bifurcation
diagram may give us more insight into this and also help us to discover more interesting
behavior.

We could remove the limits of real coefficients from our cubic polynomias. This
would allow usto have a parameter plane of possible c values. The study in [B] does just
this, and he finds that the parameter plane contains Mandel brot sets and discusses why
thisoccurs. Study could also be expanded to other polynomials, enabling us to compare

and contrast both the parameter and dynamic planes among the polynomials.
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NOTE: Computer programsin App.doc (see table of contents of the journal) were written
using TrueBasic. Following each dynamic plane program is a Mathematica printout
which shows the method by which we found the formulas used in that program. Figures
1, 4, and 6-8 were created using newt2complex.tru. Figure 2 was created using
newtmult2.tru. Figure 3 was created using newt3real.tru. Figure 5 was created using
parameteraxis.tru. Figures 9-11 were created using bifuraxis.tru.
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