PH  316. The quadrupole moment is given in Griffiths as the third term in Eq.  3.96, p. 148.
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For an ellipsoid 
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(x'/a)2 + (y'/b)2 + (z'/c)2  = 1 

with uniform charge density ( we can employ a slick variable change to evaluate Q.


We change to a new set of variables,    x" = x'/a,
y" = y'/b,
and z" = z'/c.

The volume element d( = dx' dy' dz' becomes abc dx" dy" dz" = abc d(''


The bounding surface is now  x"2 + y"2 + z"2 = 1, which is the unit sphere.

Notice that r' cos ('  =z', and that r'2 = x'2 +y'2 + z'2. Then


3 r'2 cos2 (' - r'2   becomes  3z'2 - x'2 - y'2 - z'2 = 2 z'2 - x'2 - y'2 .

With the variable change the integral becomes


Q = (( d( (r'2) ( 3 cos2 (' - 1)
 = abc ( (unit sphere d(" (2 z"2 c2 -x"2 a2 - y"2 b2) .

But over the unit sphere all three directions are equivalent:  ( d("  z"2 =(d("  y2 = ( d("  x2 .

Then the quadrupole integral becomes    Q = ( abc(2c2 - a2 - b2) ( unit sphere d(" z"2 .

But since x"2 + y"2 + z"2 = r"2, and since all 3 integrals are equal,    3 ( d(" z"2 = ( d(" r"2 .

Q then becomes Q = ( abc(2c2 - a2 - b2)/3   ( unit sphere d(" r"2 . 

To do the radial integral, we can let d(" = 4(r"2 dr", and the integral over the unit sphere is


( unit sphere d(" r"2  = 0(1 4( r"4 dr" = 4(/5.

This completes the calculation and Q is found as  (utilizing ( = Qtotal/{ 4(abc/3); Qtotal  = total charge }


Q = Qtotal/{ 4(abc/3) }(4(/5) (abc(2c2 - a2 - b2)/3) = Qtotal (2c2 - a2 - b2)/5 .

So in the end, a dreadful integral reduces to something simple for a uniformly charged ellipsoid, like an atomic nucleus with nonzero spin, in terms of the nuclear charge Qtotal and its shape.



Quadrupole moment = Q  = Qtotal (2c2 - a2 - b2)/5 .

This method applied nicely to show the area of an ellipse is (ab, and the volume of an ellipsoid is 4(abc/3. Moments of inertia for a solid ellipsoid fall apart quickly:  Izz = ((d( (x2 + y2) = (M/5)(a2+b2).

