
PH 314   Surface of fluid on Earth due to Moon gravity.                        10/6/97   rev 10/15/02  

Preliminaries. A conservative force equals the negative gradient of its associated potential energy 

(F = - grad U). Gravitational potential g is the gravitational potential energy Ug per unit mass (mgUg ). 

In Marion and Thornton p. 204 ff. the tide-generating force is the difference in the Moon's gravitational force at p, and at the center of the Earth, c.  We know conservative force equals the negative gradient of its potential energy (F = - grad U), and that the Moon's gravitational force on a mass m at c is Fc = GmMm/D2 in the +x direction, where Mm is the Moon's mass. We then invent a 'potential' i = -GMm x/D2 so when we take the gradient of  mi we get Fc.
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The gravitational potential g due to the moon at a point p on the Earth is g - GMm/s,  where Mm is the Moon's mass,  and s is the distance from the Moon to point p.  Gravitational potential g is defined as gravitational potential energy Ug  per unit mass (mgUg ) just as electrical potential e (or V) is electrical PE per unit charge (qeqV = Ue).  A conservative force is equal to the negative gradient of its potential energy:  Fc = - grad(U), so due to the moon we have

F (tide-generating) = F(at p) - F(at Earth center)  = - grad (m (at p)  - grad(-mGMmx/D2 )  

The last term is invented so when we take the negative grad of (-mGMmx/D2 ), we get

GMmm/D2  which is the force in the positive x-direction (toward the moon). [Note that x = r cos .]

F(tide-generating) is   -grad(  - GMmm/s  -  (-GMmmx/D2 ) ),  where

s = (D2 + r2  -2rD cos )1/2 = D (1 + (r/D)2 -2(r/D) cos 1/2
We have now cooked up a tide-generating  (TG)  potential '  = -GMm ( 1/s - r cos  /D2 ).

Now we expand 1/s binomally and find

1/s = 1/D( 1 + ( r/D) cos  - 1/2(r/D)2 + 3/2(r/D)2 cos2  + ...).

The TG potential then simplifies to  

' = - (GMm /D)( 1 - (r2/D2)(1-3 cos2  ) . 

The main change in  ' is in theta, since r values will hardly change from  = 0 to /2. Thus the difference in work from  = 0 to /2 is mgh = GMmR2/D3 (1-31)/2. h is then (Mm/Me)R(R/D)3 (3/2). The total potential, including gravitational potential of Earth is

 = -GME/r +' = -GME/r   + GMm (r2/D3) (1-3 cos2 ) / 2  -GMm/D . 

The equipotential surface has one height r1 where  = 0, and another height r2 where  = = /2.  The fluid surface will coincide with the equipotential surface in the absence of other effects.  The reason for this is just like the argument that the electric field is perpendicular to the surface of a conductor: The charges (fluid) are free to move parallel to the surface, but they are not moving, so there must not be a component of the field parallel to the surface. Thus the gradient of the potential is perpendicular to the equipotential surface, and has no component along the surface. For this reason, the fluid surface lies along the equipotential lines, where there is no force acting parallel to the surface.  If such a force existed, the fluid would move in response to it. The height of tides will be r2-r1. We find  by letting r=r1=R(Earth) at =0. Then at =/2, solve for r2. This will be smaller than R(Earth) by the tidal height, h.

Method 1 for finding the height of the tides. [Newton calculated that the difference in potential energy at =/2 and =0 will equal mgh, where h = height of the tides.] Calculate through second order in r the difference in potentials (use [2], which includes the Earth's gravitation) at =/2 and =0 . [This form is convenient because it shows the important dependences on various parameters.] Set this equal to gh, and solve for h, the tidal height.

Method 2 for finding the height of the tides. Now calculate the tidal height by plugging in the Earth radius into the potential (use [2], which includes the Earth's gravitation) at =0 . Set this equal to the potential ([2] )  at  =/2 . Solve for r, and then subtract the radius of the earth from this to get the tidal height. 

Figure out the height of the tides in primordial times, when the moon is supposed to have been half as far away from Earth as it is now.


