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Technique #1 - Predictive Optimal Pulse-

jet Control for Symmetric Projectiles

Perturbed trajectories

From unit 8v, dw, Jq, dr
Direction of correction
In target plane

Default trajectory

Ce
Size of correction
for 'shack’
-
@/;f::"
icted impact point
ROSE-HULMAN 10/7/2015

INSTITUTE OF TECHNOLOGY

Motivation

Previous efforts (2001, 2008) required a prediction of the

uncontrolled, and controlled trajectories.

Pulsing changes angular rates leaving other states alone.

(impulse model)

Interim work (2011) found trajectory sensitivities to changes

in initial angular rates by finite differencing.

Current method uses closed-form sensitivities (2012) which

are computed six times faster than finite differences.

ROSE-HULMAN 10/7/2015
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Knowing the predicted impact point and sensitivity with
respect to changes in initial angular rates, correction times
are determined by two methods:

Perturbed trajectories

Fromunitov, dw, 6q, or
Direction of correction
In target plane
{0y, 6z 06, 6y}

/ Default trajectory

— 1 /
Size of correction—|——| [0/
for 'shack’

Perturbed trajectories are not | V)

calculated, but sensitivities ~_

are propagated as co-states
ROSE-HULMAN 10/7/2015

INSTITUTE OF TECHNOLOGY

Target plane direction is mapped to angular rate correction
vector through a Jacobian matrix. This in turn maps to roll
angle at which pulse jet should be fired

Corrected trajectory

Default trajectory

Correction size is fixed by distance to go.
Firing time then determined when
remaining distance provides appropriate
size correction.

Predicted impact point

bt ok
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Linear Theory Model
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& contains epicyclic modes
& is invertible
&, is the Magnus (=0 in this study)
ROSE‘HUI-MAN 10/7/2015
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Linear Theory Solution

Velocity state total solution is written in matrix exponential
form for ease of differentiation.

_ =s
n=e"X T Np
Position state solution not so easily found since ® matrix

singular.
x'(s) = ®x(s) + I'(s)

Instead, treat as linear forced ODE and use the solution:

x(s) = e®*xy + e‘I’S/ e~ P D(7)dr
0

ROSE-HULMAN

INSTITUTE OF TECHNOLOGY
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Linear Theory Solution

The integral can be handled by a combined matrix
exponential, if:

N
0 R

U — and e¥s =

0

0 A1]

bt ok

Derivatives of the closed form solution are now found more
easily.

o0& L 06 0L
a9, ~ a0, a0,

an, / )
819;‘ n 0

bt ok
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e,
i\p — ® 8"92':[‘
9V; 0 0
AL
exp si\IJ = {2 00
8791; 0 Q4

bt ok

Derivatives of initial angular rates at current downrange

distance:
S—TZS*O = 65{1 0 0 o}T
88—12],;:0 = ={0 10 O}T
g—;szo - {0010}
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This influence must be propagated along the

trajectory:
On| _ =
o [, 0 | =1
o =
Owo |y, Owo | —p,_y
o =
940 | ;¢ 940 | =1
ol _ =
o |, o |—p—1

bt ok

Taylor Series Model Predictive Controller
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Yy v 9y 0y Oy Oy 570

Since pitch and yaw are unconstrained at the target,
replace the last two rows with:

51}0

ol [m o o ,%L Swo
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Euler-Lagrange Optimal Control

dz dz 9z Oz
dvog  Odwo dqo I

{y(1>}={y(0)}+l% il %] bwo

Ay dz
6?)() Duo m
dwg :_l d(l/_ulm Uiﬁu { y(1) }
dqo ¥ %A g 2(1)

bt ok

Uncontrolled Dispersion
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Controlled Dispersions

Altitude (ft
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Taylor Series

bt ok
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One Step Optimal

Technique #2 - Euler-Lagrange Optimal
Control for Direct Fire
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Nine State Linear Plant Model
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bt ok

LTI Finite Horizon Optimal Control

System matrices treated as constants such that A(p,V) = A,
etc.:

Form the finite horizon cost function:

J = %XT(S,:)PX(S,:) +/ %XTQX +u’Ruds

Since Q 2 0, choose Q = 0, then define the Hamiltonian:

-1
H = 5uTRu + M'(Ax + Bu)

bt ok

10
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LTI Finite Horizon Optimal Control,
Cont'd

Taking variations yields the conditions for optimality:

AT = —a—H:—)\TA

Ox
0H  _ 0-0=u’"R+)'B
ou

Thus the control law is
u=-R BT\

bt ok

LTI Finite Horizon Optimal Control, Cont'd

State and co-state ODEs are collected into a single matrix

equation:
x| | A -BR'BT x
A 0 —AT A

Which can be solved using state transition matrices such

that:
()12 2]l
A(s) Px(s;)

bt ok

211 212
221 222

11
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LTI Optimal Control cont'd

Such that the current co-state is given by:
/\(3) = [221 + EQQP] L [211 + 212P]—1 X(S)

And the transition matrices are given by the full 18 x 18
matrix exponential:

211 212 oxc Ao —BR_IBTU
221 222 P 0 —ATO'

ROSE-HULMAN

INSTITUTE OF TECHNOLOGY

Dispersions, uncontrolled, controlled
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Crossrange (ft)

Dispersion, with range correction
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Technique #3 - Euler-Lagrange Optimal

Control for Indirect Fire
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Modified Projectile Linear Theory

Equations in Matrix Form

0
b
0

& ® I X|(¢
n =[0 E A {n}+
W 0 0 ollw

D
Z=Ds;[0 —1 0 0] ,A=7‘gc§[0 10 0]

n=bwaqrl" &=[yz s Y
Pitch angle, roll rate, and total velocity are treated as
parameters rather than states

Pitch angle perturbation is added to the state vector to
preserve controllability

Angle of attack rate w is uncontrollable but stabiliziable
state s.t. gravity is included in homogeneous solution

bt ok

oint mass vacuum trajectory Iis contrivec

intersect early point in actual trajectory, and

z

— actual trajectory from launch to target

—— vacuum trajectory model

@ projectile position at first instance in control sampling period
&
L]
=]
£
=

2
) v x 1 x
z(x) =2z + Voz | 5— |+ sa|5—
(Xs, Zs) Vox 2 \Vox X

(xo, 20) Downrange (ft) (-?Ct Zt)

bt ok
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ime varying parameters (V, p, sing, cosé6

are predicted from point mass vacuum

V(s+h)= \/(Vz(s) + Z—v) e2ah — by

v

p(s+h) = Cpelecpezh — Cpo

_ dx dz,
Cgk - dSk Sek = dSk

b b
Ilsth)= [[12s) 4= |e i =
T

bt ok

Euler-Lagrange Optimal solution for Time
Varying Piecewise Linear systems

St 1
J = %XT(St)Px(st) +/ EXTQXwLuTRuds

The control can be found from:
u(s) = —R'B”(s)N(s)x(s)
N(s) is the solution to the time varying Riccati eqn:

N(s) = =N(s)A(s) — AT(s)N(s) + N(s)B(s)R ™' BT (s)N(s) - Q

bt ok
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Decompose the Riccati Eqn. into two DEs:

{W(s) } _ [A(s) _B(s)R"'B”(s)
0 —AT(s)

Z(s) = F(s)Z(s)
N(s) =Y(s)W(s)!

bt ok

Set Z(s) at target plane:
W(sp) =1

Y(s;) =P

Back propagate the solution from target plane to current
downrange arclength:

h -1
Z,ns = (I + Ean) Z(St)
ho o\ 7! h
Zk:(l‘l‘ §Fk) (I_EFk-'_l) Zk+], k:[),l,...,ns—l

bt ok

5/12/2016
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Algorithm reviewed:

At the first time in the control sampling period, solve for and save the
coefficients for creating the vacuum model.

— The model will launch from the origin, intersect a projectile state
early in the trajectory, and hit the target.

+ Compute the pitch angle to get from current position to the first spot
on the vacuum trajectory. From the prediction of this angle, develop
the current value of the &, state.

* Recursively predict values for p,V,cq,5¢9,and h using the vacuum
trajectory model while updating aerodynamic coefficients at each
segment based on new predicted velocity and altitude.

+ Build the corresponding matrix Hamiltonian for each segment.

+ Integrate backwards in time using (54) — (55).

+ Using Z,, compute the Riccati solution at the current state from (52).
« Compute the control needed at the current state using (47).

+ Convert to dimensional form, limit from [-1,1] rad and rotate into roll
frame.

bt ok
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bt ok
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Trade Study — Effect of Trajectory

Discretization

L 2
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bt ok
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bt ok
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Robustness of Guidance — Convergence

to Vacuum Trajectory

14000

60 deg. launch = Cirl
12000 - e L R Vac ||

10000 -

8000 -

6000 -

Altitude (ft)

......
‘‘‘‘‘‘

4000f /5 A

20 deg. launch

2000| /< /¢

-2000 L L L
0 0.5 1 1.5 2 25 3

Downrange (ft) x 10"

bt ok

Limited predictions required — Accuracy
ravel.
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bt ok
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