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PH 314  The potential energy of mass m near an ellipsoidal mass M
May 13, 2005 

We will work out the first approximation 

to the potential energy (or the 'potential', 

the PE/mass) near a slightly flattened ellipsoid

       r'                            r

like the Sun or Earth, both of which are 


           (
slightly flattened at the poles.







R

The polar axis is a and the equatorial axis is

b, with a<b for flattening at the poles.

For a mass m at a distance R in the equatorial plane of the large mass the PE is given by


U(R) = - G ( m ( dx'dy'dz'/r

where ( is the density of the ellipsoidal mass, and the bounding surface is (x'/b)2 + (y'/b)2 + (z'/a)2 = 1.

We will let R lie along the y-axis. Since r + r' = R,   r = R-r'. Then


x = Rx - x' = -x'

y = Ry - y' = R-y'

z = Rz - z' = -z'

Then r = ({ x'2 + (R-y')2 + z'2}  and the integral becomes


U(R) = - G ( m ( ellipsoid dx'dy'dz'/r 


U(R) = - G ( m ( ellipsoid dx'dy'dz'/({ x'2 + (R-y')2 + z'2}

Since R is vastly greater than any dimension of the ellipsoid, we will fish it out


U(R) = - (G ( m/R) ( ellipsoid dx'dy'dz'/({1+( x'2 +y'2 + z'2)/R2   -2y'/R}

Binomially expanding this we find, keeping the first term of the expansion


U(R) ( - (G ( m/R) ( ellipsoid dx'dy'dz'{1-( x'2 +y'2 + z'2)/(2R2)  +y'/R}

The integral of y'/R vanishes (can you see why?). To deal with the remaining parts of the integral we change variables to x'' = x'/b,  y'' = y'/b,  z'' = z'/a. Then we obtain


U(R) ( - (G ( m/R) b2a  ( unit sphere dx''dy''dz''{1 - (b2( x''2 +y''2) + a2z''2)/(2R2) }

Over unit sphere the x, y and z integrals of the form   ( x2 dx dy dz are all equivalent, and then we can write (skipping a step or two)


U(R) ( - (G ( m/R) b2a  ( unit sphere dV''{1 - (b2( r''2 +r''2) + a2r''2)/(6R2) }

dV'' is a volume element on the unit sphere, and for integrals which are radial only dV' = 4 ( r''2 dr''.

Then we wind up with


U(R) ( - (G ( m/R) b2a  { 4(/3 - (2b2+ a2)/(6R2) ( unit sphere r''2 4 ( r''2 dr'' }

Since ( 4(/3 b2a = M we can simplify the first term, and write an additional term in the potential energy, which is proportional to 1/R3 . The second integral is 4(/5.


U(R) ( - G M m/R  - (2b2+ a2) b2a G(m/(6R3) 4(/5

or


U(R) ( - G M m/R  - (2b2+ a2)GMm/(10R3) 

or


U(R) ( - G M m/R { 1  - (2b2+ a2)/(10R2)  }

This formula, however, is incorrect. It fails a simple sanity test. There is a limiting case which such a treatment must obey. When we go to that limit, the formula must give the limiting result. This formula does not behave properly.

After you have decided that the formula misbehaves, try to figure out what went wrong in its derivation. (A lot of things went right, but a particular thing went wrong.)

