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INTRODUCTION

Recently, Burns and Goldsmith [2] characterized the maximal order Abelian subgroups
of the symmetric groups using elementary techniques and the results of Hoffman [5]. This
classification could also be directly inferred from the results of Kovacs and Praeger [7]. A
natural extension would be to consider the weaker, more general form of commutativity,
three-rewriteability. The purpose of this paper is to completely characterize the maxi-
mal order three-rewriteable subgroups of the symmetric groups. The main result is the
following;:

THEOREM. Let G be a mazimal order three-rewriteable subgroup of S, the symmetric
group of degree n. Then,

n<3 = G=2Z2,,
n=4o0orbd5 = G= Dy,

and for n > 6,

n=3k+4 = G=D,x 2%,
n:3k+5:’GgD4XZ2XZ2XZ§,1OTD4XZ4XZ§_1OTT8XZ§.—1,
n:3k+6:>G§D4XZQXZ§,

where Z,, is the cyclic group of order n and degree n, Dy 1s the dihedral group of order §
and degree 4, and Ty 13 an extra-special two-group of order 32 and degree 8.

The classification relies on a result of Curzio, Longobardi, and Maj [3]: A group G
18 non-Abelian three-rewriteable if and only if the derived group, G', has order two. It is
also intimately related to the work of Kovéacs and Praeger [7], which deals with Abelian
quotients of permutation groups. However, the classification does not follow directly from
[7], as it does in the Abelian case. The results of Burns and Goldsmith [2], Ité [6], and
Ljubich [8] will also be needed to obtain the final result.
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ABOUT THREE-REWRITEABILITY

DEFINITION. A group, G, is defined to be three-rewriteable if Va,y,z € G,

T2y
yrz
ryz = at least one of { yzz
zzy
zyx

Obviously, any Abelian group is three-rewriteable. Furthermore, Curzio, Longobardi,
and Maj [3] have also shown the equivalence of the following statements:

(i) G ts three-rewriteable.
(ii) The derived group of G has order one or two.
(iii) Each conjugacy class of G has size one or two.

Ito6 8] has shown that if a group G has all conjugacy classes of size one or p, a prime, then
G is the direct product of a p-group with this property and an Abelian group. Using this
fact along with (iii) yields the following theorem:

THEOREM 1. If G is a three-rewriteable group, then G = T x A, where T is an inde-
composable, three-rewriteable two-group, and A 1s Abelian.

Hence, the question of how to embed a three-rewriteable group in a symmetric group
leads to the question of how to embed a direct product in a symmetric group. Let u(G)
represent the minimal degree of a permutation group isomorphic to G. Ljubich [8] has shown
that g(AxB) = p(A) + p(B) if A and B are nilpotent. Since T and A are nilpotent as
defined in Theorem 1, there will always be enough symbols to embed the two component
and the Abelian component of a three-rewriteable group onto disjoint sets of symbols, and
this will be assumed when proving the main theorem. For more interesting results and
information on minimal permutation representations, see Easdown and Praeger [4].



EMPIRICAL RESULTS

The computer algebra system CAYLEY was used to determine the maximal order three-
rewriteable subgroups of S,, up to n = 12. It will be shown when proving the theorem,
though, that knowledge of three-rewriteable groups in 9, is only necessary for n < 8. These
results follow:

n<3 => G = Z,

n=4 = G = D,

n=5= G = D,

n=6 = G = Dyx Z,

n=7T = G = Dyx 2,

n=8 = G = D, xZyxZyor Dy xZ, or Ty

Z, is cyclic of order n and is thus three-rewriteable. D, has a derived group of order two
and hence is three-rewriteable. In S5,

D, =<(1,2,3,4), (1,4,2,3) > .

The quaternion group is also a three-rewriteable group of order eight, but, unlike D, it has
degree eight. In S,

Q =< (1,3,2,4)(5,8,6,7), (1,7,2,8)(3,6,4,5) > .

The quaternion group and D, have the distinction of being the non-Abelian, three-rewriteable
groups of smallest order. Ty, being extra-special of order 32, also has a derived group of order
two. In S,

Ts =< (1,6,2,5)(3,8,4,7), (1,7,2,8)(3,5,4,6), (1,5,2,6)(3,8,4,7), (1,8,2,7)(3,5,4,6) > .

For more information on D, and Ts and how they are related to subgroups of §,, with large
Abelian quotients, see Kovacs and Praeger [7].



PROOF OF THE THEOREM

Consider the theorem stated in the introduction. In each case, |G’| < 2 and G is isomor-
phic to a subgroup of the claimed symmetric group. The proof will now be carried out by
showing that any three-rewriteable subgroup of S, with equal or larger order than GG must
be isomorphic to one of the conjectured groups. The main result of Burns and Goldsmith
[2] will be helpful and is now stated as a theorem.

THEOREM 2. Let G be an Abelian subgroup of marimal order of the symmetric group,
S,. Then,

n = 3k = G =7k
n:3k+1 = G.%ZZXZQXZ:’;(‘gl or Z.;XZj‘;—],

Recall that a three-rewriteable group is ismorphic to a direct sum of a three-rewriteable
two-group and an Abelian group. Two lemmas are now stated yielding upper bounds on the
order of these types of groups.

LEMMA 1. If G is an Abelian group with G C S, then |G| < 37/3.

Proof. This follows from Theorem 2 or from [7]. It is interesting, though, that this is
also a direct result of Bercov and Moser [1], which appeared over twenty years earlier than
either [2] or [7].

LEMMA 2. If G is a three-rewriteable two-group with G C S,,, then |G| < 2.2"/2,

Proof. A special case of the main theorem of [7] states that if G is a p-group and
G C S,, then |G/G'| < p"?. Since G is a three-rewriteable two-group, |G| = 2, and
|G| < |G'|-2M? = 2. 27/2,

Here is a summary of the notation used in the proof and a few assumptions:
e G is the conjectured maximal order three-rewriteable subgroup of 5,,.
e H is an actual maximal order three-rewriteable subgroup of §,,.

e H & TxA, where T is an indecomposable, three-rewriteable two-group and A is an
Abelian group.

e The minimal degree of T is m, and the minimal degree of A is n —m. T and A act on
disjoint sets of symbols in §,,.

It may be assumed that m is even, since, when 7 is even, the Sylow two-subgroups of
S; and S;,, are isomorphic.

It may also be assumed that m > 4, since m < 4 reduces to the Abelian case.



The theorem is trivial for n < 3 and an easy CAYLEY excercise for n = 4 and 5. The

three cases for each n > 6 will be proved by obtaining bounds on m and constructing the
maximal order T and A given these bounds. The result will be that H = G

Consider the order of the conjectured group, G

8
|G| =8-3F =8-.3"% 1.84) - 3"/,
31/3

311/3 (1)
Now use Lemmas 1 and 2 to bound the order of H, using the fact that T and A use m
and n — m symbols, respectively

. s 21/2
|H| = |T|-|4] < (2-2™/%). (375

) - 9. (31/}) . 311/.‘! < 9. (981)"1 . 3n/.’i.

(2)
Combining (1) and (2) with the fact that |[H| > |G| yields

2-(.981)™ . 3/% > (1.84) - 37/*
= (.981)™ > 0.92
= m<4.

But, it was assumed that m > 4, so m = 4. It follows from the empirical results and
Theorem 2 that

n—-m=3k = A= ZF

H=TxA= H = D, x2!

n=3k+5 G = DyxZyxZyxZ8 "V or Dy x ZyxZ5" or Ty x ZF!

In this case, the order of the conjectured group, G, is

n 2
G| =8-4-3"1=32.3"F = ’

7 > (1.7) - 3"/,

371/3 (3)
The bound on H remains the same as in the first case, so using (2) and (3) along with
the fact that |H| > |G| yields

2. ( 981)171 311/3 > (17) . 377/3
(.981)™ > 0.85
m <

=
= 8.



Thus, m = 4,6, or 8. It can be shown via CAYLEY that there is no indecomposable,
three-rewriteable two-group of degree six, so m = 4 or 8. Consider these two subcases.

n—-m=3k+1 = A= Z,xZ,x2Z¥z"or Z,

X Z:’xw] ,

H=TxA = H = D xZ,x2Z,xZ8"or D, x Z, x ZF".

(i) m=8 = T = Ty,
n-m=3-3=3-(k—1) = A = zk-1

H=TxA = H= Tygx 2"

n=3k+6:G = D,x Z,x Zk
The order of the conjectured group, G, is

16

Gl=8-2-3" =163 = 53" > (1.17)

Using (2) and (4) and the fact that |H| > |G| yields

2. (.981)™ - 37/3 > (1.77) - 3"/%,
= (.981)™ > .885,
= m <86.

Again, m = 6 is impossible, so m = 4.

'311/3. (4)
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