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Definition 1 An automorphic subset of the n-dimensional cube is a subset,
S, of Z} whose stabilizer in Z321 Sy acts transitively on S.

Jones, Klin and Lazebnik [JKL98] showed that automorphic subsets are gen-
eralizations of cwatsets by proving that a cwatset is an automorphic subset
containing the all zero word 0.

Definition 2 Two automorphic subsets, X and Y, are internally isomorphic
Y € Orb(X), where Orb(X) = {X°|o € Z, Sn}.

This paper will show that an automorphic subset is the translation of some
cwatset and therefore that each automorphic subset is internally isomorphic
to a cwatset.

First we will show that automorphic subsets are invariant under internal
isomorphism. This result is implied in [JKL98] but never stated or proved.

Lemma 1 The orbit of an automorphic subset under the action of Zy1 S,
contains only automorphic subsets.

Proof: Let X be an automorphic subset, with ¥ ¢ Orb(X). Then H =
Stab(X) acts transitively on X. Since X and Y are internally isomorphic,
there exists some ¢ € Z, 1.5, such that X° = Y. Therefore, for any g € H
we have,

Ya“ﬁa - Xﬂo =X’ =Y,

So it follows that the subgroup H' = gHo~! of Z3 Sy is a subgroup of
Stab(Y'). Therefore, if we can show that H' acts transitively on Y, it will
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follow that Stab(Y") acts transitively on Y and that Y is an automorphic
subset.

Let us index the elements of X and Y such that z; denotes the i** element
of X and that z7 = y;. It will suffice to show that for all 1,j < |V, there
exists a ' € H' such that yf' = y;. Given such an 7 and j, there exists
a # € H such that :cf’ = &j, because H acts transitively on X. Consider
o180 € H':

-1
y:r Bo — xiﬁcf —_ x;y —_ yj.

That is, H' acts transitively on Y. O

Theorem 2 X is an automorphic subset if and only if there ezists a binary
word, b, and some cwatset, C, such that X = C + b.

Proof: Let C be a cwatset and b be a binary word. Consider the element
(id,b) € Z;1S,. C is an automorphic subset and G4 ¢ Orb(C), so the
lemma implies that C*@% = C + b is an automorphic subset. Therefore any
translation of a cwatset is an automorphic subset.

Let X be an automorphic subset. Consider an element, £ € X. Then
X = (X +x) + z. We know that (X + z) = X(42) 50 the lemma implies
that (X + z) is an automorphic subset. Thus all that remains to be shown
is that 0 € (X + z):

zeX=(z+z)e(X+2z)=0€ (X +2).

Therefore, (X 4 z) is a cwatset and X is the translation of a cwatset. O

Corollary 3 Every automorphic subset is internally isomorphic to some
cwatset.

Proof: Given an automorphic subset, X by the theorem there exists a cwat-
set, C and a binary word, b, such that X = C + b. It follows that,

X =Cb = X € Orb(0).

Thus, X and C are internally isomorphic. O
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