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The group of genus two: sculpture by DeWitt Godfrey and
Duane Martinez, as conceived by Tomo Pisanski



The group of genus two

The sculpture shows an embedding for the Cayley graph for the
group

A96 = 〈x , y , z : x2 = y2 = z2 = (xy)2 = (yz)3 = (xz)8 = [y , (xz)4] = 1〉.

where x is green, y is red, and z is yellow.

By a theorem of TWT (1983), this is the only group having a
Cayley graph embeddable in the surface S2 of genus 2 but not in
the torus or sphere (i.e. it is the only group of (White) genus two)
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Action of the group A96 on S2

The action of A96 on the Cayley graph extends to the surface (with
reflections) giving S2 as a Riemann surface with signature
(0; +; [−]; {(2, 3, 8)}).

The group has two subgroups of index two, 〈xy , yz〉 and 〈x , yz〉,
which intersect in the index four subgroup 〈yz , xyzx〉, and these
three subgroups together with A96 are the four groups of
symmetric genus two (i.e. act on S2 but not the torus or sphere).
The three subgroups are also the only groups of (White) genus 1
but not symmetric genus 1.
Thus A96 is the “mother” group for maximal symmetry of S2. But
how do you see this symmetry in S2?
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Relation to regular maps

Problem: tell sculptors how to draw the embedded Cayley graph.

Solution: use the Mobius-Kantor regular {8, 3} map of octagons as
a framework
For example, to see automorphism group of cube, use chamfering.
The automorphism group of cube acts regularly on the vertices of
chamfered map, so you have its Cayley graph and you can see all
the relations in the group (since sphere is simply-connected).

Figure: Chamfering the corner of a cube
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Seeing the Mobius-Kantor map: Octagon with edges
identified
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Figure: Möbius-Kantor map as octagon with edges identified



Two octagons

a

b

c
c

d

d

x

x

y

y

z

z

w

w

a

b

Figure: Möbius-Kantor graph as two octagons



How to draw on the surface

Figure: Móbius-Kantor map in 3-space







What symmetry can you see in 3-space?

This question was asked by Bojan Mohar in Ljubljana this June at
a conference celebrating Tomo Pisanski’s birthday. Couldn’t the
sculpture show more symmetry? For example, the group has an
8-fold rotational symmetry given by xz . Can you see it in 3-space?

The answer is NO. In fact, the only rotational symmetry you can
see for S2 has order 2 or 3 by the following theorem

Theorem
The surface of genus g can be embedded in 3-space with n-fold
rotational symmetry if and only if g = qn − r where −1 ≤ r < n
and q ≥ r .
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Sufficiency: constructing models

For r = −1, we have g + 1 = qn. Just thicken a dipole with two
vertices and g + 1 edges. This has g + 1-fold rotational symmetry
and hence n-fold for any n dividing g + 1.

For r = 0, we have g = qn. Just thicken a wagonwheel with g
spokes. This has g -fold rotational symmetry and hence n-fold for
any n dividing g + 1.

For r > 0, thicken a multi-path of length r with n(q − (r − 1))
edges between the first two vertices and n edges between the
others. The genus of the thickened graph is

n(q − (r − 1)) + n(r − 1)n − r = qn − r = g

and has n-fold rotational symmetry around the axis of the path.
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Necessity: Riemann-Hurwitz

To show necessity, we note that the axis of rotational symmetry
must intersect the surface an even number of times. Thus there
are an even number of branch points, all of order n.

Thus by RH we have

2g − 2 = n(−χ+ 2b(1− 1/n)),

g = 1+n(k+b(1−1/n)) = n(k+b)−(b−1), where k = −χ/2 ≥ −1.

For 0 ≤ b ≤ n, let q = k + b ≥ b − 1 and r = b − 1.

For b > n, let b − 1 = tn + r with 0 ≤ r < b − 1 and let
q = k + b − t. Then
qn − r = (k + b − t)n − r = (k + b)n − (b − 1) = g and
q = k + (tn + r)− t = k + t(n − 1) + r ≥ r , since
t > 0, n > 1, k ≥ −1.
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Example and Application

Note that since rotations with different axes in 3-space do not
commute, this means we have classified which surfaces have an
orientation-preserving 3-space action by Zn (i.e. there will always
be a single axis of symmetry for any cyclic action in 3-space).

Example. Here is how the genera go for n = 8, starting with g = 0:

0, 1(2, 3, 4, 5, 6)7, 8, 9(10, 11, 12, 13)14, 15, 16, 17(18, 19, 20) etc

or just counting:
2(5)3(4)4(3)5(2)6(1) all

Corollary

For all g ≥ (n − 3)(n − 1), there is a 3-space Zn action on Sg .
There is no such action for 1 < g < n − 1 or for
g = (n − 3)(n − 1)− 1. In particular, S2 has only n = 2, 3.
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Other o.p 3-space actions

The other possible finite o.p. groups acting on the unit 2-sphere in
3-space are Dn (for prism), A4 (for tetrahedron), S4 (for
cube/octahedron), A5 (dodecahedron/icosahedron). Then:

Theorem
For any finite o.p 3-space group A, there is a 3-space action on the
surface of genus g for all sufficiently large g.

Comment: I do not know last g that doesn’t work. For example,
for S4 I do know g > 38 works.
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Models for proof

Sketch of proof for S4: Need to construct model graphs to be
thickened. Let G be the graph obtained from the cube by adding
edges inside every face connecting midpoints of edges to center o
face. Betti number for cube is 5, so Betti number of G is
5 + 6.3 = 23.

Alternating truncation and insertion at vertex-vertices adds
8.2 = 16 to Betti number each time, and same at face-vertices add
6.3 = 18 each time, giving 23 + 16m + 18n for all m, n ≥ 0. This
gives all sufficiently large odd g .

Now take original G and add edges from midpoints of edges to
center of cube, which adds 12− 1 to the Betti number giving 34.
Now repeated truncation-insertion gives 34 + 16m + 18n, so all
sufficiently large even g .
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The genus spectrum of a group

Given a group A, let spec(A) be the genera g such that A acts on
Sg and speco(A) the same, except orientation-preserving. (Now we
do not require the action be a 3-space action). As Weaver’s talk
shows, even for Zn there is a lot of number theory involved just to
get largest g not in spectrum.

Marston has a student computing speco for some small groups.
For example, speco(S4) is all g > 4.

Question
For which finite groups A is speco(A) cofinite (like 3-space
groups)?

Kulkarni (1987) has answered this. A must be almost Sylow cyclic
(that is, Ap cyclic for p > 2 and A2 has cyclic index two subgroup)
and either A2 is cyclic or all elements A2 having order dividing
|A|/4 do not generate an index two subgroup (e.g A2 is dihedral).
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