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Flux of a vector (and the notion of 'solid angle')
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The flux ( of a vector v is defined as a 'surface integral' (Griffiths p. 26)


((v) = (S v (dA


A very simple example would be to 

find the flux of a uniform electric field 

through a circular area of radius R. 

For the sketch at the right, v is intended

to be constant and perpendicular to the area of the circle.

The vector dA is perpendicular to the small flat area dA. If we take dA pointing to the right, the flux integral is very easy to do since v (dA = vdA cos ( . Then, since ( = 0,  the flux of v through the circular area is 


( = v (R2 .

If we had taken dA pointing to the left, what would the flux ( have been?

Now we will find  the flux of the electric field due to a point charge through a circle of radius R when the center of the circle is a distance L from the charge.  The formula for E due to a point charge is



Eq = kq/r2,
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where E points directly away from a 

positive charge, and directly toward 


+q

a negative charge.
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We will add the elements of flux d(
through a series of thin rings of radius

b and thickness db.
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This is sketched out to the right, showing



r


       dA
the charge, its electric field E and a side
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b

view of the rings. The ring area is dA = 2(b db       +q

(essentially the length times the width).



L

The element of flux is    d( = E(dA  = E dA cos ( = (kq/r2) (2(bdb) cos (
To keep going, we note that L is constant and  b/L = tan (, and L/r = cos (.  Then we work out that 


db = L d(/cos2( .

The flux element can now be written in terms of constants and the variable (:


d( = kq(cos (/L)2 [ 2( L tan (  L d(/cos2 ( ] cos ( = 2( kq sin ( d(.

The limits for ( are 0 and cos (max = L/rmax = L/((R2 + L2). Then the integral (since sin ( d( = -d(cos () )

is


( = 2(kq (cos (min - cos (max ) = 2( k q (1 - L/((R2 + L2).

You already learned that for a point charge +q the electric field E points directly away from the charge, and you may recall from Gauss's law that the flux of electric field for a surface S which encloses the charge is given by the enclosed charge divided by (o. Since k = 1/(4((o) we can write this as


( = (S E(dA  = q/(o  = 4(k q.

Now we may return to the previous calculation of flux through a circular area due to a point charge. 

The electric field points equally in all directions, so if we can work out the fraction of the total area surrounding the charge represented by the circle, then we could use ratios to find the flux as a fraction of the total flux of 4( kq.
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(
This brings us to the idea of 'solid angle'.  For a


     r

little flat area dA at a distance r from a point p, 



(
the 'solid angle' element d( is defined by


p


d( = dA(/r2 = dA cos (/r2 .

'Solid angle' ( is a pure number and the area on a sphere of radius 1 (unit radius) enclosed by all the lines running from p to the perimeter of the area A. That means we could draw an infinity of lines from point p to all points on the perimeter of area A, and find the area on a unit sphere intersected (enclosed) by these lines.

The solid angle subtended by an area enclosing the point p will be the total surface area of a unit sphere, namely ( = 4( = 4((1)2 steradians. This is as big as solid angle can get.

Now we will work out the solid angle ( 

subtended at point p by a circular cap of 

radius R, centered on p.





R













    Rd(











(











     p












R sin (
The rather bogus sketch is supposed to be the arc of a circle of radius R. A little flat area on the spherical section would be dA = (R d()(R sin ( d().  ( is the polar angle in spherical polar coordinates (see p. 40)

and ( is the azimuthal angle. In this case ( runs from 0 to 2(, so we may write the area of a circular strip as


dA = (R d()(R sin ( 2().

This area is supposed to be perpendicular to r from point p, so dA = dA(, and 


d( = dA(/R2 = 2( sin ( d(
When we integrate in ( from 0 to (max we find for the solid angle subtended by the spherical cap to be 


( = 2( ( 1 - cos (max) .

Notice that if the cap were extended to completely surround the point p we would have


( cap surrounds p = 2(( 1- cos(()) = 4(.

