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Definitions

Let G be a finite group.

The symmetric genus o(G) is the minimum genus of
any compact Riemann surface on which G acts
faithfully.
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Definitions

Let G be a finite group.

The symmetric genus o(G) is the minimum genus of
any compact Riemann surface on which G acts
faithfully.

The strong symmetric genus ¢°(G) is the minimum
genus of any Riemann surface on which G acts
preserving orientation.

The real genus p(G) is the minimum algebraic genus of
any compact bordered Klein surface on which G acts
faithfully.
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Problem

A natural problem is to determine the positive integers
that occur as the strong symmetric genus of a group (or
a particular type of group).
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A natural problem is to determine the positive integers
that occur as the strong symmetric genus of a group (or
a particular type of group).

May & Zimmerman, 2003. There is a group of strong
symmetric genus n for each value of the integer n.
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Problem

A natural problem is to determine the positive integers
that occur as the strong symmetric genus of a group (or
a particular type of group).

May & Zimmerman, 2003. There is a group of strong
symmetric genus n for each value of the integer n.

In this talk, we restrict our attention to 2-groups. The
2-groups are interesting in this context because of the
well-known conjecture that, among the finite groups,
almost all groups are 2-groups.
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Important 2-groups

For m = 2, let D(m) be the dihedral group of order 2.
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Important 2-groups

For m = 2, let D(m) be the dihedral group of order 2.

For m = 3, let DC(m) be the dicyclic group with
generators X, Y and defining relations

27}’1—1

X" =1, x2" =2y ixy =xL. (1)
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Important 2-groups

For m = 2, let D(m) be the dihedral group of order 2.

For m = 3, let DC(m) be the dicyclic group with
generators X, Y and defining relations

27}’1—1

X" =1, x2" =2y ixy =xL. (1)

For m = 4, let QD(m) be the quasidihedral group with
generators X, Y and defining relations

X" =y =1, yxy = x 12" )
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Important 2-groups II

For m = 4, let QA(m) be the quasiabelian group with
generators X, Y and defining relations

X" 2 y2=1,ylxy = x1+2", 3)
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Important 2-groups II

For m = 4, let QA(m) be the quasiabelian group with
generators X, Y and defining relations

2m—1

X

2}’}1—2

=y?’=1,y'xy=x" 3)

May & Zimmerman, 2000.
a’(DC(m)) = 2™
o°(QD(m)) =23
0°(QA(m)) =22 -1
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Even Genus

Theorem

May & Zimmerman, 2005. Let G be a 2-group. Then the
strong symmetric genus of G is even and positive if and
only if G is dicyclic or quasidihedral.
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Even Genus

Theorem

May & Zimmerman, 2005. Let G be a 2-group. Then the
strong symmetric genus of G is even and positive if and
only if G is dicyclic or quasidihedral.

Next we consider a 2-group G acting on a Riemann
surface of genus g =3 (mod 4).
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Theorems

Theorem

Let G be a group of order 2™ that acts on a Riemann
surface W of genus g =3 (mod 4) preserving orientation.
Then G contains an element of order 2™ 2 or larger.
Further, if G is the quotient of the Fuchsian group I' by
the surface group K such that W = U/ K, then in the
signature of T', there are an odd number of ordinary
periods that equal 2™ 2.
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Theorems

Theorem

Let G be a group of order 2™ that acts on a Riemann
surface W of genus g =3 (mod 4) preserving orientation.
Then G contains an element of order 2™ 2 or larger.
Further, if G is the quotient of the Fuchsian group I' by
the surface group K such that W = U/ K, then in the
signature of T', there are an odd number of ordinary
periods that equal 2™ 2.

Theorem

Let G be a group of order 2™. IfaO(G) =3 (mod 4), then
either G= QA(m) or Exp(G) = 2™2,
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Groups with cyclic subgroups of index 4

Let G be a group of order 2™, and assume that G has a
cyclic subgroup H of index 4 generated by x but no
cyclic subgroup of index 2.
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Groups with cyclic subgroups of index 4

Let G be a group of order 2™, and assume that G has a
cyclic subgroup H of index 4 generated by x but no
cyclic subgroup of index 2.

The cyclic subgroup H can either be normal in G or not
normal in G.

In both cases, the group G contains a subgroup L of
index 2 which is either abelian or quasiabelian.

Theorem

Burnside, 1911.There are 14 families of groups G of
order 2™ which contain a normal cyclic subgroup of
index 4 in G.
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Partial Presentations
Ten of Burnside’s 14 groups have abelian subgroup L of
index 2. Then we must have L= 7, x Z,m—2, and the

group G has partial presentation

G:<x)yyzlxzmizzf:[xyy]:]-f”)- (4)
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Partial Presentations

Ten of Burnside’s 14 groups have abelian subgroup L of
index 2. Then we must have L= 7, x Z,m—2, and the
group G has partial presentation

G:<x)yyzlxzmizzf:[xyy]:]-f”)- (4)

In each of the remaining four of Burnside’s groups, the
subgroup L of index 2 is quasi-abelian with
presentation

G=(xyz| 2" =y =Ly lxy=x"""). (5
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List of Groups - Normal Case

Table: Non-abelian groups with cyclic subgroup of index 4

| Family | Presentation | z7'xz= | 2z 'yz= | 2= |
B, 4 X! Y y
B, 4 —1+2™M3 y y
Bs 5 i y y
B; 4 x! y 2"
B, 4 x! " 1
By, 4 x! y" |
By, 5 P 1
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Non-normal subgroups

Miller, 1901, 1902. Now assume that the non-abelian
2-group G has cyclic subgroups of index 4, but that
none of these is normal. Again, we assume that G does
not have a cyclic subgroup of index 2. If m = 6, there
are exactly 11 non-isomorphic groups. These are
enumerated in two articles of Miller .
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Non-normal subgroups

Miller, 1901, 1902. Now assume that the non-abelian
2-group G has cyclic subgroups of index 4, but that
none of these is normal. Again, we assume that G does
not have a cyclic subgroup of index 2. If m = 6, there
are exactly 11 non-isomorphic groups. These are
enumerated in two articles of Miller .

Six of Miller’s groups have L= 7, x Z,n->. We denote
these groups M;(m) for 1 <i<6. If L= N(H) is
quasi-abelian with presentation (5). There are also six
of groups are of this type, which we denote Q;(m) for
1 <i<6. In addition, the groups Qs(m) and M,(m) are
isomorphic.
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List of Groups - Non-Normal Case

Table: Non-abelian groups with cyclic subgroup of index 4

| Family | Presentation | z 'xz= | z'yz= | z°=
M; 4 2y 2™ 1
Ms 4 L y 2"
Mg 4 xly y 1
Q. 5 x 1ty " 1
Qs 5 I y 1
Qs 5 L y 2"
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Theorems

Theorem

Let G be a group of order 2™ with strong symmetric
genus 0°(G) = 2. Suppose Exp(G) =2™?% and Q,,_3 # G.
Ifd°(G) <1 +3|G|/8, then d°(G) =1 (mod 4).
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Theorems

Theorem

Let G be a group of order 2™ with strong symmetric
genus 0°(G) = 2. Suppose Exp(G) =2™?% and Q,,_3 # G.
Ifd°(G) <1 +3|G|/8, then d°(G) =1 (mod 4).

Theorem

Let G be a 2-group with strong symmetric genus

0°(G) = 2. Suppose G has rank 3, and, further,

Exp(G) =2"2% and Q,, 3 # G. If6°(G) <1 +|G|/2, then
d’(G) =1 (mod 4).
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Groups of genus congruent to 3
modulo 4

Theorem

Let G be a group of order 2™, with m=6. Then

cd°(G) =3 (mod 4) if and only if G is isomorphic to one
of the following fourteen groups: QA(m), B,(m), B,(m),
Bgs(m), B;(m), B11(m), Bi2(m), Bi4(m), M3(m), Ms(m),
Ms(m), Qx(m), Qs(m), Qs(m).
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Genus Formulas

Strong Symmetric Genus of the Fourteen Families
Family Genus Formula
B, 2m1—1
QA, B,, By, By, M5 2m=2 _1
Mg, Q, 2m=3 1
Bz, By 3-2m3 -1
M, Qs 3.2m 41
Bs, Qs 5.2m4 1
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Definitions

Let T be the set of integers g = 2 for which there is a
2-group of strong symmetric genus g. For an integer n,
let f(n) denote the number of integers in T that are less
than or equal to n. Then the natural density 6(T) of T
in the set of positive integers is

O(7) = lim M

n—oo n
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Definitions

Let T be the set of integers g = 2 for which there is a
2-group of strong symmetric genus g. For an integer n,
let f(n) denote the number of integers in T that are less
than or equal to n. Then the natural density 6(T) of T
in the set of positive integers is

. f(n)
O(7) = lim f—

n—oo n
Let T, and T; be the subsets of T consisting of the even
integers and the integers congruent to 3 (mod 4),
respectively, with the companion “counting” functions

denoted f, and f;, respectively.
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Density Theorems

Theorem

The set T, has density 0 in the set of positive integers.
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Density Theorems

Theorem

The set T, has density 0 in the set of positive integers.

Theorem

The set Ts has density 0 in the set of positive integers.
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Density Theorems

Theorem

The set T, has density 0 in the set of positive integers.

Theorem

The set Ts has density 0 in the set of positive integers.

Theorem

Almost all positive integers that are the genus of a
2-group are congruent to 1 (mod 4). Further, the density
o(T) <1/4.
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Proof

Proof. Again assume n = 2", with m = 4. We need to
count the groups in Theorem 7 that have genus n or
less. Let G be one of these 2-groups. Then from the
basic lower bound for the genus of a 2-group, we have

1Gl<16(c°(G)—=1) < 16(n—1) <2™, (6)
so that |G| <23,
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Proof

Proof. Again assume n = 2", with m = 4. We need to
count the groups in Theorem 7 that have genus n or
less. Let G be one of these 2-groups. Then from the
basic lower bound for the genus of a 2-group, we have

1Gl<16(c°(G)—=1) < 16(n—1) <2™, (6)

so that |G| <23,

Now, in each family, the only possible groups with
genus in the range are those of order 16, 32, 64, ...,
2M+3_Therefore, in each family, there are at most m
groups with genus in the range. Since by Theorem 7,
there are fourteen families, we have

fz(n) = f3(2™) < 14m, and thus 6(T3) = 0.
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Definitions

The function gnu(n) is the number of groups of order
n. The corresponding counting function is #(n).

t(n) =) gnu(k)
k=1
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Definitions

The function gnu(n) is the number of groups of order
n. The corresponding counting function is #(n).

n
t(n) =) gnu(k)
k=1
Now let F; be the family of finite 2-groups, with
companion counting function f,. Define the density
A(F,) as

3 L
A(R) = ’LOO o
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The D2G Conjecture

Now [,(2047) = 49,497,918,395 and

£(2047) = 49,910,536,613, with the fraction
2(2047)/t(2047) = .992. Most of the groups involved
here are groups of order 1024, as

gnu(1024) = 49,487,365,422. Anyway, this data
suggests, perhaps, the following.
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The D2G Conjecture

Now [,(2047) = 49,497,918,395 and

£(2047) = 49,910,536,613, with the fraction
2(2047)/t(2047) = .992. Most of the groups involved
here are groups of order 1024, as

gnu(1024) = 49,487,365,422. Anyway, this data
suggests, perhaps, the following.

Conjecture

D2G Conjecture. The group density of the 2-groups is 1,
that is, A(F>) = 1.
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Most groups have genus congruent to 1
modulo 4

Let F; be the family of finite groups, each of which has
strong symmetric genus congruent to 1 (mod 4), with
companion counting function f;.

Coy L. May and Jay Zimmerman (Towson UniveTHE 2-GROUPS OF ODD STRONG SYMMETRIC October 25, 2009 21/21



Most groups have genus congruent to 1
modulo 4
Let F; be the family of finite groups, each of which has

strong symmetric genus congruent to 1 (mod 4), with
companion counting function f;.

Theorem

If the D2G Conjecture holds, then the group density
A(F) =1.
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