Inewt2complex.tru by Amy Smith. last modified 2/10/00. (with parts
Ifrom R. Neidinger's programs)
IColorsbasins of rootsfound using Newton's method on polynomials

lof the form p(z)=(z-i)(z+i)(z-c). Allowsuser to zoom in on picture.
!

print "Enter c value"
INPUT c
LET amin = min(c,0) - abs(c)/2
LET amax = max(c,0) + abs(c)/2
LET bmin=-1.5
LET bmax = 1.5
IF c=0then
LET amin=-2
LET amax = 2
END IF
print "real axisrange:";amin;",";amax
print "imaginary axis range:";bmin;",";bmax
print "Resize to desired window size (smaller is faster)."
get key zzz
set window amin,amax,bmin,bmax
ask pixels apix, bpix
let numcolors = 15
let numits=25 | maximum number of iteration
set background color "black”
clear

LET k=1 ! useevery kth pixel, 10 for quick preview, 1 for full picture

CALL cvaue
CALL paint

SET COLOR "white"

ILIBRARY "P:\math\rineidinger\m437\graphlib”
ICALL ticks(.5,.5)

BOX CIRCLE -sgr(.1),s9r(.1),1-sqr(.1),1+sqr(.1)
BOX CIRCLE -sgr(.1),s9r(.1),-1-sgr(.1),-1+sqr(.1)
BOX CIRCLE (c-sqr(.1)),(c+sqr(.1)),-sar(.1),sqr(.1)
SET TEXT JUSTIFY "CENTER", "HALF"

PLOT TEXT, AT c,0: STR$(c)

PLOT TEXT, AT 0,1 "i"

PLOT TEXT, AT 0,-1: "-i"

DO
GET POINT newx,newy
LET width = amax-amin
LET height = bmax-bmin
LET amin = newx - width/6
LET amax = newx + width/6
LET bmin = newy - height/6
LET bmax = newy + height/6
set window amin,amax,bmin,bmax
ask pixels apix, bpix
clear
CALL paint

LOOP



I
SUB cvalue
LET rnabb0=c
LET rna0b2 = -2*c
LET rnaOb4 =c
LET rnalb0 = -2*c"2
LET rnalb2 = -6+2*c"2
LET rnalb4 =6
LET rna2b0 = 2*c
LET rna2b2 = -6*c
LET rna3b0 = 2+2*c"2
LET rna3b2 =12
LET rnadb0 = -7*c
LET rnasb0 =6

LET ina0bl = 2*c"2
LET inaOb3 = 2*(-1+c"2)
LET ina0Ob5 =6

LET inalbl = -8*c

LET inalb3 =-8*c

LET ina2bl = 6+2*c"2
LET ina2b3 =12

LET ina3bl =-8*c

LET inadbl=6

LET daOb0 =1
LET da0Ob2 = -6+4*c"2
LET daOb4 =9
LET dalb0 = -4*c
LET dalb2 =-12*c
LET da2b0 = 6+4*c"2
LET da2b2 = 18
LET da3b0 =-12*c
LET da4b0=9

END SUB

SUB N(ab)

LET a2 =a*a

LET a3=a*a2
LET a4 = a*a3
LET ab=a*a4

LET b2 = b*b

LET b3 =b*b2
LET b4 = b*b3
LET b5 = b*b4

LET den = daOb0 + da0b2*b2 +dalb4*b4 + (dalb0 + dalb2*b2)*a+ &
(da2b0 + da2b2*b2)*a2 + da3b0* a3 + dadh0* a4

LET newa = (rna0b0 + rna0b2*b2 + rnalb4*b4 + (rnalb0 + &
rnalb2*b2 + rnalb4*b4)*a + (rna2b0 + rna2b2*b2)*a2 + &
(rna3b0 + rna3b2*b2)*a3 + rnadb0* a4 + rnabb0* a5)/den

LET newb = (ina0b1*b + inaOb3*b3 + inalb5* b5 + (inalbl*b + &

&
&
&
&  inalb3*b3)*a+ (ina2bl*b + ina2b3*b3)*a2 + ina3bl*a3*b + &



& inadb1* a4*b)/den
LET a=newa
LET b=newb

END SUB

SUB paint
FOR a0= amin to amax step k* (amax-amin)/apix
FOR bO= bmin to bmax step k* (bmax-bmin)/bpix
LET a=a0
LET b=b0
LET n=0
DO WHILE n<=numits and (&*2+(b-1)"2) >=.1 and &
& (@*2+(b+1)"2) >= .1 and ((a-c)"2+b"2) >= .1
CALL N(a,b)
LET n=n+1
LOOP
IF (&*2+(b-1)"2) <.1then !convergestoi
SET COLOR "green"
PLOT a0,b0
ELSEIF (a*2+(b+1)"2) < .1 then !convergesto -i
SET COLOR "red"
PLOT a0,b0
ELSEIF ((a-c)"2+b"2) < .1 then !convergesto ¢
SET COLOR "blue"

PLOT a0,b0
END IF
NEXT b0
NEXT &0
END SUB
END



Coefficients of Newton's method on cubic polynomials with two complex conjugate roots and onereal
root

qlz_] = (z-)(z+1)(z-c)

(-i+2) (i+2) (-c+2)
Na[z_]=z-q[z]/q'[Z]

. (-1 +2Z) (L+2) (-C+2)

(-1 +2Z) (L+2Z) +(-1+2Z) (-C+Z)+(1+2Z) (-C+2Z)

Simplify[Nq[Z]
C- CZ£+ %

1-2cz+322
Ng[a+l b]

a+ib-

(-i+a+ib)y (1+a+1b) @+ib-c)
(-i+a+ib) (i+a+iby+ (-i+a+ib)y @+ib-c)+@x+a+ib) (@a+ib-c
result=ComplexExpand[Ng[a+l b],TargetFunctions->{Re,Im}];
reaIPart Slmpllfy[r&eult/l—>0]
6a°-7a%c+a’ (2-6b% c+ (-1+bA%c+2a(-1+b% (3% c?) +2a%(1+6b%:c?

1+9a%:9b%-12a3c-4a C+3b2C) +b2 (-6+4c2) +a2 (6+18b2+4c?

Coeff|C|entL|st[Numerator[reaIPar ;
[(-1+b? +C?), (2-6b% ¢, 2(1+6b%.c?), -7c, 6
Coeff|C|entL|st[Numerator[realPart] {ab}]
(¢, 0, -2¢, 0, ¢}, (-2¢% 0, -6+2c?, 0, 6},
{2¢c, 0, -6¢, 0, 03, {2+20, 0 12, 0, 03, {-7¢, 0,0, 0, 03, {6 0, 0, 0, 033
CoefficientList[Denominator[reaIPart] a]
(1+9b%: b? (-6+4c?), -4 (c+3b%c), 6+18b%+4c? -12¢, 9
Coeff|C|entL|st[Denom|nator[real Part] {ab}]
({1, 0, -6+4¢% 0, 9}, (-4c, 0, -12¢, 0, 03, {6+4c% 0, 18, 0, 0}, (-12¢c, 0, 0, 0, 0}, (9, O, O, O, 0}}
imPart= Smpllfy[CompIexExpand[ I*result]/ [-0]

2b (3a*+3b*-4a’c-4a(1+b? c+c?+ b (-1+c?) +a? (3+6b%+ D)) /
(1+9a*+9b*-12a%c - 4a C+3b2 +b? (-6+ 4c> 6+18b2+4c ))
Denominator[imPart]===Denominator[reaIPart]

True

CoeffluentL|st[Numerator[|mPart] a]

60b°+2bc?: 2% (-1+¢?, -8b (1+b% ¢, 2b (3:6b%+c?), -8bc, 6by
CoeffluentL|st[Numerator£|mPart] {a b}]
({0, 2¢% 02 0, 63, {0, -8c, O, -8c, O, 0y,

(0, 6+2¢% 0, 12, 0, 0}, {0, -8¢, 0,0, 0,03, (0,6 0, 0,0, 033



Inewtmult2.tru by Amy Smith. last modified 3/28/00. (with parts
Ifrom R. Neidinger's programs)

IColorsbasins of rootsfound using Newton's method on polynomials
lof theform p(z)=z"2(z-1). Allowsuser to zoom in on

Ipicture.

I

LET amin=-5

LET amax = 1.5
LET bmin=-.75
LET bmax =.75

print "real axisrange:";amin;",";amax

print "imaginary axis range:";bmin;",";bmax

print "Resize to desired window size (smaller isfaster).
get key zzz

set window amin,amax,bmin,bmax

ask pixels apix, bpix

let numcolors = 15

let numits=25 ! maximum number of iteration

set background color "black”

clear

LET k=1 ! useevery kth pixel, 10 for quick preview, 1 for full picture

CALL cvaue
CALL paint

SET COLOR "white"

ILIBRARY "P:\math\rineidinger\m437\graphlib”
ICALL ticks(.1,.1)

BOX CIRCLE -(1/4),(1/4),-(1/4),(1/4)

BOX CIRCLE 1-(1/4),1+(1/4),-(1/4),(1/4)

SET TEXT JUSTIFY "CENTER", "HALF"
PLOT TEXT, AT 0,0: "0"

PLOT TEXT, AT 1,0: "1"

DO
GET POINT newx,newy
LET width = amax-amin
LET height = bmax-bmin
LET amin = newx - width/6
LET amax = newx + width/6
LET bmin = newy - height/6
LET bmax = newy + height/6
set window amin,amax,bmin,bmax
ask pixels apix, bpix
clear
CALL paint

LOOP

SUB cvalue

LET rnalbb2 =1
LET rnalb0 =2



LET rnalb2 =6
LET rna2b0 = -7
LET rma3b0 =6

LET inaObl =2
LET inaOb3 =6
LET inalbl =-8
LET ina2bl =6

LET daOb0 =4

LET dabb2=9

LET dalb0=-12

LET da2b0=9
END SUB

SUB N(a,b)
LET a2 = a*ta
LET a3=a*a2

LET b2 = b*b
LET b3 = b*b2

LET den = daOb0 + da0b2*b2 +dalb0*a + da2b0* a2
LET newa= (rna0b2*b2 + (rnalb0 + rnalb2*b2)*a +rna2b0* a2 + rna3b0* a3)/den
LET newb = (ina0b1*b + ina0b3*b3 + inalbl*b*a+ ina2bl* a2*b)/den
LET a=newa
LET b= newb
END SUB

SUB paint
FOR a0= amin to amax step k* (amax-amin)/apix
FOR bO= bmin to bmax step k* (bmax-bmin)/bpix

LET a=a0

LET b=b0

LET n=0

DO WHILE n<=numits and ((a-1)"2+b"2)>=1/16 and (a*2+b"2)>=1/16
CALL N(ab)
LET n=n+1

LOOP

IF (a1)"2+b"2) <1/16then !convergesto 1
SET COLOR "green"
PLOT a0,b0

ELSEIF (a*2+b"2) < 1/16 then !convergesto 0
SET COLOR "red"

PLOT a0,b0
END IF
NEXT b0
NEXT &0
END SUB
END



Coefficients of Newton's method on cubic polynomials with onereal root of multiplicity two and one
real root of multiplicity one

CI[Z_] = <Z—0>2<2—1>
(-1+2

NCI[ZJ Z- [Z]/CI[;
(-1+2)

- 2<_1+z>2+22

701037

-2+37
Ng[a+l b]
(-1+a+ib) (@a+ib?

2(-1l+a+ib) (a+ih) + (@a+ih)?
result=ComplexExpand[Ng[a+l b],TargetFunctions->{Re,Im}];
realPart=Simplify[result /.1-0]
2a-7a%+6a3+ b+ 6ab?

4_12a+9a2+9b2
CoefficientList[Numerator[real Part],a]
b2 2.6b% -7, 6
CoefficientList[Numerator [realPart],{a,b}]
{{0,0,1} {2,0,6} ,{-7,0,0} ,{6,0,0}}
Coeff|C|entL|st[Denom|nator[reaIPart] a]
{4+ 9b -12, 9;
Coeff|C|entL|st[Denominator[reaIPart] {ab}]
{{4,0,9} {-12,0,0} {9,0,0}}
imPart=Simplify[Com IexExpand[ [*result]/.I -»0]

2b 1 4a+3 +3b
4_-12a+ 9a2+ 9 b2

Denominator[imPart]===Denominator[real Part]
True
CoeffluentL|st[Numerator[|mPart] a]

2b+6b> -8b, 6b)
CoefficientList[Numerator [imPart] ,{a,b}]
{{0,2,0,6},{0,-8,0,0},{0,6,0,0} }

+1b




Inewt3real.tru by Amy Smith. last modified 2/10/00. (with parts
Ifrom R. Neidinger's programs)

IColorsbasins of rootsfound using Newton's method on polynomials
lof the form p(z)=z(z-1)(z-c) for O<c<1. Allowsuser to zoomin on
Ipicture.

I

print "Enter ¢ value (0<c<1)"

INPUT ¢

LET amin=-5
LET amax = 1.5
LET bmin=-.75
LET bmax =.75

print "real axisrange:";amin;",";amax

print "imaginary axis range:";bmin;",";bmax

print "Resize to desired window size (smaller is faster)."
get key zzz

set window amin,amax,bmin,bmax

ask pixels apix, bpix

let numcolors =15

let numits=25 | maximum number of iteration

set background color "black”

clear

LET k=1 ! useevery kth pixel, 10 for quick preview, 1 for full picture

CALL cvalue
CALL paint

SET COLOR "white"

ILIBRARY "P:\math\rineidinger\m437\graphlib”

ICALL ticks(.1,.1)

BOX CIRCLE -sgr(Ep2),sqr(Ep2),-sar(Ep2),sar(Ep2)

BOX CIRCLE 1-sqr(Ep2),1+sqr(Ep2),-sar(Ep2),sqr(Ep2)
BOX CIRCLE (c-sqr(Ep2)),(c+sar(Ep2)),-sar(Ep2),sqr(Ep2)
SET TEXT JUSTIFY "CENTER", "HALF"

PLOT TEXT, AT c,0: STR$(c)

PLOT TEXT, AT 0,0: "0"

PLOT TEXT, AT 1,0: "1"

DO
GET POINT newx,newy
LET width = amax-amin
LET height = bmax-bmin
LET amin = newx - width/6
LET amax = newx + width/6
LET bmin = newy - height/6
LET bmax = newy + height/6
set window amin,amax,bmin,bmax
ask pixels apix, bpix
clear
CALL paint

LOOP

!
SUB cvalue




LET Ep2 = min(c"2/16,(1-¢)"2/16)

LET rna0Ob2 = c*(1+c)

LET rnalOb4 = 1+c

LET rnalb2 = 2-2*c+2*c"2
LET rnalb4 =6

LET rna2b0 = -c*(1+c)

LET rna2b2 = -6*(1+c)
LET rna3b0 = 2+6*c+2*c"2
LET rna3b2 =12

LET rnadb0 = -7*(1+c)
LET rnabb0 =6

LET ina0b3 = 2+2*c+2* 2
LET ina0b5 = 6

LET inalbl = -2*c*(1+c)
LET inalb3 = -8*(1+c)

LET ina2bl = 2+10*c+2*c"2
LET ina2b3 = 12

LET ina3bl = -8* (1+c)

LET inadbl =6

LET dadb0 = c2
LET dabb2 = 2% (2+c+2%cM2)
LET dadb4 =9
LET dalb0 = -4*c* (1+c)
LET dalb2 = -12*(1+c)
LET da2b0 = 4+14*c+4*c"2
LET da2b2 = 18
LET da3b0 = -12*(1+c)
LET dadb0 =9

END SUB

SUB N(a,b)
LET a2 =a*a
LET a3=a*a2
LET &4 = a*a3
LET ab=a*a4

LET b2 = b*b

LET b3 =b*h2
LET b4 = b*b3
LET b5 = b*b4

LET den = da0Ob0 + daOb2*b2 +dalb4*b4 + (dalbO + dalb2*b2)*a+ &
(da2b0 + da2b2*b2)*a2 + da3b0* a3 + dadb0* a4

LET newa = (rna0b2*b2 + rnalb4*b4 + (rnalb2*b2 + rnalb4d*bd)*a &
+ (rna2b0 + rna2b2*bh2)*a2 + (rna3b0 + rna3b2*b2)*a3 + &
rnadb0* a4 + rnabb0* a5)/den

LET newb = (inaOb3*b3 + inadb5*b5 + (inalbl*b + inalb3*b3)*a + &
(ina2b1*b + ina2b3*b3)*a2 + ina3bl*a3*b + inadb1* a4*b)/den

LET a=newa

LET b = newb

END SUB

&
&
&
&

SUB paint



FOR a0= amin to amax step k* (amax-amin)/apix
FOR bO= bmin to bmax step k* (bmax-bmin)/bpix
LET a=a0
LET b=b0
LET n=0
DO WHILE n<=numits and ((a-1)"2+b"2) >= Ep2 and &
& (a*2+b"2) >= Ep2 and ((a-c)"2+b"2) >= Ep2
CALL N(ab)
LET n=n+1
LOOP
IF ((a1)"2+b"2) < Ep2then !convergestol
SET COLOR "green"
PLOT &0,b0
ELSEIF (a*2+b"2) < Ep2 then !convergesto O
SET COLOR "red"
PLOT a0,b0
ELSEIF ((a-c)"2+b"2) < Ep2 then !convergesto ¢
SET COLOR "blue"

PLOT a0,b0
END IF
NEXT b0
NEXT &0
END SUB
END
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Coefficients of Newton's method on cubic polynomials with three distinct real roots

q[z_1=(z-0)(z-1)(z-¢)

(-1+2) z (-ct+2)

Nalz_]=z-q[z]/q'[Z]
(-1+2)z (-C+2)

(-1+2yz2+ (-1+2) (-C+2) +Z (-C+2)
Simplify[Nq[Z]]

(l+c-22)z
(2-3zyz+Cc (-1+22)
Ng[a+l b]
a.ib (-l+a+i by (@a+1b) (a+1b-c)
+10-

(-l+a+iby (@a+ib)y+(-1+a+i1b) (ari1b-c)+@+1b) (@a+1b-c)
result=ComplexExpand[Ng[a+l b],TargetFunctions->{Re,Im}];
reaIPart Slmpllfy[r&eult/l—>0]
6a 7a (l+c) + b2 (1+c) (b2+C) 2 (1+c) 6b2+C +2ab2 1+ 3b2 C+C +2a l+6b2+3C+CZ)

9a%+9b4:c2-12a3 (l+c)y-4al+c) 3b2+C +2b2 +C+202 +2a2 2+9b2+7C+202)
Coeff|C|entL|st[Numerator[realPart] a
b?2 (l+c) (b%?+c), 2b%(1+3b%-c+c?), (-1-c) Bb%+c), 2(1+6b%+3c+c?, -7 (L+c), 6
Coeff|C|entL|st[Numerator[reaIPart] {a,b}]
{{0, 0, c(l+c), 0, 1+cy, {0,0, 2-2cC+ 20 o 6}, {-c(1+c), 0, -6(1+c), O, O3,

(2+6cC+2C2 0 12, 0, 03, {(-7(1+¢c), 0,0, O, O}, {6 0O, O, O, 03}
Coeff|C|entL|st[Denom|nator[reaIPart] a]

{9b +c?.2p? (2+C +202) -4 (1+c) (3b2+C), 2(2+9b2+7C+202), -12 (1+¢), 9
Coeff|C|entL|st[Denom|nator[real Part],{a,b}]

(€% 0,22+ c 2¢?), 0, 9}, (-4c (1+c), 0, -12(1+c), O, 0},

{4+14C+4C o0, 18 0, 03, {-12(1+¢), 0, 0, O, 03, {9, O, O, O, 033
imPart= Smpln‘y[CompIexExpand[ I*rewlt]/ I—)O]

2b (3a*-4ad(1+c)-a(l+c) (4b%+c) +b? (1+3b%+c+c?) +a? (1+6b%+5c+c?))

9a4+9b*+c2-12a3(1+c)-4a 1+ (3b2+c) +2b2 (2+c+2c2) +2a2 (2+9b2+7c+2c2)
Denominator[imPart]===Denominator[reaIPart]
True
Coeff|C|entL|st[Numerator[|mPart] a]

2b%(1+3b%+c+c?), -2b (l+c) (4b%+c), 2b(1+6b%+5¢c+c?), -8b(l+c), 6y
CoeffluentL|st[Numerato}|mPart] {a b}]

({0, 0,0, 2+2c+2c5 0, 63, {0, -2c (1+C), 0, -8¢ , 0, 0y,

(0, 2+ 1OC+20 0, 12, 0, 03, {0, 81+c OOOO},{OGOOOO}}
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Iparameteraxis.tru by Amy Smith. Last modified 2/14/00. Tests polynomials
lof the form p(z)=(z-i)(z+i)(z-c) wherecisreal. Given ac value,

Ithe critical point of the Newton's method function, ¢/3, isused asan

linitial point in Newton's method. The program colorsthe c value green if

Ithe method convergesto c or keepsthe c value black if it does not conver ge.
!

print "Enter real axis range"
INPUT cmin

INPUT cmax

LET bmin=-1.5

LET bmax = 1.5

set window cmin,cmax,bmin,bmax
ask pixels cpix, bpix

set background color "black”

clear

FOR c0= cmin to cmax step (cmax-cmin)/cpix
LET c=c0
LET a=c/3
LET n=0
DO WHILE n<=25 and (a-c)*2 >=.1
LET newa= a((&"2+1)*(a-c)/(3*&*2-2*c* at+1))
LET a=newa
LET n=n+1
LOOP
IF (a-c)"2 < .1 then !convergesto ¢
SET COLOR "green"
PLOT c0,bmin;c0,bmax
END IF
NEXT cO

SET COLOR "white"
LIBRARY "P:\math\rineidinger\m437\graphlib"

CALL ticks(1,1)
Iprint "green converges to ¢, black does not converge"

END
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Ibifuraxistru. Created by Amy Smith 4/9/00. Showsa
Ibifurcation for c/3 given arange of real ¢ valuesfor
INewton's method on polynomials of the form

19(2)=(z-i)(z+i)(z-c).
[

print "Enter real axis range"
INPUT cmin

INPUT cmax

LET ymin = -(max(abs(cmin),abs(cmax)))
LET ymax = abs(max(cmin,cmax))
llet ymin=-1.3

llet ymax = 1.2

llet ymin=-5

llet ymax = 2.0

set window cmin,cmax,ymin,ymax
ask pixels cpix, ypix

Iset back "black"

set back "white"

clear

CALL paint

DO
GET POINT cmin,trashyl
GET POINT cmax,trashy?2
GET POINT trashcl,ymin
GET POINT trashc2,ymax
set window cmin,cmax,ymin,ymax
ask pixels cpix,ypix
clear
CALL paint
LOOP

SUB paint
FOR c0= cmin to cmax step (cmax-cmin)/cpix
LET c=c0
LET a=c/3
LET n=0
! set color "white"
! plot c0,a
DO WHILE n<=100
LET newa= a((&"2+1)*(a-c)/(3*&*2-2*c* at+1))
LET a=newa
LET n=n+1
LOOP
LET n=1
DO WHILE n<=100
LET newa = a-((&"*2+1)*(a-c)/(3*&'2-2*c*at+1))
LET a=newa
ISET COLORnN
PLOT c,a
LET n=n+1
LOOP
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NEXT c0

ISET COLOR "white"

set color "black”

LIBRARY "P:\math\rineidinger\m437\graphlib"
CALL ticks(1,1)

ICALL ticks(.1,.1)

Iprint "c-axis from™";cmin;"to";cmax

END SUB

END
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