
Stochastic Ordering

Definition: When comparing two or more treatments or populations, a useful alternative
to comparing means is Stochastic Ordering. We say that random variable (RV) X is
stochastically larger than RV Y if the following two conditions hold:

P (X > t) ≥ P (Y > t), all t

P (X > t) > P (Y > t), some t

In English, X is stochastically larger than Y if X tends to be bigger than Y .

Example: Let X be the starting salary of STEM majors. Let Y be the starting salary of
liberal arts majors. Clearly X is stochastically larger than Y : the starting salary of a STEM
graduate tends to be greater than a liberal arts graduate. Note that this does not say that
the salary of a STEM graduate always exceeds that of a liberal arts major.

Stochastic Ordering Tests: Stochastic ordering tests provide excellent alternatives to
the two-sample t test for comparing two treatments/populations and oneway ANOVA for
comparing multiple treatments/populations. The stochastic ordering alternative to the two-
sample t test is the Mann-Whitney test (also known as the Wilcoxon-Rank sum test). The
stochastic alternative to to oneway ANOVA is the Kruskal-Wallis test. Below describe when
and how to use these two procedures. Warning: Our book provides a narrow (inferior)
interpretation of these tests, ignore it.

Mann-Whitney Test: Suppose you want to compare the means of two-samples using small-
sample data. Suppose the samples indicate the normality assumption is violated so you can’t
use the two-sample t test. One alternative is the two-sample bootstrap for comparing two
means provided by the boot2mean macro. However, if the samples are too small or there are
outliers you should not use the bootstrap. In this case, another alternative to the two-sample
t test is the Mann-Whitney test, also known as the Wilcoxon rank sum test. Here are the
details:

Assumptions: The two samples are IID and they are independent samples (not paired).

Hypotheses: The null hypothesis is H0: P (X < Y ) = 1/2, i.e., there is a 50/50 chance X
is less than Y . In other words, neither RV consistently takes on smaller values than the
other. The alternative hypotheses are

• H1: P (X < Y ) < 1/2, X is stochastically larger than Y .

• H1: P (X < Y ) > 1/2, Y is stochastically larger than X.

• H1: P (X < Y ) 6= 1/2, X is stochastically larger or smaller than Y .

Minitab: The Minitab routine is Stat -> Nonparametrics -> Mann-Whitney and its
output is shown on the next page. In the event there are two p-values, use the tie-
adjusted p-value, here 0.8335; see next page.
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Mann-Whitney Test and CI: X, Y

N Median

X 5 8.30

Y 5 7.50

Point estimate for eta1 - eta2 is 0.80

96.3 Percent CI for eta1 - eta2 is (-48.50,49.31)

W = 29.0

Test of eta1 = eta2 vs eta1 <> eta2 is significant at 0.8345

The test is significant at 0.8335 (adjusted for ties)

Kruskal-Wallis Test: Suppose you want to compare the means of multiple treatments/populations
but one or more ANOVA assumptions severely violated. In this case you can compare the
treatments/populations with respect to stochastic ordering using the Kruskal-Wallis test.

Assumptions: The samples are IID and they are independent samples, e.g., this is not
repeated measure data.

Hypotheses: The hypotheses tested are the stochastic ordering analogs of the ANOVA
hypotheses:

• H0: The treatments/populations have identical distributions

• H1: At least two of the treatments/populations differ with respect to stochastic
ordering, i.e., at least one treatment/population is stochastically larger than one of
the other treatments/populations.

Minitab: The Minitab routine is Stat -> Nonparametrics -> Kruskal-Wallis and its
output is shown below. In the event there are two p-values, use the tie-adjusted p-value,
here P = 0.675.

Kruskal-Wallis Test on diameter

Ave

machine N Median Rank Z

1 5 7.500 5.1 -0.42

2 5 8.300 5.9 0.42

Overall 10 5.5

H = 0.17 DF = 1 P = 0.676

H = 0.18 DF = 1 P = 0.675 (adjusted for ties)

Note that in this example we are comparing two samples.
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