PH 314. Damped oscillators.  3/22/05   Damping proportional to velocity gives the differential equation


m d2x/dt2 = - b dx/dt - k x,    or


d2x/dt2 + b/m dx/dt + k/m x = 0 .

Using 2( = b/m, and (o2 = k/m we have            d2x/dt2 + 2( dx/dt + (o2 x = 0 .

We try a solution x(t) = A ert, and find that           r2 + 2(r + (o2 = 0.

From this, r = -( ( (((2 -(o2) .

For underdamped motion, (2  < (o2, so we have     r = -( ( i(1,          where (1 =(((o2 - (2).

Our solution for underdamped motion then becomes


x(t)  = C1 e-(t exp(i(1t)  + C2 e-(t exp(-i(1t) , 




Eq. 3.39, p. 110

where C1 and C2 are constants. Since eix = cos x + i sin x, we may write


x(t) = e-(t [(C1+C2) cos((1t) + i(C1-C2) sin ((1t).

Or we can let D1 = C1+C2  and D2 = (C1-C2), and then write

(1)
x(t) = e-(t [D1 cos((1t) + iD2 sin ((1t)].

Now we fit the initial position xo and initial velocity vo at t=0 for D1 and D2. 

Putting t=0 and x=xo into (1) gives xo = D1. Taking the time derivative of (1) gives


dx(t)/dt = -( e-(t [D1 cos((1t) + iD2 sin ((1t) + (1 e-(t [-D1 sin((1t) + iD2 cos ((1t)].

Putting t=0 in here gives   
vo = -( D1 + i (1D2 = -( xo + i(1D2 .

Now (1) becomes

(2)
x(t) = e-(t [xo cos((1t) + (vo + (xo) [sin ((1t) /(1] . 

(1 =(((o2 - (2).  As damping increases, ( ( (o, and (1 ( 0. In the limit of (1 (0,  sin((1t)/ (1 ( t. So when ( = (o we have what is called ‘critical damping’, and 


x(t)critical damping = e-(t [xo  + (vo+ (xo) t ].   'Critical' damping

This is like Eq. 3.43 p. 114. (5.44) with A = xo and B = (vo+ (xo).

For heavier damping, ( > (o, and  (1 = i (, where ( = (((2 - (o2).  Then we make use of the fact that cos (ix) = cosh(x) and sin(ix) = i sinh (x) to show that (2) becomes

(3)
x(t) = e-(t [xo cosh((t) + (vo+ (xo ) [sinh ((t)/ (] .


like Eq. 3.45 p. 114

Both cosh and sinh contain increasing and decreasing exponentials, but since ( < (, the solutions of (3) always decrease with time.

