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1. Introduction

A finite group G is said to be a (m, n)-rectangle if it contains subsets A and B
such that [A] > 1, A C B, AB = G, and |A| - |B| = |G|. For example, the dihedral
group

D, = <a:,y =y =,y = y:v"‘1>

is seen to be a (2, n)-rectangle for n > 3 by taking

i) A= {z,y} and B = {¢*,y,29y: i1 =1,3,...,n—2and j = 2,4,... , n— 1} if

n is odd,
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ii) A= {z,y} and B={z*,y,27y:9i=1,3,...,n—3and j = 1,3,...,n— 1} if

n is even.

Our definition of a rectangular group is motivated by the fact that a non-trivial
group can not be a perfect square; i.e., there does not exist a finite group which
is a (m, m)-rectangle for any m > 1 (see [1] and [2]). The purpose of this paper
is to show that there exist rectangular groups that are nearly perfect squares and

to make some observations and conjectures concerning rectangular groups.

2. Rectangular groups that are nearly perfect squares

Let Z, denote the cyclic group of order n, let Aut(Z,) denote the automorphism
group of Zy, and let Z,XgAut(Z,) denote the semi-direct product of Z, with
Aut(Z,) where 0 represents the natural action of Aut(Z,) on Z,. Observe that

|Zy, x¢ Aut(Zy,)| = |Aut(Z,) X Zy| = $(n) - n where ¢ is the Euler ¢-function.
Theorem 2.1. G = Z, xgAut(Z,) is a (¢(n),n)-rectangle for n > 3.

Proof. Let A= {(,1%) : @ €Aut(Z,)}, let C = {(id, k) : k € Z,—orbit(1)},
and set B = AU C.It follows that |[A| = ¢(n) and |B| = |A| +|C| = ¢(n) + n —

¢(n) = n. ThU.S, !Ai > ]., A C B, &nd |A| . |Bl = |Gt as required.



To show that AB = G it suffices to show that |AB| = |G|; i.e., |AB| = ¢(n)-n.
Since AB = A(AU C) = AU AC, we have |AB| = |A?| + |AC| — |A? N AC).

Claim: |A4%| = |A% If (,19)(8,1P) = (v,17)(6,1%), then (af3,1%° + 1P) =
(76,17 + 1%). It follows that a8 = ¥6 and, in turn, that 1# = 1° (i.e., B = §) and
a=r1.

Claim: [AC| = |A]- |C|. ¥ (a,1%)(id, k) = (v,17)(id,1), then (a,1* + k) =
(7,17 + 1). It follows that a = 7 and, in turn, that k = 1.

Claim: |A2N AC| = 0. If (a,1%)(8,1P) = (v,17)(id, k), then (af,1%% + 1°) =
(7,17 + k). It follows that a3 = <y and, in turn, that 17 = k; i.e., k € orbit(1), a
contradiction.

Thus

|AB| = (¢(n))” + ¢(n) - (n — ¢(n)) = |G|
and the result follows.

Corollary 2.2. There exists a sequence of groups, {G;}, such that G; is a (m;, n;)-

rectangle and m;/n; — 1.

Proof: Taking G; = Zy, xgAut(Z,,), where p; is the i-th prime, and using the

previous construction gives m; = p; — 1 and n; = p;.



3. Observations and conjectures

Let G be a (m,n)-rectangle with appropriate subsets A and B.

1. |A?| = |AJ%. This follows because G = AB = A(AU(B—A)) = A2UA(B-A)

and |4]-|B| = |G|.
2. No two elements of A may commute. Otherwise |A?]| < |A|%.
3. No abelian group is a rectangle. (Our definition excludes trivial rectangles).

4. The quaternion group of order eight is a non-abelian group which is not a

rectangle. The quaternion group has no subset A of cardinality two satisfy-

ing |47 = | AP

5. No dihedral group is a (m, n)-rectangle for m > 2. Any subset of a dihedral
group satisfying |A%| = |AJ?> has cardinality at most two because any two

rotations commute and any two reflections have the same square.

Conjecture 3.1. IfG is nilpotent and a (m, n)-rectangle, then m/n < 1/2. (Note

that the ratio for Dy is 1/2.)

Conjecture 3.2. If G is a (m,n)-rectangle, then m is bounded above by the

order of the derived subgroup of G.
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