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Introduction. A rich array of (essentially one-dimensional) acoustic resonance calculations was recently presented1, in the context of a straightforward computer program. .(Ref. 1 contains a wealth of examples and insights and is highly recommended.) The topics include

· conical pipes

· the human vocal tract

· brass instruments

· woodwinds, including the effects of finger holes

These calculations can be done quite nicely on a spreadsheet, something available to almost every student, including non-science students The idea is to use the relations between pressure p and volume flow rate U (see below) to plot pressure vs. length and observe when the correct condition for resonance is met at each end. At the open end of a pipe the acoustic pressure is zero, and at a closed end the flow rate U will be zero. For a pipe open at both ends one begins with zero pressure at one end and adjusts the frequency until the graph shows zero pressure at the other end. When a scroll bar (next section) is used to change the frequency, the graph changes almost immediately!  This feedback makes finding resonances both rapid and pleasant. 

The spreadsheet will have a column for distance, one for pressure, one for volume flow rate U, and (if the cross-sectional area is not constant) one for area. If one or more holes are present, an additional column will be needed. At an open end1, an 'end correction' is applied to effectively increase the length. 

Inserting a Scroll Bar. To insert a scroll bar in Excel, one goes to View/Toolbars/Control Toolbox  (in older versions View/Toolbars/Forms) . This brings up a toolbar with a variety of 'controls', including scroll bars. One clicks on the scroll bar, goes to a free area on the spreadsheet and drags a rectangular area  for the scroll bar. Now the scroll bar must be connected to a cell, and set to the proper range. One pops up a menu by right-clicking on the scroll bar. Then one selects Properties (Format Object in older versions). Now the user enters the  Linked Cell and also the scroll bar Max and Min values . 

It is convenient to have one scroll bar for Coarse Frequency and one for Fine Frequency. For a pipe open at the far end, one may also want the pressure in the last cell and the flow rate in the last cell to be shown at the top of the sheet near the frequency scroll bars. This will enable the user to fine-tune the desired value as close to zero as possible.

One-Dimensional Acoustics. The variables of interest are pressure p and volume flow rate U = Sv, where S is the cross-sectional area, and v is the acoustic velocity. We take each of these as a  one-dimensional wave of the form g(x,t) = A exp(i(t-ikx).  Two first-order linearized equations for acoustic behavior are needed. The first comes from Newton's second law:

-(p/(x = ( (v/(t .

For a discrete interval (x, we approximate (p by


(p =-(i (x ( (/S ) U = -Z U ,







(1)

where Z is referred to as the pipe impedance.

The second equation comes from the equation of continuity

-(U/(x = S/B (p/(t,

where B  = (Po is the bulk modulus, (Po is atmospheric pressure and ( is the ratio of specfic heats at constant pressure and constant volume). For a discrete interval we approximate (U by


(U =-(i (x S (/((Po) ) p = -Y p ,






(2)

where Y is the pipe 'admittance'.

Equations (1) and (2) provide the rates of change for p and U.  If p is assumed real, U, Z, and Y may be taken to represent the imaginary parts U, Z, and Y respectively1. This effectively changes the sign of (1) when implemented in the spreadsheet: 

(p = +Z U








(1') 

Second-order Runge-Kutta (RK2) calculations2. The RK2 method first uses a half-step to evaluate the rates of change in the middle of a step (x , then uses these rates of change to evaluate p and U at the next full step. Using equations (1') and (2), the RK2 equations are


pi+1 
= pi + 1/2 Zi+1/2 (Ui + Yi pi) 
= pi (1 - 1/2 Zi+1/2 Yi) + Zi+1/2 Ui


Ui+1 
= Ui -1/2 Yi+1/2 (pi + Zi Ui) 
=Ui  (1- 1/2 Yi+1/2 Zi) - Yi+1/2 pi
If S is constant, then Y and Z need only be evaluated once. When S varies, evaluating Y and Z at the half-step can be handled by  evaluating Si+1/2  or using Si+1/2 = (Si + Si+1)/2 .  

Finger holes.  At a hole in a pipe the additional flow through the hole is dealt with by adding an 'admittance' Yhole for the hole (in addition to Y for the pipe). The hole admittance is placed in a column kept empty except for the locations of holes.  In Ref. 1, Yhole is given by  

Yhole = rhole/(2.8 (o f),   

where f = (/(2() is the frequency and (o is the equilibrium density of air . 

To test the spreadsheet with holes present, three holes were drilled in a PVC pipe and resonant frequencies were measured for six different configurations of holes open and closed.  Initially there was trouble fitting the frequency of even one open hole. To resolve this problem, it was necessary to change the sign of Yhole as given in Ref. 1. Then Yhole was modified for the presence of pipe thickness. 
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For a long unflanged pipe the impedance is (Levine and Schwinger, 1948)


Zunflanged  = .  j (.613/()(((/R)    ( 
( >> R,
 R = pipe radius 
)

Olson, Acoustical Engineering, p. 92, Eq. 5.12 says for a long pipe flanged to an infinite plane


Zflanged  = . j (8/(3(2)) (((/R)   =.  j ( .85/( ) (((/R)

Note the impedance when flanged is greater, due to the flow being more restricted.

For a hole in an infinitely thin sheet, Olson says to double this impedance


Z hole in infinite sheet =.  j ( 1.70/( ) (((/R)   

And for the impedance of a small-diameter tube


Z tube =. j ( 4/(3() (L/R ) (((/R)   
( L= tube length)

To estimate the impedance of a hole of radius R and length L in an infinite sheet, we add the last two and rearrange slightly


Z hole in infinite sheet  =.  j (((/R2)(1/()( 1.70 R +1.3 L ) 

The admittance  is the reciprocal of this


Y hole in an infinite sheet  = -j ]R2/(2(f )] /( B R + D L),    = 1.7,   D = 1.3

B and D will have to be adjusted for holes in cylindrical pipes, like  flutes, etc.

=====================================================================

For a hole of radius r and wall thickness t,  the form used was


Yhole = -r2/(2.8 (o f)/(r+Dt),

where D is an adjustable constant, expected to be near 0.7.  With this form, and adjusting for room temperature, the spreadsheet was able to match all six resonant frequencies within 1% with a particular value of the adjustable parameter D. Fig. 1 shows part of a spreadsheet of 201 cells for a pipe of physical length 0.72 m with a hole 0.41 m from one end.  (This sheet has had a temperature correction added.  Notice that the pressure starts at a negative value of distance, due to the way the end correction was added. Pressure values are unrealistically high due to the nominal starting flow rate of 1 m3/s).

Sample Acoustic Resonance Spreadsheet. A sample spreadsheet pipetest.xls is available at http://www.rose-hulman.edu/~moloney. This was written in Excel 5.0 and so should run on more recent Excel versions.  One simple item not included in Ref. 1 or in this sample spreadsheet is a temperature correction. This would make a nice exercise for students, so that results are adjusted to ambient temperature. 
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