
Elementary Probability Review

This handout provides a brief overview of the probability theory you used in your introduc-
tory statistics course, e.g., MA223 or MA382, which you must know for this course. Please
note that it is not intended to provide a comprehensive tutorial on this material. If you have
any questions about the following, please arrange a time to meet with me.

Random Events and Variables: Probability theory is the branch of mathematics which
deals with random events. A random event, henceforth event, is an event which may or not
may not occur and the occurrence of which cannot be completely predicted. The quintessen-
tial example of a random event is the nuclear decay of a radioactive particle. Let A be the
event that a specific particle decays sometime during the next minute. According to the
majority view of physicists, it is not possible - practically or theoretically - to predict if A
will occur. Even if we are omniscient concerning the current state of the universe, i.e., we
know everything knowable about every particle in every corner of the universe at this instant,
we still cannot predict whether or not event A will occur. The best we can do is assign a
number to A, the “probability of A” and denoted by P (A), which reflects the likelihood A
will occur: P (A) = 0 means A will definitely not occur, P (A) = 1 means A will definitely
occur, and 0 < P (A) < 1 means A might or might not occur - the closer P (A) is to 1, the
more likely it is that A will occur. In order to define P (A) more precisely, we must choose
among various possibilities. In this course, we will use the frequentist definition of probabil-
ity and the frequentist approach to statistical inference. Let B be an event associated with
an experiment which can be performed repeatedly. Let n be the number of times we repeat
the experiment. Then the frequentist definition of the probability of B is

P (B) = lim
n→∞

times B occurs

n

Statistical inference based on this definition of probability is called frequentist. The other
type of statistical inference, Bayesian, is based on a different definition of probability.

Note that in many cases it is theoretically possible to successfully predict the occurrence of
an event given sufficient information but it is more practical to consider the event as being
random. A good example of this is tossing a coin. Given sufficient knowledge of the coin’s
state at the instant it leaves our hand, we can predict the outcome of the toss. However, it is
very difficult to acquire this knowledge so we model the coin toss as random. Let H denote
the event the toss is “heads.” Then P (H) = 0.5 is the usual model for a fair coin. Suppose
we bet on the outcome of the toss: “heads” means I win $1; “tails” means you win $1. Note
that the payoff to me in dollars is a number, plus or minus one, and its value is determined
by the random event of tossing the coin. My payoff - denote it by X - is called a random

variable because it varies randomly : its value is determined by a random event. To indicate
that it is a random (as opposed to an ordinary or deterministic) variable we use X instead
of x. Random variables will play a key role in this course.



Describing RV’s: Although the value of a random variable (RV) is determined by one or
more random events, we do not need to reference the underlying random events to describe
it. In fact, we can describe any RV by providing its distribution which tells us two things:

1. the possible values the RV may assume, and

2. the probabilities associated with these possible values.

For simple RV’s like our payoff X, we can provide the distribution by listing all the possible
values and their corresponding probabilities:

x P(X = x)

--------------

-1 0.5

1 0.5

Here “little” x denotes a possible value of X and P (X = x) denotes the probability X takes
on the value of x, whatever it is. Note that since the number of possible values for X is
countable, X is called a discrete RV. In this course we will focus on continuous RV’s, such as
the normal or Gaussian RV, for which the number of possible values is uncountable. Since
we can’t list all the values like we did for X, we need a different way of describing/defining
the distribution of a continuous RV. Fortunately, there is a simple way to do this for any

RV be it discrete, continuous, or some combination of the two.

Cumulative Distribution and Density Functions: Note that whatever the nature of
the possible values of the RV, they will consist of a subset of the real line. With this in
mind, we define the Cumulative Distribution Function (CDF) or simply the Distribution of
any RV Y as FY ≡ P (Y ≤ y), y ∈ R. The CDF of our RV X is

FX(x) =











0, x < −1
0.5, −1 ≤ x < 1
1.0, 1 ≤ x

Note that for a discrete RV like X the CDF jumps at points where the probability is nonzero.
For continuous RV’s like the normal, the CDF is a smooth function with no jumps and is
differentiable almost everywhere. The derivative of the CDF for a continuous RV is called
the density function, denoted by fX , and it provides an additional way of describing the
distribution. For example, suppose W is a normally distributed RV with mean µW and
standard deviation σW (we review mean and standard deviation below), then the density of
W is

fW (w) =
1

√

2πσ2

W

exp

{

−(w − µW )2

2σ2

W

}

, w ∈ R.



Note that probabilities of a event involving a continuous RV Y are given by the correspond-
ing area under the density function, i.e., to compute probabilities for continuous RV’s, we
integrate the density function:

P (a ≤ Y ≤ b) =
∫ b

a
fY dy.

Note that the equivalent calculation using the CDF is given by

P (a ≤ Y ≤ b) = FY (b) − FY (a)

which follows from the fundamental theorem of calculus and the fact that fY is the derivative
of FY . Further, we can likewise compute the CDF FY by integrating the density fy as follows:

FY (t) =
∫ t

−∞

fY (t)dt.

Numerical Summaries of Distributions: Recall that we can completely describe the
distribution of any RV - discrete, continuous, or mixed - by its cumulative distribution
function. Further, for continous RV’s we can better describe the distribution by specifying
the density function - the value of the density function at any point tells how likely values
about that point are relative to points elsewhere. In either case, describing a RV by a
function can be cumbersome and often provides more information than we need. To provide
simpler descriptions of RV’s, we use numerical summaries. By far the most important and
most common numerical summaries of RV’s are the mean, median, standard deviation, and
variance. The mean and median are location summaries; they provide information about
the central tendency of a RV, the point about which the values of a given RV cluster. The
standard deviation and variance are spread summaries; they provide information about how
tightly the values of a given RV cluster together. Although these measures are defined for
both discrete and continous RV’s, For simplicity we restrict attention to continous RV’s.

Mean: The mean is the first moment or centroid of the density function. If you sketched
the density function on a piece of paper, cut it out, and then balanced it on a knife, the
mean would be the balance point. The formula for the mean is

µY =
∫

∞

−∞

yfY (y)dy

The mean is also called the expected value and denoted by E[Y ]. This nomenclature
goes back to the beginning of probability theory and gambling. Consider the gambling
game above where my payoff was plus one dollar if the toss was heads and negative one
dollar otherwise. For a fair coin, the average or expected payoff is zero. The expected
value interpretation of this is that if I play the game many times I should expect to win,
on average, zero dollars per play. We say the game is fair since the expected payoff is
zero for both players. Of course, when you gamble at a casino the games are not fair
because the expected payoff is negative for players and positive for the house.

Median: The median µ̃y is that value such that 50% of the time the RV Y assumes a value
less than or equal to it, i.e., P (Y ≤ µ̃Y ) = 0.5. Thus the median splits the area under
the density function in half.



Since the median splits the area under the density function in half, the formula for the
median is

0.5 =
∫ µ̃Y

−∞

fY (y)dy.

The median is often a better measure of central tendency when the distribution is
highly skewed. For example, realtors use the median house price to give buyers an idea
of typical house prices in a neighborhood since house prices are fairly skewed.

Variance: Since the variance doesn’t have a simple interpretation in terms of the density
function, we only provide formulas:

σ2

Y =
∫

∞

−∞

(y − µY )2fY (y)dy

=
∫

∞

−∞

y2fY (y)dy − µ2

Y .

Standard Deviation: The variance provides a measure of spread or scatter but it is not
in the units of the RV but, rather, in the units squared. Thus to get a measure of
spread in the units of the RV we takes its positive square root which gives the standard
deviation σY . The standard deviation obeys the following scaling law: if we multiple
our RV Y by some constant a to get a new RV W = aY then the standard deviation of
W is simply |a| times the standard deviation of Y : σW = |a|σY .

Normal Probability Calculations: By far the most important distribution in probability
and statistics is the normal or Gaussian distribution. Suppose Y is a normally distributed
RV with mean µY and standard deviation σY then the density of Y is

fY (y) =
1

√

2πσ2

Y

exp

{

−(y − µY )2

2σ2

Y

}

, y ∈ R.

Note that the normal distribution has two parameters: µ and σ. To define a normal RV you
simply need to specify it’s mean and standard deviation so that for every unique combination
of µ ∈ R and σ > 0 we have a different normal RV. Among all the possible normal RV’s
the most important is the standard normal RV Z (throughout the course “Z” will always
denote the standard normal RV) for which µZ = 0 and σZ = 1. The corresponding density
function is

fZ(z) =
1√
2π

exp

(

−z2

2

)

, Y ∈ R.

The standard normal CDF is

FZ(z) = Φ(z) =
∫ z

−∞

1√
2π

exp

(

−x2

2

)

dx, z ∈ R.

Note that the above integral must evaluated numerically so to compute Φ(z) you must your
calculator, Minitab, or table I on pages 684-685 in your text. At this point you might be
concerned that we will need a different table for every possible normal RV. Fortunately this
is not true.



We don’t need a different table for each different normal due to the following fact:

FACT: Suppose W is normally distributed with mean µW and standard deviation
σW . Then Z = (W − µW )/σW is standard normal.

To illustrate using this fact, suppose µW = 100 and σW = 15 and that we want the probability
that W takes on a value between 120 and 130. Using the above fact and Table I we proceed
as follows:

P (120 < W < 130) = P
(

120 − 100

15
<

W − 100

15
<

130 − 100

15

)

= P (1.33 < Z < 2.00)

= FZ(2.00) − FZ(1.33)

= 0.9772 − .9082

= 0.069.

Normal Percentile Calculations: Consider the equation P (W < x) = 0.98. The solution
x to this problem is called the 98th percentile of W and we will denote it by W98. In general
the yth percentile separates the bottom y percent of the distribution from the top (100− y)
percent. Determining a standard normal percentile using table I is relatively straightforward:
you read off the row and column corresponding to the value closest to the desired probability.
For example, using table I we see that Z98 ≈ 2.05. To determine the xth percentile of a
nonstandard normal RV we use the formula

Wx = µW + σW Zx

For example, suppose as before that W is normal with mean µW = 100 and σW = 15. To
get the 98th percentile of W we proceed as follows using the above formula:

W98 = µW + σW Z98

= 100 + 15(2.05)

= 130.75.

Expectation: Let Y be a continuous variable. Then, using the so-called Law of the Uncon-

scious Statistician, we may compute the expectation of any function g(Y ) using the following
formula:

E{g(Y )} =
∫

∞

−∞

g(y)fY dy

Here are some important facts about expectation:

i. E{Y } = µY , i.e., the expectation of the identity function g(Y ) = Y is the mean of Y .

ii. E{(Y − µY )2} = σ2

Y .

iii. Expectation is linear: let a, b, and c be constants, g and h be functions, and Y and X
be RV’s. Then

E{ag(Y ) + bh(X) + c} = aE{g(Y )} + bE{h(X)} + c.


